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A BRIEF HISTORY OF DIFFERENTIAL GEOMETRY 


This is a very brief history of those aspects of differential geometry that are dealt 
with in this course. It is here to give some historical perspective in a course which 
developes the modern approach to old questions. Differential geometry is a vast 
subject and most of the great mathematicians of the last three centuries have made 
some contribution to it. 


Some of the basic problems of differential geometry were already being studied 
before the introduction of the calculus. For instance, in connection with his study 
of light, Huygens (1629-95) studied the curvature of certain plane curves. However, 
the calculus enabled Newton (1647-1727) to make a more detailed study of such 
curves and Euler (1707-83) was able to study curves on more general surfaces. The 
study of surfaces themselves was opened up by the use of patches introduced in a 
restricted way by Monge (1746-1818) and used by Gauss (1777-1855) to describe 
the curvature of a surface in an intrinsic way. This enabled one to answer such 
questions as whether it was possible to make a plane map of the globe that retained 
all the local properties of its geometry. 


It was Riemann (1826-66) who saw how the theory of surfaces could be generalized. 
The study of Riemann surfaces showed finally that Euclidean geometry was not the 
only possibility. There is now a vast literature on such geometries. 


Meanwhile, the theory of curves took a great step forward with the discovery, by 
Frenet (1816-1900) and Serret (1819-85), of formulas describing the curvature and 
torsion of curves. Their “method of moving frames" was adapted by Darboux 
(1842-1907) to describe surfaces. This method was brought to full generality by 
Cartan (1869-1951), who brought back geometric insight into the profusion of 
equations thrown up by Riemann and his followers. 


A readable introduction to some of the geometric ideas dealt with in this course can 
be found in: 


D. Hilbert and S. Cohn-Vossent: Geometry and the Imagination (Chelsea, 1952). 


This section on differential geometry contains pictures of several of the surfaces we 
shall be studying. 
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BIBLIOGRAPHY AND CONVENTIONS 
Bibliography 


The set book for this course is Barrett O’Neill: Elementary Differential Geometry 
(Academic Press, 1966). It is essential to have this book: the course is based on it 
and will not make sense without it. 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition (W.A. Benjamin/Addision-Wesley, 1973). 
К.С. Smith and Р. Smith: Mechanics, SI Edition (John Wiley, 1972). 


Conventions 


Unreferenced pages and sections denote the set book. Otherwise 
O’Neill denotes the set book; 
Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, 
R.G. Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


Reference to Open University Courses in Mathematics take the form: 

Unit M100 22, Linear Algebra I 

Unit MST 281 10, Taylor Approximation 

Unit M201 16, Euclidean Spaces I: Inner Products 

Unit M231 2, Functions and Graphs 

Unit MST 282 1, Some Basic Tools. 
References to Definitions, Theorems, Lemmas etc. in the set book, O’Neill, are given 
as in the following example: 

Lemma V.4.2 stands for Lemma 4.2 of Chapter V. 


Sometimes if O'Neill is referring to something in the same chapter he omits the 
roman numeral for the Chapter. 
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PREREQUISITES 


The courses that are prerequisites for this course are M201 Linear Mathematics, 
M231 Analysis, and MST 282 Mechanics and Applied Calculus. 


However, this course has been written with very few explicit references to any of 
these courses. In this section we list those units and sections of the prerequisite 
courses that we have built on, and this is followed by a brief description of their 
content. This should enable you to work out whether you are familiar with those 
ideas and results that we shall be assuming. The bracketed sections below are marked 
as optional to M231 and so you may not have read them yet. If you want to, do so 
now, noting only the ideas and results. The details of the definitions and proofs will 
not be needed and our notation will not be similar. 


Prerequisite Sections 


M201 Linear Mathematics 


Unit 1 Vector Spaces 

Unit 2 Linear Transformations 

Unit 3 Hermite Normal Form, Section 3.3 

Unit 5 Determinants and Eigenvalues 

Unit 10 Jordan Normal Form, Section 10.2.1 

Unit 12 Linear Functionals and Duality, Section 12.1 

Unit 14 Bilinear and Quadratic Forms, Sections 14.1 and 14.2.3 

Unit 15 Affine Geometry and Convex Cones, Sections 15.1.1 and 15.1.2 
Unit 16 Euclidean Spaces I, Inner Proudcts 

Unit 23 The Wave Equation, Section 23.1.1 


Unit 24 Orthogonal and Symmetric Transformations, Sections 24.1, 24.3.1 and 
24.3.2 


M231 Analysis 


Unit2 Functions and Graphs (plus Section 2.7) 
Unit 5 Differentiation (plus Section 5.9) 
(Unit 7 Applications of the Derivative, Section 7.8) 


Unit 10 Some Important Functions 


MST 282 Mechanics and Applied Calculus 


Unit 1 Some Basic Tools, Sections 1.1. to 1.3 
Unit 2 Kinematics, Sections 2.1.1 and 2.2 
Unit 7 . Work and Energy I, Section 7.1.2 
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Detailed Prerequisites 


M201 Linear Mathematics 


This is the major prerequisite for our course. Though we do not often quote results 
from it, we freely use all the basic ideas and conventions that it introduced. 


Unit 1 Vector Spaces This unit introduces the vector space of arrows, R? and 
R?, which are the basis for our course. You should also know about linear 
dependence, bases and coordinates, though we shall deal only with concrete 
examples in R?. Ideas such as dimension and subspaces are implicit in our course but 
you will not need any explicit results. In fact, the ideas of this unit are basic to all 
linear mathematics. 


Unit 2 Linear Transformations This unit again introduces ideas basic to our 
course. You will need to know about linear transformations, the convention for 
representing them by matrices, isomorphisms and rank, though we shall be in- 
terested in 2- and 3-dimensional examples only. This is another unit with which to 
be entirely familiar. 


Unit 3 Hermite Normal Form We do not use the technique of Hermite normal 
forms in our course. However, we do talk about the rank of 2X 2 and 3X 3 
matrices, which can be read off the Hermite normal form obtained by the elemen- 
tary operations in Section 3.3. 


Unit 5 Determinants and Eigenvalues Determinants, eigenvalues and eigen- 
vectors play a small but important part in our course. The cross product of two 
vectors will be defined in terms of 3 X 8 determinants and you should be familiar 
with the formula for expanding such a determinant dealt with in KKOP, pages 
682-687, where the effect of column operations is also described. In Section 5.1.5 it 
is shown that row operations behave similarly and it is these that we shall use. You 
will need to know only what eigenvectors and eigenvalues are and not in general how 
to calculate them. We shall be using eigenvector bases as in Section 5.2.4. 


Unit 10 Jordan Normal Form In Section 10.2.1 it is shown that a linear trans- 
formation is represented by a diagonal matrix with respect to an eigenvector basis. 


Unit 12 Linear Functionals and Duality It will be useful to know the definition 
of linear functionals, the dual space and a dual basis. However, do not worry about 
any technical results. Since we shall be dealing with R? and R?, in which there is a 
simple inner (scalar, dot) product, we shall be able to describe dual bases etc. in a 
concrete way. 


Unit 14 Bilinear and Quadratic Forms Again you will find it useful to have met 
bilinear forms and symmetric bilinear forms. It will give you some more insight into 
the course, although the only explicit result we shall use is the quadratic Taylor 
approximation. 


Unit 15 Affine Geometry and Convex Cones Though this unit is not in the spirit 
of our course, Sections 15.1.1 and 15.1.2 give various ways of describing affine lines 
and planes which may prove useful to you. 
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Unit 16 Euclidean Spaces I: Inner Products Sections 16.1 to 16.3 are very 
important to our course. They introduce the inner (scalar, dot) product of vectors, 
which we use extensively. You will need to be able to use it to define length, 
distance, angle and orthonormal bases. We shall frequently use orthonormal bases, 
orthonormal expansions and the simple form of the inner product in terms of the 
coordinates with respect to such a basis, all of which are dealt with in Section 
16.4.3. Our course goes over all the details again. 


Unit 23 The Wave Equation All you need from this unit is the definition of 
partial differention in Section 23.1.1, though even this will be redefined. 


Unit 24 Orthogonal and Symmetric Transformations This unit contains many 
results that are needed in this course. Orthogonal transformations are linear space 
‘morphisms’ and the orthogonal matrices representing them are characterized in 
several important ways, including the result that their inverse is equal to their 
transpose. We shall also use the result that symmetric transformations can be repre- 
sented by diagonal matrices with respect to suitable eigenvector bases. 


M231 Analysis 


Unit 2 Functions and Graphs This unit covers all the basic ideas associated with 
graphs and functions of one variable with which you need to be familiar. 


The appendix, Section 2.7, is very straightforward and you ought to have a look at 
it. It introduces ideas that will be developed in this course. 


Unit 5 Differentiation This unit introduces the basic definitions of differentia- 
tion and curves. These are ideas which will be developed further in this course. 
However, our approach will be less theoretical. We shall be interested in using 
techniques rather than worrying about such problems as differentiability. 


We shall also be using partial and directional derivatives extensively. These are intro- 
duced in an appendix, Section 5.9. If you have looked at this before you might like 
to look at it again, otherwise don’t worry. 


Unit 7 Applications of the Derivative The only relevant part of this unit is the 
appendix, Section 7.8, on implicit functions. This is straightforward and will help 
you with Chapter IV of this course. Try to look through it before then but do not 
bother with any proofs or the sections on contunuity and differentiability. 


Unit 10 Some Important Functions This unit introduces all the standard func- 
tions that you will need in this course. You will need to know about polynomials, 
trigonometric functions, the exponential and logarthmic functions, hyperbolic 
functions and inverse trigonometric and hyperbolic functions. Useful relations in- 
volving these and their derivatives can be found in the summary, Section 10.10. 


MST 282 Mechanics and Applied Calculus 


Unit 1 Some Basic Tools Sections 1.1 to 1.3 give a useful introduction to 
vectors and applied calculus, with which you should be familiar. We shall use the 
scalar, vector and triple scalar products of vectors and some simple forms of the 
chain rule for differentiation. 
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Unit 2 Kinematics In Section 2.1.1 differentiation of a vector is introduced and 
in Section 2.2 parametric equations of curves are discussed. These are ideas that will 
be developed further and so you should be familiar with them. 


Unit- 7 Work and Energy I Section 7.1.2 contains some very important ideas 
that we shall develop further and so you should be familiar with them. It deals with 
scalar fields, level curves and surfaces, directional derivatives and the gradient. It also 
contains a simple form of the chain rule for differentiation, for which it gives a 
proof in Appendix 1. 


Handbooks 


Each of the prerequisite courses has a handbook which contains some of the defini- 
tions to which we refer. However, the most useful parts of the handbooks are those 
giving lists of the derivatives of standard functions. These are 


M231 Handbook: Section 5, Familiar Functions, pages 45-48 
MST 282 Handbook: Section 4, Table of Derivatives, page 27. 
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THE STRUCTURE OF THE COURSE 


This course is based on B. O’Neill’s book Elementary Differential Geometry pub- 
lished by Academic Press. Again we must stress that it is essential to have this book 
since the course is based almost entirely on it. The course consists of the first six 
chapters of the book, apart from a few odd sections, and, with one minor exception, 
you should read the book in the order it is written. We expect you to read it section 
by section and we have provided a commentary on each relevant section. The 
commentaries have been bound together chapter by chapter. 


There is another way of viewing the structure of the course which might prove 
useful. All those sections dealing with a particular theme can be thought of as 
forming a block. We shall show which sets of sections form blocks and also how 
these blocks are interrelated, that is, which blocks it is essential to have tackled, at 
least in part, before going onto another block. If you ever become stuck with the 
sections in one block this will enable you to see if there is any alternative block that 
you can tackle first. 


Sometimes a particular section does not depend on all those sections that have 
preceded it in that block or on all the sections of preceding blocks. We have included 
this information in the form of a detailed structure diagram for each block giving all 
prerequisite blocks and sections. 


Each introduction to a section again lists the most important prerequisite sections 
but we hope that if you refer to the structure diagrams below regularly the overall 
structure of the course will become clearer. 


1. Breakdown into Blocks 


Here is the content of the blocks and the number of units to which they are 
equivalent, assuming that this is a standard % credit course with fourteen teaching 
units and two gaps. 


A. Calculus and Linear Algebra in ЕЗ 

I.1 to 1.4, 1.7, II.1, II.2, II.5, II.6 3 units 
B. Basic Exterior Calculus in E? 

I.5 and 1.6 lo unit 
C. Connection Forms for Frame Fields in E? 

П.7 and II.8 lo unit 
D. Frenet Formulas for Curves in E? 

II.3 and П.4 ] unit 
E. Geometry of E? 

ПІ.1 to III.3 lo unit 
F. Geometry of Curves in E? 

ПІ.4 and III.5 lo unit 
G. Calculus on Surfaces in E? 

IV.1 to IV.3, IV.5(a) 1% units 
H. Exterior Calculus on Surfaces in E? 


IV.4, IV.5(b), IV.7(a) 1 unit 
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1. Shape Operator of a Surface in E? 

V.1 to V.4 2 units 
J- Applications of the Shape Operator 

V.5 and V.6 1 unit 
K. Structure of Surfaces in E? 

VI.1, VI.2, VI. 6 l unit 
L. Global results on Surfaces in E? 

VI.3, IV.7(b) Yo unit 
M. Geometry of Surfaces in E? 

V1.4, VI.5, У1.8 1 unit 


2. Structure of Collection of Blocks 


The blocks are related as below, a block is preceded by all those blocks above it to 
which it is connected. 


So, for instance, even if you find block C too difficult, and on first reading it is quite 
difficult, there is no reason why you should not press on with D, E, F, G, H, I, J as 
long as you have looked at С again before you come to К that depends on it. 


Each block and all those that precede it tell an interesting story. For instance the 
line terminating at J consists of the blocks A, D, G, I, J and describes the shape of 
surfaces of revolution and interesting curves on surfaces. 


3. Detailed Structure of Blocks and Interconnections 


In the following diagrams sections in the same block are grouped together. Arrows 
indicate how the sections are interconnected. We have shown only how a section 
depends on those directly preceding it. They in turn may depend on others. 
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A POSSIBLE 16-WEEK BREAKDOWN OF THE COURSE 


In case you wish to break down the course into 16 weeks of work, the following is 
a suggested way of doing so. 


A 


1 L1, 1.2, 1.3, 1.4 
2 1.5, 1.6, I.7 A,B 01 
3 II.1, II.2 
4 11.3, IL.4 D 
5 IL.5, II.6, IL.7, П.8 A,C 
6 02 
7 III. 1, III.2, Ш.3, Ш.4, Ш.5 E, F 
8 IV.1, IV.2 
9 IV.3, IV.4 
03 
10 IV.5, IV.7(a) 
11 V.1, V.2, V.8 
12 У.4 І 
13 V.5, V.6 Ј 04 
14 VI.1, У1.2, VI.3, IV.7(b) K, L 
15 VL4, VI.5, VL6 K, M 


16 VES M 


M334 0 17 


WORKING INSTRUCTIONS 


This section deals with instructions on how to tackle written material of this course. 
Of course, we realize that by now that you will probably have worked out which 
way it is best for you to tackle an Open University text and you may not wish to 
change successful habits. However, while we were writing our commentaries we had 
to keep in mind a certain approach to reading them and this was responsible for 
them being structured in the way they are. 


Components 


This course has two components. The first is the Set Book, B. O’Neill: Elementary 
Differential Geometry, and the second is the Course Notes. The set book is divided 
into Chapters which correspond to Parts of the course notes and both of these are 
divided into Sections indexed in the same way. 


Reading a Section 


Each section is divided up in the following way. 


Introduction 


Each section begins with a short introduction. The content of this introduction 
depends on just how much of an introduction there is in the set book. The intro- 
duction tells you the prerequisite sections and possibly some essential results that 
will be used. It goes on to describe very briefly the content of the section, in terms 
of those that have gone before, and how this section fits into the overall structure of 
the course. It will also tell you if it is possible to put this section off till some later 
time. 


Reading Passage 


This will usually be an entire section of the set book and it should be read after the 
introduction. We expect you to read it more than once. 


First Reading At the first reading you should try to browse through all the 
reading passage and obtain an overall view. Look carefully at each definition and try 
to think of examples. This is a very geometric course so you should try to draw lots 
of pictures for yourself. Look carefully at any Theorems or Lemmas, making sure 
you understand all the terms on both sides of each equation, but at this reading do 
not worry too much about detailed proofs. You should also try and follow the steps 
in any straightforward worked examples. There are several manipulative techniques 
that are demonstrated in this way and you will need to master them. 
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Comments 


After completing the reading passage you should next look at the comments we have 
provided. Though they are related to the text you are not expected to jump back- 
wards and forwards from the reading page to them. In fact some of the comments 
are quite general and relate to an idea that is developed throughout the section 
rather than some specific result. You should read these comments in the same spirit 
as the reading passage. 


Additional Text 


The Additional Text should be read directly after the Reading Passage and the 
Comments and approached in exactly the same way. The Additional Text consists of 
definitions and results that we feel should be discussed at this point and it should be 
treated as an integral part of the section. 


Optional Text 


Some sections will contain an Optional Text. These consist either of passages of the 
text book or of the course notes and develop certain straightforward topics that we 
consider interesting but peripheral to the main structure of the course. We have 
included these Optional Texts for those of you who are finding the course enticing 
and have time to spare; others may omit them without losing anything. 


Text Exercises 


At the end of the Comments, Additional or Optional Texts you may find some Text 
Exercises. These are included at this point because they form an integral part of the 
text. They may deal with some result that has already been referred to or with some 
result that will be of crucial importance later on. 


Second Reading After having worked once through the Reading Passage, Com- 
ments and Additional Text you should work through them again but this time in 
more detail. Once you have grasped the overall structure of the section you need to 
fill in the finer details. Look up references needed to complete a proof and work 
through all proofs and examples filling in the missing steps. 


Supplementary Comments 


It is not essential that you read these comments. They are intended only to help you 
at the second reading. They are intended to cover those tricky or routine points 
which are not essential to the development of the subject but may nevertheless cause 
some concern. Anything not covered by either the Comments or the Supplementary 
Comments has been omitted because we do not consider it of any importance. 


Comments Versus Supplementary Comments The main difference between 
these two types of comments is that Comments are an integral part of the text and 
should be included at each reading and during revision, while Supplementary 
Comments need be looked at only once to clear up tricky points and are not 
essential to revision. 
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are quite general and relate to an idea that is developed throughout the section 
rather than some specific result. You should read these comments in the same spirit 
as the reading passage. 


Additional Text 


The Additional Text should be read directly after the Reading Passage and the 
Comments and approached in exactly the same way. The Additional Text consists of 
definitions and results that we feel should be discussed at this point and it should be 
treated as an integral part of the section. 


Optional Text 


Some sections will contain an Optional Text. These consist either of passages of the 
text book or of the course notes and develop certain straightforward topics that we 
consider interesting but peripheral to the main structure of the course. We have 
included these Optional Texts for those of you who are finding the course enticing 
and have time to spare; others may omit them without losing anything. 


Text Exercises 


At the end of the Comments, Additional or Optional Texts you may find some Text 
Exercises. These are included at this point because they form an integral part of the 
text. They may deal with some result that has already been referred to or with some 
result that will be of crucial importance later on. 


Second Reading After having worked once through the Reading Passage, Com- 
ments and Additional Text you should work through them again but this time in 
more detail. Once you have grasped the overall structure of the section you need to 
fill in the finer details. Look up references needed to complete a proof and work 
through all proofs and examples filling in the missing steps. 


Supplementary Comments 


It is not essential that you read these comments. They are intended only to help you 
at the second reading. They are intended to cover those tricky or routine points 
which are not essential to the development of the subject but may nevertheless cause 
some concern. Anything not covered by either the Comments or the Supplementary 
Comments has been omitted because we do not consider it of any importance. 


Comments Versus Supplementary Comments The main difference between 
these two types of comments is that Comments are an integral part of the text and 
should be included at each reading and during revision, while Supplementary 
Comments need be looked at only once to clear up tricky points and are not 
essential to revision. 
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Summary 


After mastering as much of the Reading Passage, Comments and Additional Text as 
you can, you should look through the Summary provided in the Course Notes. Of 
course if you feel|like preparing your own summary and comparing it with ours you 
might find it a worthwile exercise. Our summary has several subsections. First comes 
Notation, then Definitions, Results, Examples and Techniques. 


Notation We have included only representative examples of each notation intro- 
duced in this section. 


Definitions and Results We have included in our list of Definitions and Results 
some that O’Neill has mentioned only in passing but which we feel are important 
enough to be considered on a par with all the others. 


Examples We have included only those examples that are dealt with regularly 
throughout the course. Important results about these examples are recorded in later 
Results subsections. 


Techniques These techniques could be referred to as the aims of the Sections. 
For some of the techniques you need to be able to recognize some new object. For 
others you need to be able to perform some straightforward manipulation, while for 
others you need to be able to apply some abstract result or reproduce an argument 
similar to one used in the text. 


Exercises 


After inspecting the Summary you should try the Exercises without looking at the 
solutions. The Exercises fall into the following categories. 


Text Exercises These were mentioned above. 


Technique Exercises These are the most important exercises and are the type we 
shall expect you to have mastered. We have related each exercise to the relevant 
techniques so that you know exactly how you ought to tackle it. 


Theory Exercises There will be only a few of this type of exercise. They derive 
some abstract result or slightly extend those dealt with in the Section. 


Optional Exercises These are based on or sometimes constitute the Optional 
Text and so are only for those working through the Optional Texts. 


Solutions 


The solutions follow the exercises. We have tried to give fairly lengthy solutions to 
the early exercises, pointing out the reasons for all the steps, but as time goes on we 
omit reasoning that has been used previously. 
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Further Exercises 


At the end of our commentary on each Chapter there will be a selection of Further 
Exercises that can be used for self-assessment or revision purposes. They will be 
either Technique Exercises or Other Recommended Exercises. The techniques 
needed will be those of the relevant section and each of the other Recommended 
Exercises will be accompanied by a brief description of how the exercise fits into the 
course. The Further Exercises will be followed by very brief Solutions. 
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FURTHER READING 


If you are interested in learning more about the subject after you have completed 
the course, then there are the remaining sections for you to read. 


Sections IV.6 and VI.7 deal with integration on a surface in E?; Section IV.8 
introduces manifolds, and Chapter VII applies all the techniques and results of the 
preceding Chapters to the study of Riemannian Geometry. 


O’Neill also provides a short bibliography on page 391. For more differential geo- 
metry, at about the same level, you should read the book by T. J. Willmore; for a 
more advanced approach you should read the book by N. J Hicks, and for applica- 
tions the book by H. Flanders. 


There are a large number of other books now available on differential geometry and 
it is also the subject of many current research papers. We hope that this course serves 
you as an introduction to this literature. 
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ЕККАТА 


The following list comprises the significant mathematical errors we have found in 
the text of O’Neill. It does not include typographical errors or mistakes where the 
meaning is nonetheless clear. Errors in exercises and their solutions are generally 
given not here but where the exercises are mentioned in the correspondence text. 


Chapter I 


Page 25, last line of text: The coefficient of оз should be (p? + 2). 
Page 31, Exercise 6: “р” in the last line should be 9”. 
Page 37, line 16: “Corollary 7.6” should be “‘Theorem 7.5". 


Chapter II 


d?a, 


dt? 


Page 54, line 9: The second term of а” should be 


Page 80, Exercise 1: “V pW” should be V; W”. 


Chapter III 


Page 102, line ~2: “q = F(q)” should be “ = F(p)”. 
Page 108, line -8: This should read 


“ \ _ t — stn» 
> Cik sin) = р atk Lj = A*C.". 


Page 108, lines -5, -4: The right-hand side of these should read 


“ = det(AC) 
= det A.det ÍC = det A.det C”. 


Page 120, line -7: The last two “F”s should be removed. 


Chapter IV 


Page 136, line -5: The final term should be sin?v. 
Page 148, Lemma 3.8: This should read 
“If M: g=c is a surface in ЕЗ and if the gradient vector field 


Vg = У (де{дх;) U; (considered only at points of M) is never zero, then it 
is a non-vanishing normal vector field on the entire surface M d 


The first three lines of the proof should be omitted. 


Page 157, Exercise 5. The right-hand side of the first equation should be 
g'(tp)vpUfl. | 
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Chapter V 


Page 204, lines 9 and -2: “Tp (M)” should be “Тьму in each case. 
Page 210, line -9: The final “х,” should be “х„”. 


Page 214, line -6: '- 1" should be “-1/b?”. 


Page 218, line -4 and diagram: "T, (M)" should be “Ть(м)” in each case. 
Page 241, line -5: The value of each curvature should be multiplied by -1. 


Chapter VI 


Page 252, line 18: The matrix should be transposed. 
Page 297, line 6 of text: The second surface should be 


M: z =% 


2 


Page 299, line -2: The right-hand side of the equation should be 


“E3(F(p))”. 
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Set Book 


Barrett O’Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition (W.A. Benjamin/Addision-Wesley, 1973). 
R.C. Smith and P. Smith: Mechanics, SI Edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 


Unreferenced pages and sections denote the set book. Otherwise 
O’Neill denotes the set book; 
Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


Reference to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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L1 INTRODUCTION AND EUCLIDEAN SPACE 


Introduction 


In this section we introduce some notation that will be used throughout the course. 
We review vector spaces and partial differentiation. In the additional text we give 
some rules for the evaluation of partial derivatives. 


READ: [Introduction and Section I.1 (pages 1-5). 
Comments 


(1) Page 1: line -1 In the correspondence text we shall sometimes write 
go f for the composite function. 


(ii) Page 4: Definition 1.2 From now on we shall use x, y, 2 in this way 
only. We shall not use x as a typical element of the real line, or indeed any 
set as O'Neill does on pages 1 and 2 of the Introduction. 


Additional Text 


Partial differentiation Suppose р = (pi, pa, p3) is a point of E? and f : E) —» R 
is a differentiable function. To obtain (0f/0x,)(p) we first construct the function 
F : R—>R such that F(t) = f(t, p2, p3) and then (дЇ/дх,)(р) = F(p;). That is we 
consider x4 and x4 as constants and differentiate in the usual way. Partial differen- 
tiation satisfies the following rules. Let a, b be real numbers; f, g differentiable func- 
tions from E? to R and h a differentiable function from R to R, then 


gy > 2598 ЖЫ 2,3...) 
OX} Ox; дх; 
(2) OUE as OF opp OB. (fori=1, 2, 3,...) 
дх; Ox; OX} 
(3) 9(h() = (ey OF (for i= 1, 2, 3,...) 
Ox; Ox; 


Equation (3) may be more recognizable if the composite functions are written as 
ho f and h'o f. All these results follow from the similar rules for ordinary differen- 
tiation. Lists of useful derivatives are to be found in 


M231 Handbook, page 45 et seq. 
MST 282 Handbook, page 27. 


Find 92x + xz sin(x? y)). 
Ox 


Example 
We have 


0(2x + xz sin(x^y)) _ о дх + (х2 sin(x? y)) 
Ox 0x ox 


by result (1) 


ЕСТ 
— 55 sin(x?y) + xz AE by result (2), 
дх дх 


. 2 
2 + zsin(x?y) + xz sin'(x? y) ape yp by result (3) 
ox 


2 + zsin(x?y) + 2x? yz cos(x? y). 
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Summary 


Notation 


g(f) 
gof 
f^ 
E? 


P 

(рз, P2 Рз) 

ptq 

(Pi, P2; Рз) + (91,92,43) 
ар 

а(р 1» P2 рз) 


X, y, Z OT X4, X5, X3 


Definitions 


(1) Euclidean 3-space E? 

(ii) ^ Sum of points of E? 

(iii) ^ Scalar product of a point of E? 

(iv) Euclidean plane E? 

(v) Real line E! = R 

(vi) Natural coordinate functions x, y, Z or X4, X5, хз 
Pointwise addition and multiplication of functions 
Composite of functions g(f) 

(ix) ^ Differentiable function 

(x) Inverse function f^! 


Results 
Partial differentiation satisfies the following rules. 


O(af-bg) of 0g 


(1) = det poc ((=1,2,3,...) 
OX} ÓXj дх; 
(oj. 900 2 ОР o pon. (i7 1,2,3,...) 
дх; дх; OX} 
(i) ШШ) эд. (i= 1, 2,3,...) 
Ox; OX; 


where a, b are real numbers, f, g : E) —» Randh: В —9 R. 


Techniques 
(1) Evaluation of a function. 
(ii) Simplification of a function. 


(iii) ^ Partial differentiation, using results (1), (2), (3). 
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Page 1, line -4 

Text, page 5 

Page 2, line 16 

Page 3, Definition 1.1 
Page 3, Definition 1.1 
Page 3, Definition 1.1 
Page 3, line - 3 

Page 3, line - 3 

Page 3, line - 1 

Page 3, line - 1 

Page 4, Definition 1.2 


Page 4, line 24 


Page 4, line - 5 
Page 4, line - 5 
Page 5, line 22 
Page 5, line 23 


Page 3, Definition 1.1 
Page 3, line - 5 
Page 3, line - 2 
Page 5, line 22 
Page 5, line 23 
Page 4, Definition 1.2 
Page 4, line - 5 
Page 1, line- 4 
Page 4, Definition 1.3 
Page 2, line 16 


Text: page 5 
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Exercises 
Technique (i) 


1. Page 5, Exercises 2(b) and 2(c). 
Technique (и) 


2. Page 5, Exercise 1(a). 
3. Page 6, Exercise 4(a). Just simplify this function. 


Technique (iii) 
4. Page 5, Exercises 1(с) and 1(d). 


5. Page 6, Exercises 3(a) and 3(b). 
6. Page 6, Exercise 4(a). 


Solutions 


1. Page 5, Exercises 2(b) апа 2(с). 
If p is a point of ЕЗ, then by the pointwise definition of addition and 
multiplication of functions 


р) = ((x(p))? убр)) - ((у(р))? 2(p)). 
By Definition 1.2 

x(3,-1,3)23, — y(8,-1,3) =-1 and 2((3,-1, 8) =4. 
Hence 

£((3, -1,4)) = (82.1) - (C123) =-9. 
As in the above result 


f((a, 1, 1-a)) = а?.1- 12.(1-а) = a? +a- 1, for any real number a. 


2. Page 5, Exercise 1(а). 
If f = x?y then, since f is defined by pointwise multiplication, we have 


f(p) = х2(р) y(p) = pi p» where p = (ру, Pz ps) is a point of ЕЗ. 


The function g = y sin z is defined in terms of composition and pointwise 
multiplication and so 


g(p) = y(p) sin (z(p)) = p2 sin рз. 


Hence 


(fg?) (р) = f(p)(g(p))? 
= рїр»2 (рг sin p3)? 


"E NORD 
Pı P2 sin” рз 
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апа 


fg? = x? y? sin?z. 


In this way we see that pointwise addition and multiplication behave exactly 
as expected. 
If f = x? y and g = y sin z then 


fg? = x?y(y sin z)? = x? y?sin?z. 


3. Page 6, Exercise 4(a). 
If h = x? - yz then, by the pointwise definitions of addition and multiplica- 
tion of functions 


h(p)=pi- P2P» for any point p = (ру, р, рз) in ЕЗ. 
Since f(p) = h(g; (р), є: (р), g3(p)) it follows that 


f(p) = (g:1(p)?? - (g2 (p))(gs (p). 


Hence f = g?- g,g,. 
In this exercise g; =x + y, р, = y?, g3= x + 2 and so 
f=(x + у)2- y? (x +z) 


= x? + 2xy + y?- xy?- y?z. 


4. Page 5, Exercises 1(с) and 1(d). 
Now fg = x? y? sin 2. 
Treating x and y as constants we find that 


o(fg) . x? y? cos 7. 


д7. 


Treating x and z as constants we find that 


2 
д (fg) = 2х?у cos 2. 


Now sin f 7 sin x? y. 
Treating x as a constant we find that 


ионат а x? cos х?у. 
dy 
5. Page 6, Exercises 3(a) and 3(b). 


If f 2 x sin (xy) * y cos (xz) then, treating y and z as constants, 


of 


——= xy cos (xy) - yz sin (xz). 
Ox 
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To deal with Exercise 3(b) we need to extend result (3) to cover the partial 
differentiation of the composite of three functions, h from E? to R and 
h,, h, from R to itself. In this exercise it will be more convenient to use the 
symbol о for the composite of functions. 


eth this dy) = (ho (h; ° h)) Lu by result (3), 


дх дх 


(h3 o (h; o h)). (h! o h) 9B. — by result (3). 
дх 
Here h = x? + y? + 22, Һ,=ехр, Һ, = ѕіп 


and f = sin o (exp о (x? + y? + 22)) = h, о (h; o h). Hence 


ps (sin' o (exp о (x? + y? + z?)). exp’ o (x? + y? + 22). LA op a te) 
ox Ox 


22:52:52 igo 2152 
cale a )) ех узе ox 


24y2 472 орой 
2х gu y Neos (с^ dius ^. 


6. Page 6, Exercise 4(a). 
From Exercise 3 
f =x? + 2xy + y? - xy? - y?z 


hence 


f 
дх 
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L2 TANGENT VECTORS 


Introduction 


In this section we review arrows. They will be called tangent vectors. At each point 
of Euclidean space they form a vector space. We also review vector fields. They are 
functions assigning to each point of Euclidean space a tangent vector based at that 
point. We generalize the notion of basis and coordinates to deal with vector fields. 


READ: 


Section I.2 (pages 6-10). 


Comments 


(i) 


(ii) 


Page 9: Definition 2.4 Whereas a vector field V assigns one tangent 
vector to each point of Euclidean space, the natural frame field assigns three. 


Page 10: end of Section Since any vector field V can be expressed as 
V = Yv,Uj, for suitable real valued functions уџ, уз and уз the natural frame 
field does serve as a ‘basis’. When we used the term basis for a real vector 
space it implied that every vector could be expressed as a linear combination 
of the basis vectors. The values of the vector fields U,, U2, U4 are linearly 
independent at each point. However, not every vector field can be expressed 
as a linear combination of the Uj’s with constant coefficients. That is the 
coefficients in the sum Уу; О; аге not necessarily real numbers. Now they are 
real valued functions and the collection of real valued functions is not even a 
field since it is not possible to find a multiplicative inverse of a function 
which is zero at some points even if it is not always zero. These functions 
form a ring and the vector fields are a finite-dimensional module over this 
ring. 


Supplementary Comment 


(i) 


Page 10: lines 3 and 4 These are generalizations of the usual rules for the 
addition and scalar multiplication of vectors expressed in terms of co- 
ordinates. 


The first equation is obtained as follows: 


(Ж(у; + w;)Uj(p)* E(vi + wi(p)U;p), Бу repeated use of the 
pointwise formulas for 
addition and scalar multi- 
plication of vector fields, 


= L(v;(p) + wi(p))Ui(p). by the definition of point- 
wise addition of two 
functions, 

= Evi(p)Ui(p) + Zwi(p)Ui(p). by the usual rules for a 


vector space, 


= (ZvUj)(p) + (ZwiUi)(p) 


= (EvwU; + ZwiUj)(p). by the pointwise rules for 
E the “arithmetic?” of 
vector fields. 


Since vector fields are defined as functions on E?, whenever two vector 
fields agree at each point they must be the same vector field. 
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Hence 

(у; + м) 0; = Ху + м. 
The result 

E(fv;)U; = f(2v;,U;) 


follows similarly. 


Summary 


Notatton 


Үр 

Tp(E*) 

Vp * Wp 

аур 

V 

V+W 

fV 

{U,, U2, Оз} 
Хм; 


Definitions 


(i) Tangent vector Vp 


(ii) Vector part of tangent vector 


(ii) ^ Point of application of tangent vector 


(iv) Parallel tangent vectors 


(v) Tangent space Tp(E?) 


(vi) Addition and scalar multiplication of tangent vectors 


(vii) Vector field V 
(viii) Pointwise principle 


(ix) ^ Addition of vector fields 


(x) Multiplication of a vector field by a real-valued 


function 


(xi) Natural frame field (U,, О,, U3} 


(xii) Euclidean coordinate functions 


(xiii) Differentiable vector field 
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Page 6, Definition 2.1 
Page 7, Definition 2.2 
Page 7, line 9 

Page 7, line 9 

Page 8, Definition 2.8 
Page 8, line -8 

Page 8, line -3 

Page 9, Definition 2.4 
Page 9, line -8 


Page 6, Definition 2.1 
Page 6, Definition 2.1 
Page 6, Definition 2.1 
Page 6, line -5 

Page 7, Definition 2.2 
Page 7, line 9 

Page 8, Definition 2.3 
Page 8, line -7 

Page 8, line - 10 


Page 8, line -3 

Page 9, Definition 2.4 
Page 9, Lemma 2.5 
Page 10, line 6 
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Results 
(i) 

(ii) 


Тр(Е?) is linearly isomorphic to ЕЗ. 


Each vector field V can be uniquely expressed as 
V = 2v,Uj, where vj, V2, v3 are real-valued functions. 


Each tangent vector (ау, a2, аз) can be expressed 
in terms of the natural frame field as Za;U;(p). 


Addition and multiplication by a function are 


expressed in terms of coordinates by 
Ум; + Хм; = Z(vj + wi) Uj 


f(ZvjU;) = Z(fvj)Uj. 


Techniques 


(i) 


Representation of tangent vectors in standard form 
Vp: 

Addition and scalar multiplication of tangent 
vectors. 


Evaluation of a vector field at a point. 


Addition апа multiplication, by 
functions, of vector fields. 


real-valued 


Pictorial representation of tangent vectors and 
vector fields. 


Representation of tangent vectors and vector fields 
in terms of the natural frame field and Euclidean 
coordinates. 


Addition and multiplication, by а real-valued 
function, of vector fields expressed in terms of 
Euclidean coordinates. 


Exercises 


Techniques (ti), (vi) and (v) 


1. 


Page 10, Exercise 1. 


Techniques (11) and (vit) 


2. 


Page 10, Exercise 2. 


Techniques (vit), (vt), (iv) and (1) 


3. 


Page 10, Exercise 3. 
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Page 7, line -3 


Page 9, Lemma 2.5 


Page 9, line -5 


Page 10, lines 3 and 4 


Page 6, Definition 2.1 


Page 7, line 9 
Page 8, Definition 2.3 


Page 8, line -8 and 
Page 9, line 2 
Page 7, Fig. 1.1 


Page 9, Lemma 2.5 


Page 10, lines 3 and 4 
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Solutions 


1. 


(5,-1,2) 


Page 10, Exercise 1. 

(a) 3v - 2w = 3(-2, 1, -1) - 2(0, 1, 3) 
= (-6, 3, -3) - (0, 2, 6) 
= (-6, 1, -9). 


By the definition of addition and scalar multiplication of tangent vectors, 
3vp - 2wp = (3v - 2w)p = (76, 1, -9)p- 
Using the identity (a), a2, аз), = ZajU;(p), we find that 


Зур - 2wp =-6U,(p) + U2(p) ~ 9Us(p). 


P P 
(b) ур represents the arrow from the point p to the point p * v. 
Here p = (1, 1, 0), v = (-2, 1, - 1) and hence p + v = (-1, 2, - 1). 
Similarly, Wp is the arrow from p = (1, 1, 0) to p + w = (1, 2, 3). 
Now 
-2vp = (-2v)p - (4, -2, 2)p 
and 
Vp + Wp = (v + W)p = (2,2, 2)p 
and hence they are the arrows from (1, 1, 0) to (5,-1, 2) and (-1, 3, 2). 
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Page 10, Exercise 2. 


W - xV = 2x?U, - U3- x(xU, + yUj) 
= 2x?U5 - U4- x?U,- хуб, 
= -X*U, + (2x? - xy)U; - Оз, 
by result (iv) on the addition and multiplication of vector fields in terms of 
coordinates. 
If p = (-1, 0, 2) then x(p) 7-1, y(p) = 0 and z(p) = 2. 
By the definition of the natural frame field 


U,(p) = (1, 0, 0),, Ор) = (0, 1, 0)р, Оз(р) = (0, 0, l)p- Hence by the pointwise 
definition of addition and multiplication 


(W - хУ)((-1, 0, 2)) = -(-1)*1, 0, 0)p + (2.(-1)?- (-1).0)(0, 1, 0), - (0, 0, 1)p 
= (-1, 2, -1)p. 


Page 10, Exercise 3. 
(a) Rearranging and dividing by 7 we obtain 
2 
v227 p, -* y, 
7 7 


(b _ V(p) = (р, P3- Pi; O)p 


= (xi(p), x3(p) - xi(p). 0)р, using the definition of the 
coordinate functions, 

= (x,(p), (хз - xi)(p), 0)р, by the definition of linear 
combinations of func- 
tions, 


= x,(p)U,(p) + (хз - xi)(p)Us(p). by the standard identity 
(ai, a2, аз)р = YajiUi(p). 


Hence, using the definition of linear combinations of vector fields, 


V= x,U, + (хз - х1)0,. 


Alternatively we could write this as 


V=xU, + (z- x)U,. 


(c) V = 2(xU, + yU2) - x(U,- y?Uj) 


= 2xU, + 2yU;- xU, + xy?U,, by result (iii) on addition 
and multiplication in 
terms of coordinates, 


= (2x m x)U, * 2yU, + ху?О, 
= xU, + 2yU, + ху?О, ; 


(d) If p = (pi, P2, рз) then V(p) is the vector from (pi, p2, рз) 
to (1 + py, ргрз, рә). 


IEEE SORTI SUPPE agis 
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Hence V(p) = ((1 + ру, рәр» р) - (рз, P2; P3))p 
= (1, рәрз - р» P2 - Рз)р. 
Ву arguments similar to those in рагі (b) we find that 
V =U, + x2(x3- 1)0, + (x2- x3)U3 
or alternatively 
V= О, + y(z - 1)0, + (y - z)Us. 
(e) The vector from p to the origin is 0- p = -p so 
V(p) = (-р)р = CP; -P2 -P3)p- 


Hence V =- x4U, - х0, - x3U; or alternatively 


== xU, = yU,- 203. 
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L3 DIRECTIONAL DERIVATIVES 
Introduction 
This section follows on from Sections I.1 and I.2. In Section I.1 we reviewed partial 


differentiation. We recalled that for any differentiable function f on E? and for any 
point p in ЕЗ 


ðf, n _ d 
эх) = d (f(t, Pa рз))! Ep, 


Instead of evaluating this derivative at t = p, we often ‘shift’ the function so that we 
can evaluate the derivative at t = 0. That is 


of d 
—íp) = — (р, +t, P2 P3)) lt = 0: 
Ox, dt 


Using the natural frame field introduced in Section I.2 we can write this as 


SP) = Š (Ep + Usp) |e = 0- 


There are similar formulas for (0f/0x2)(p) and (df/8x3)(p), so to find (0f/0x;)(p) we 
find the initial rate of change of the function f in the direction О;(р). In Unit 
MST 282 7, Work and Energy I, Section 7.1.2 we met a generalization of this 
technique. If n was a unit direction vector we defined the directional derivative, 
(0f/0n)(p), to be the initial rate of change of f in the direction n and proved that 


f 3 Of 
oF = n- vi(p) = È nip). 
дп i=1 дх; 


In this section we generalize the above definition and result to deal with any 
tangent vector v, and then any vector field V. We show that these directional 
derivatives satisfy properties similar to those of ordinary derivatives. 


READ: _ Section 1.3 (pages 11-14) omitting the proof of Lemma 3.2. 


Comments 


(i) Page 12: Lemma 3.2 This is a generalization of the result mentioned in 
the introduction. The directional derivative is 


3 Qf 
ур] = v: Vi(p) = È эр). 
i=1 Ox; 


It is proved in exactly the same way using a version of the ‘chain rule’. This 
will be dealt with in Section I.7 and until then you should accept this result 
without proof. 


(ii) Page 12: Theorem 3.3.(3) The symbol * in this theorem and in Corollary 
3.4 signifies the ordinary product of two numbers. The inner product of two 


vectors will not be introduced until Chapter II. 


(iii) Раве 12: line 15 to line -3 The real-valued function V[f] is defined by 


(V[f] )(p) = V(p)[f] - 
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This equation is used in the proof of Corollary 3.4. 


For computational purposes the identities U;[f] = 9f/óx; (1= 1,2, 3) will 
be very important. We can obtain these results from Lemma 3.2. For 
instance 


Ui (p) [f] = (1, 0, 0)p[f] = 1. f (p) +0. 2f (p) +0. 2 (p) «f (р). 
д 


X1 OX, 0X3 OX, 


(iv) Page 14; line 14 to line 21 This is a very important remark. For vector 
fields V and W we consider combinations of the form fV + gW, where f and g 
are real-valued functions. For functions f and g we consider combinations of 
the form af + bg, where a and b are real numbers. 


In the example 
(xU; - y*Us)[x y + 2°] = xU, [x?y +29] - y? Us [x^ y +29], 
by Corollary 3.4.(1), 


= xU, [xy] + xU, [23] - y?U3[x?y] - y? U; [22], by Corollary 3.4.(2). 


Supplementary Comment 
(1) Page 12: Theorem 3.3.(1) and (2) 
(1) If v = (v4, v2, Уз) and w = (w1, W2, уз) then 
(аур + bw p) [f] = (av + bw)pIf] | by the definition of addition 


and scalar multiplication of 
tangent vectors, 


= (ау + bwj) L p), by Lemma 1.3.2, 
Xj 


x azvi (0) + bi Хм 20) | 
дх; Ox; 
= avp[f] + bwp[f]. 
(2) ур[аЁ +bg] = „е = 78 lie р), by Lemma 1.3.2, 


of д 
= Zvj(a—{p) + b 8 (p) 
Ox; Ox; 


x {2ч 0) + = Eo). 


Xi 
Summary 
Notation 


vplf] Page 11, Definition 3.1 
V [f] Page 13, line 15 
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Definitions 


(i) Derivative of a function with respect to a tangent 
vector vpl f]. 


(ii) Derivative of a function with respect to a vector 


field V[f]. 
Results 


E of 
(1) If vp = (vy, v5, V3)p then vp[f] = od 


(ii) Directional derivatives, with respect to tangent 
vectors and vector fields, satisfy linear and 
Leibnizian properties: 


(а) (avp + bwp)[f] = avp[f] + bwp[f]. 
(b) vp[af + bg] = avp[f] + bvp[g]. 

(c)  vplfg] = vp[tl&(p) + f(pvp[g]- 
(a) (+ gW)[h] = fV[h] + gW[h]. 
(b  V{af+bg] =aV[f] + bV[g]. 

(c) — Vifg] = Vif]. g + fV[g]. 


(iii) ^ Directional derivatives with respect to components 
of the natural frame field are partial derivatives 


U;[f] -2 (1= 1,2,3). 


Xj 


Techniques 


Evaluation of directional derivatives with respect to 
tangent vectors or vector fields using: 


(i) the definition, for tangent vectors 

(ii) the definition, for vector fields 

(iii) coordinates and partial derivatives 

(iv) the linear and Leibnizian properties and the 


relationship between the natural frame fields and 
partial derivatives. 


Exercises 


Technique (i) 


l. Page 14, Exercise 1(с). 


Technique (ii) 
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Page 11, Definition 3.1 


Page 13, line 15 


Page 12, Lemma 3.2 


Page 12, Theorem 3.3 


Page 13, Corollary 3.4. 


Page 13, line -10 


Page 11, Definition 3.1 
Text, page 16 
Page 12, Lemma 3.2 


Page 12, Theorem 3.8, 
Page 13, Corollary 3.4 and 
Page 13, line -10. 


2. Determine V[f] where f = eX cos y and У = 20, - О, + 3U3. 
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Technique (iii) 


3. Page 15, Exercise 2(c). 


Technique (tv) 


4. Page 15, Exercise 3(e). First prove that V[f?] = 2f V[f]. 


Theory Exercises 


5. Page 15, Exercise 4. 
6. Page 15, Exercise 5. (HINT: Use Exercise 4.) 
Solutions 
1. Page 14, Exercise 1(c). 
By Definition I.3.1, 


vplf] = (1 + tv))|c = o. 


Here 
p + tv = (2, 0, -1) + t(2, -1, 3) = (2 + 2t, -t, -1 + 3t) 
and 
f(p * tv) = (eXcosy) (2 + 2t, -t, -1 + 3t) 
= e? + 21cos (- t), by the pointwise definition of addi- 
tion, multiplication and composition 
of functions and the definition of the 
functions x and y, 
= e?e?tcos t. 
Hence 
vplf] = e? -S(e?tcost)|, — o 
dt 
= е? (2е? соз t - e?'sin t), = 0 = 2е?. 
2. The value of the function V[f] at а point р is given by the formula 


(У[Е Xp) = V(p)It]. 
Now V(p) = 201(р) - U;(p) + 3Us(p) = (2, -1, 3). 


Hence if p = (p,, P2, рз) then 


Vip) ff] = <P Pa» Ps) + t(2, -1, 3)))| = 9 
= D (tp, + 2t, p, - t, pa + 3t)) |. - 0 
dt 
= (cP "оар, - t)) 0 


= (2eP1 + 2t cos(p; - t) + eP1 + 2t sin(p,- t)) lt -0 


= eP! (2cos p, + sin P2)- 
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So V[f] (p) = еР!(2соз p; + sin р,) and hence 
V[f] = ех(2соѕ у + sin у). 


Page 15, Exercise 2(c). 
By Lemma 1.3.2 


vplf] = Zvi- (р), 


OX; 


though in this solution we replace ху, x2, x3 by x, y, z. Since f = еХсоѕ y it 
follows that 


д = eXcos у, d =-eXsin у and ote 0. 
ox ду д2 


Since р = (2, 0, -1) 
of of of ,- 
—(р) = е, —(p)=0 and — (р) = 0. 
дх ду д2 
Hence, since у = (2, -1, 3) 


vp[f] = 2.e? + (-1).0 + 3.0 = 2e?. 


Page 15, Exercise 3(e). 
By the Leibnizian property, Corollary 1.3.4(3), 


у] = V[f.f] = V[f].f +f V[f] = 2f V[f]. 
Hence by the linearity property, Corollary 1.3.4(2), 
У[2 * g*] = 2(f V[f] +g Vfg]). 


Now 
V[f] = (у?0, -xU3) [xy] = y'Ui[xy] - xU3[xy] 
- И 90) since U;[f] = OF 
0x д2 OX; 
=y*.y-x.0=y?. 
Similarly, 
Vig] = (y?U, - xU3)[z7] 
= -9xz? 
and hence 


V[f? + g?] = 2(xy.(y?) + 2°. (-3xz?)) 
= 2x(y* - 3z5). 


Page 15, Exercise 4. 
Following the hint we evaluate V[xi] ; Where V = ZviUi. 


For fixed j we have 


Ox; 


Ox; 


у[х;] = ZvjUj[ xj] = Ўм 
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Now 2*j = 1 if i = j and is zero otherwise. Hence 
Ox; 
у(х; = ү; for all j, 
and 
V = ZvViU; = ZV[xi] Ui. 
6. Page 15, Exercise 5. 
Since V [f] = W[f] for every function f on E? it follows that 
V[xi] = W[xi] (i= 1, 2, 3). 
Hence by the result of Exercise 4 


V = ZV[x;] Uj = ZW[xi]U; =W. 
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L4 CURVES IN E? 


Introduction 


This section follows on from Sections 1.2 and 1.3. We review two ways of defining 
curves, the definition of the velocity of a curve, and show how the rate of change of 
a function along a curve is related to the directional derivative with respect to the 
velocity vector. 


READ: Section I. 4 (pages 15-21) omitting the proof of Lemma 4.6. 
А 


Соттепіѕ 


(1) Section 1.4 From Definition 4.1 you might think that curves always 
have routes that appear in some sense smooth. However, curves can be 
degenerate in several different ways. For instance, the simplest curve is the 
constant curve 0 : t— 0, which has as its route a single point. The curve 
& : t —» (sint, 0,0) has as its route a closed interval which it traverses 
infinitely often. It is even possible to have a curve that turns sharp corners. 
For instance, the curve 


Ce Ut, 0,0 fort<0 
a:tt— $4 (0, 0, 0) for t= 0 
(0, 1/€,0) = fort >0 


has the following route 


This function was chosen to ensure that the Euclidean coordinate functions 
are ‘infinitely’ differentiable. In order for the curve to stand still, reverse or 
turn a sharp corner, as in the above examples, it is necessary for the velocity 
vector to take the value zero. Hence, if we restrict attention to regular curves 
all these pathologies can be avoided. The definition of a ‘Curve’ ensures that 
we can always find a regular parametrization of each component. We use the 
word *'closed" to describe components of a Curve that are like a distorted 
circle and so not surprisingly they have periodic parametrizations. Any 
component that is not like a distorted circle is like a distorted copy of the 
real line and so not surprisingly has a one-to-one parametrization. The circle 
and a branch of the hyperbola, described on page 21, are typical of closed 
and not closed Curves. 
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(ii) 


Page 15: line 9 of the section Here the Euclidean coordinate functions 
are real-valued functions on some interval I. When we described a vector field 
in terms of its Euclidean coordinate functions they were real-valued func- 
tions on ЕЗ. 


Supplementary Comments 


(i) Page 16: Example 4.2(3) 
a(t) = (2cos? t, sin 2t, 2sin t) = (2cos? t, 2sin t cos t, 2sin t). 
Since 
(2cos? t)? * (2sint cost)? * (2sin t)? 
= 4cos? t(cos? t + sin?t) + 4sin? t = 4(cos?t + sin? 1) = 4 
it follows that o(t) belongs to S. 
Also | 
a(t) - (1,0,0) = (2cos?t - 1, sin 2t, 2sin t) = (cos 21, sin 2t, 2sin t) and since 
cos? 2t + sin? 2t = 1 it follows that a(t) belongs to C. 
As t tends to 0 the point a(t) tends to (2,0,0), and as t tends to 7/2 the point 
a(t) tends to (0,0,2), and hence o follows the route sliced from C by the 
sphere S. 
(ii) Page 18: line 6 Since o(t) = pj + qj (i= 1, 2, 3) it follows that 
do;/dt(t) = qi (1 = 1,2, 3) and hence a'(t) = (91, 9, Чз)ю(ї): 
(ш) Page 19: Lemma 4.5 By the definition of the composite of two 
functions, 
(o(h))(s) = o(h(s)) and (os(h))(s) = os(h(s)). 
Hence, since (5) = a(h(s)) = (a(h))(s), 
B'(s) = (a(h))'(s). 
Since a(h(s)) = (e(h(s)), e(h(s)), es(h(s))). 
(o(h))(s) = ((e(h))(s), (@a(h))(s), (os(h))(s)) 
and by Definition 4.3 
(ob) () = (e5(5)) (5), (055) (ә), (050) (5) 
The result now follows as on page 19. 
Summary 
Notation 
a(t) = (ælt), ælt), оз(ї)) —— JPagel5,line7 
Q = (01, 05, бз) Page 15, line 10 
a Page 15, Definition 4.1 
a' (t) Page 17, Definition 4.3 
C: f=a 


Page 20, line -5. 
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Definitions 


(i) 


Euclidean coordinate functions of a curve 
& = (0t, Xp, ©з) 
Curve а 
Velocity vector of a curve a(t) 
Reparametrization of a curve 
Periodic curve 
Period of a curve 
Regular curve 
*Curves' on the plane defined implicitly C: f =a 


Closed curve on the plane 


Examples 


(i) 
(ii) 


Results 


(i) 


(ii) 


Straight line. a(t) = p + tq 


Helix. a(t) = (a cos t, asin t, bt) 


If B is the reparametrization of a by h, then 


B'(s) = 2 (s).a'(h(s)). 


If œ is a curve in E? and f is a differentiable 
function on ЕЗ, then 


wore - S69, 


Techniques 

(1) Determination of a parametric representation of a 
straight line. 

(ii) Determination of the velocity vectors of a curve. 

(üi) ^ Determination of the effect of reparametrization 
on velocity vectors. 

(iv) Calculation of the rate of change of a function 
along a curve by means of the directional deriva- 
tive with respect to the velocity vector. 

(v) Parametrization of implicitly defined 'Curves' in 


E?, 
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Page 15, line 9 

Page 15, Definition 4.1 
Page 17, Definition 4.3 
Page 18, Definition 4.4 
Page 20, line 13 

Page 20, line 15 

Page 20, line -10 

Page 20, line -5 


Page 21, line 5 and 
Text: page 22 


Page 15, Example 4.2.(1) 
Page 15, Example 4.2.(1) 


Page 19, Lemma 4.5 


Page 19, Lemma 4.6 


Page 15, Example 4.2.(1) 
Page 17, Definition 4.3 


Page 19, Lemma 4.5 


Page 19, Lemma 4.6 


Page 21. 
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Exercises 


Technique (1) 


l. Page 21, Exercise 5. 


Technique (и) 


2. Page 21, Exercise 1. 


Technique (iii) 
3. Page 21, Exercise 3. Evaluate o'(7/4), В'(1А/2) and (аһ/а5)(1А/2). Verify 
Lemma I.4.5 in this case. 


1 
(Note: sin”! was called arc sin in M231 and (sin'!)' (s) = 1/(1 - s?)?.) 


Technique (tv) 


4. Page 21, Exercise 7. 


Technique (v) 


5. Page 22, Exercise 10. 


Solutions 


1. Page 21, Exercise 5. 
Suppose the line is given by a(t) = р + tq. If it passes through the points р, 
and р; we can assume a(0) = p, and a(1) = р. Then p = p; and q=p, - pi 
and hence a(t) = p, + t(p2- pi). If p, = (1, -3, -1) and р, = (6, 2, 1) the curve 
is 


a(t) = (1, -3, -1) + t((6, 2, 1) - (1, -3, -1)) 
= (1, -3, -1) + t(5, 5, 2) 
= (1 * 5t,-3 + 5t, -1 + 2t). 
Similarly the line which passes through (-1, 1, 0) and (-5, -1, -1) is given by 
B(s) = (-1 - 4s, 1 - 2s, -s). 


If the lines meet, there are real numbers t and s such that 


a(t) = B(s). 
i.e. 1+ 5t = -1 - 45 
-3+5t=1- 25 
-1 + 2t=-s. 


The first two equations can be solved uniquely giving t = 2, s = -3, which is 
also a solution of the third equation, so the lines meet at 


o(2) = B(-3) = (11, 7, 3). 
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Page 21, Exercise 1. 
a(t) = (2cos?t, sin 2t, 2sin t). 
Hence by Definition I.4.3, 
a'(t) = [сог {), gin 2t), 4 (asin t) 
dt dt dt a(t) 


= (-4соѕ tsin t, 2cos 2t, 2cos t) (2cos? t, sin 2t, 2sin t) 


апа 


|= (-2, 0,42) (1, 1, 4/2) 


E 
a f 
4 
Page 21, Exercise 3. 

By Definition I.4.4 the reparametrized curve is given by 


B(s) = o(h(s)) = o(sin'! s). 
Now a(t) = (2cos?t, sin 2t, 2sin t) and to make progress we express a(t) as a 
function of sin t. 


1 
We find that a(t) = (2(1 - sin?t), 2sin t (1 - sin?t)?,2sin t), using the identi- 
ties соз? t + sin? t = 1 and sin 2t = 2sin t cos t. 


Hence (з) = o(sin'!(s)) 
= (2(1 - s?), 2s(1 - s? )2, 25). 


The function sin" has domain [-1, 1] and so is well defined for 0 <5<1 
and takes values in the interval 0 < s < 7/2. 


Now | 
a (t) = (-4cost sint, 2cos2t, 2cost) 
and 
aims [47 — 0, 2. |= (-2, 0,4/2). 
4 /2 2 V2 
Also 
5 2s? 
B'(s) = [+ 2(1 - 2)? - 152 
(1 - 94) 
and 
r = (-2/2, 0, 2). 
V2 
Finally 
Shi) zd , and 2 P /2 
ds (1-s?)* ds M2 
Hence 


dv3 = dh C „a d and, since h c = sin! e =f, 
№21 ds\v2 4 y2 y2] 4 
this agrees with Lemma 1.4.5. 
Page 21, Exercise 7. 
Let a(t) = (t, 1 + t?, t), 

b(t) = (sint, cost, t), 

y(t) = (sinht, cosht, t). 
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Then a’(0) = 8'(0) = y'(0) = (1, 0, 1) (0, 1, 0): The curves have the same 
initial velocity Ур: 


By Theorem 1.4.6 
d d d 
vp lf] =—(F(@))|t = o = —(F(6))|t = o = —(()|t = 0 
dt dt dt 
and since f = x? - у? + 2? we have 


а). - o E - (1 +t)? +02), 2 o 61-0) t= 079. 
t 


(Щу) = 0= Sin? t - cost + 09) = o 7 0, 
dt dt 


3 (у), - o7 S (sinh? - cosh? t 4 2) | = 0= 0. 
dt 


dt 
This is the answer we expect since by Lemma I.3.2 
of o. 9f + 
(1,0,1) 0,1, lt] = (1.28 + ао 1, 0)) 
ox jo E? 


= 2x((0, 1, 0)) = 0. 


5. Page 22, Exercise 10. 


(a) a:t (3 cost, sin t) 


y 
(0, 1) 
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у 
(0, 4) 
Њо | 
(с) a: t — (t, et) 
y 
(0, 1) 
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(d) a:tr—(t, (1- Š) 
0<1<1 
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1.) 1-FORMS 
Introduction 


This section follows on from Section I.3, Directional Derivatives. 


In this section we introduce 1-forms. A 1-form is an extension of the idea of linear 
functional. A linear functional is a linear transformation between a vector space V 
and the underlying vector space of reals R. Now we have a collection of vector 
spaces, the tangent spaces Tp (ЕЗ), and we require our 1-forms to map any tangent 
vector to a real number in such a way that the restriction to any one tangent space is 
a linear functional. 


READ: 


Section I. 5 (pages 22-25). 


Comments 


(i) 


(ii) 


(iii) 


Page 23: Definition 5.2 If V is a vector field, then the definition of the 
differential implies that df(V)- V[f]. This arises from the pointwise 
definition in the following way. For any point p in E? 


(d£(V))(p) = df(V(p)) = V(p)If] = (V[f] (p) 
and so df(V) =V[f]. 


Page 23: Example 5.3.(1) The symbol bij is a very useful tool and 
identities such as 


2vjbij = узб + узб) + узб 7 v; (1=1,2,3) 


occur frequently. To check this identity we look at an example, say 1 = 2. 
Then 


> vj?;j = уф, t Уб), + V323 
J 


=v,.0 + v4.1 + v3.0 =v». 


Page 23: line -1 We use the same symbol for a real number and for the 
constant function taking that value. Hence we can write dx; (Uj) = 8i. We 
obtain this result from first principles as follows 


dx;(Uj) = Uj | 
х) 
This is the basic result to remember. It сап be used to obtain the results of 
both Example (1) and (2) as follows: 
Q) абр) = чуо) = Eyjdxj(Uj(p)) 
Ј Ј 


1 


(2) (vp) = ш ИШ) 
J 


= Z fi(p)vjdxi(Uj(p)) = Zfi(p)vióiy 


i,j i,j 
= Zfi(P)vj- 


1 


SUTI SINNORLATO4 TUINGVONYI 
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(iv) Раве 25: Lemma 5.7 This follows from the rule for the partial differen- 
tiation of a composite given in the Additional Comments to Section I.1. 


Supplementary Comments 


(i) Page 23: lines 5 to 10 Two functions are equal if they take the same 
value at each point р of ЕЗ. 
Now 
(Ф(ҒУ + gW))(p) = $((fV + gW)(p)), by the definition of the 
evaluation of a 1-form on a 
vector field, 
= $(f(p)V(p) + g(p)W(p)), by the pointwise definition 
of operations оп vector 
fields 
= f(p)&(V(p)) + g(p)&(W(p)). by the definition of a 
1-form 
= Қр)(Ф(У)) (р) + g(p)(6(W))(p) 
= (fé(V) + g6(W))(p). 
Hence 


ФРУ + gW) = f Ф(У) + g ф(М/). 
Similarly, since 
((@Ф + gW)(V))(p) = (Еф + gW)(V(p)) 
= {(р)Ф(У(р)) + g(p)v(V(p)) 
= (р)(Ф(У))(р) + &p)(v(V))(p) 
= (fe(V) + ву(У)) (р), 
it follows that (fọ + gy)(V) = f¢(V) + gy(V). 


(ii) Page 23: Definition 5.2 The function df is a 1-form since 
df(avy + bwp) = (аур + bwp)[f] 
= avp[f] + bwp[f] j by Theorem I.3.3.(1), 
=а df(vp) *b df(wp). 


(iii) ^ Page 24: the proof of Lemma 5.4 Since the natural frame field forms a 
basis, when restricted to each vector Space, any l-form that is zero on all 
three of these vector fields must be the zero 1-form. For j = 1, 2, 3, 


[+ : рођаку) = 60) - Zé(U;)dxi(U;) 
= (Uj) - Zé(Ui)àij = Ф(О;) - 6(Uj) = 0. 


Hence ф - 2¢(Uj)dx; = 0 and ф = >Фф(О;)ах;. 
1 i 
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(iv) Page 24: the proof of Corollary 5.5 This can be proved directly using 
Lemma I.5.4. 
df = Xdf(U;)dx;, by Lemma I.5.4, 
i 
= ZU; [f] dx;, by Definition 1.5.2, 
i 
= У us dx;. 
i 0X; 

(v) Page 25: the worked example How do we obtain the first term 2xy dx? 
Now f=xy+... and hence df= d(x?y) +... = d(x?)y + x?dy +..., by 
Lemma 1.5.6. To evaluate d(x?) rigorously we need to introduce the 
squaring function S : t —> t? for which S' : t —> 2t. 

Then d(x?) = d(S(x)) = S'(x)dx, by Lemma I.5.7, 
= 2x dx. 
Hence df = 2xy dx + x?dy +... 
Finally vp[f] = df(vp) is evaluated using the result of Example 5.3.(2). 

Summary 

Notation 

$ Page 22, Definition 5.1 

(vp) Page 22, Definition 5.1 

Фр Page 22, line -11 

ф+у Page 22, line -7 

fọ Page 22, line -4 

Ф(У) Page 22, line -2 

df Page 23, Definition 5.2 

df(vp) Page 23, Definition 5.2 

df(V) Text: page 30 

dx; Page 23, Example 5.3.(1) 

ёі Page 23, line -12 

Definitions 

(i) 1-form ф Page 22, Definition 5.2 

(ii) Addition of 1-forms Page 22, line -7 

(iii) ^ Multiplication of а 1-form by а real-valued 
function Page 22, line -4 

(iv) The effect of a 1-form on a vector field Page 22, line -2 

(v) The differential of a real valued function df Page 22, Definition 5.2 

(vi) ^ Kronecker delta bi Page 23, line -12 
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Results 


(i) 


$(V) is linear in both the 1-forms $ and vector 
fields V. 


(ii) dxi(vp) = vi. 
(iii) If $ = Zf;dxj, then (vp) = Zfi(p)vi- 
(iv) dx;(Uj) = ôij. 
(v) | $7 ZG(Uj)dx;. 
(i) df= z3 ax. 
дх; 
(vii) +) = df + dg. 
(уш) d(fg) = gdf + fdg. 
(ix) If f: E — Rand h: R—R then d(h(f)) = h'(f)df. 
Techniques 
(i) Recognition of a 1-form, by comparison with the 
formula Ф(аур + bwp) = аф(ур) + Ьф(мр). 
(її) Expressing a l-form in standard form using the 
formula $ = 2ф(0;)ах;. 
(iii) ^ Evaluation of the effect of a 1-form on a tangent 
vector using the formula 
$(vp) = Zfi(p)vj where ф = Zf;jdx;. 
i i 
(iv) ^ Evaluation of the effect of a 1-form on a vector 
field using the identity dx;(Uj) = bij and linearity. 
(v) Calculation of differentials using the ‘chain rule’ 
df = OE a + CURA LEN 
дх, дх, 0x3 
(vi) Calculation of differentials using the linear, 
Leibnizian and composite properties 
d(f + g) = df + dg, 
d(fg) = g df + f dg, 
d(h(f)) = h'(f)df. 
(vii) Evaluation of directional derivatives using 
differentials 
vplf] = df(vp). 
Exercises 


Techniques (i) and (ii) 


1. 


Page 26, Exercise 7. 
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Text: page 31 

Page 23, Example 5.3.(1) 
Page 23, Example 5.3.(2) 
Page 23, line -1 

Page 24, Lemma 5.4 


Page 24, Corollary 5.5 


Page 24, line -9 
Page 24, Lemma 5.6 
Page 25, Lemma 5.7 


Page 22, Definition 5.1 


Page 24, Lemma 5.4 


Page 23, Example 5.3.(2) 


Text: page 30 


Page 24, Corollary 5.5 


Page 24, line -9 
Page 24, Lemma 5.6 
Page 25, Lemma 5.7 


Page 23, Definition 5.2 
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Technique (iii) è 


2. Page 25, Exercise 1(c). 

Technique (1v) 

3. Page 25, Exercise 3. Evaluate ф on W only. 
Technique (v) 

4. Page 26, Exercise 5(a). 

Technique (vi) 


1 


1+t? 


5. Page 26, Exercise 5(b). | Note: (tan'!)' (t) = 


Technique (vii) 


6. Page 26, Exercise 6(b). 
Solutions 
l. Page 26, Exercise 7. 


To be a 1-form, ¢ needs to be linear on each tangent space Тр(Е?). That is, 
the mapping 


(у, V2, Уз) — 9 ((v1, Vos V3)p) must be linear for each p in ЕЗ. 
(a) The mapping is 
(у V2, Уз) — Vi Уз 


which is a linear mapping from E? to R independent of whichever 
point p we choose. Hence this does give us a 1-form. 


Now ф(О (р)) = Ф((1, 0, 0)р) = 1 
$(U2(p)) = Ф((0, 1, 0)p) = 0 
$(U3(p)) = Ф((0, 0, 1)p) = -1 


and hence, since ф = 2¢(Uj)dx;, 
1 


ф = 1.dx,- 1.dx3=dx,- dx; 


(b) This is not linear, since, for a fixed point p with pı% p3 and 
non-zero vector v, the definition gives 


$(2vp) = (Vp) =pi-p3 #0 
while we would expect $(2vp) - 20(vp) if ф were linear. 
(c) For fixed p = (pi, рг, рз) the mapping is 
(Vi, у» Уз) —> P3V1 + P1V2» 


which is linear and hence ф is a 1-form. 
Now $(Ui(p)) = Ф((1, 0, 0)p) = ps = хз(р) and hence $(Uj) = хз; 


¢(U2(p)) = Ф((0, 1, 0)p) = p, = xi(p) and hence Q(U;) = xy 
Ф(Оз(р)) = Ф((0, 0, 1)p) = 0 


and hence ф = ХФ(0;)ах; = хах, + x4dx;. 
і 
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(d) 


(e) 


(£) 
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For fixed p the mapping Vp УУ [x?+y?] is linear, by Theorem 
1.3.3.(1), and since vy [x? + y?] is a real number 6, is a linear func- 
tional and ó is a 1-form. Now by the definition of a differential 


Vp [x^* y?] = d(x?+ у?) (хр). 
Hence, since ф : v,7— ур[х2+у?] = d(x’ + у?)(ур), it follows that 
$ = d(x? + y?) = 2x dx + 2y dy. 


This mapping is linear for each fixed p and so does define a 1-form. 
Obviously it is the zero 1-form, for which again we use the greatly 
overworked symbol 0. 


This fails to five us a 1-form for much the same reason as for part 


(b). 


2; Page 25, Exercise 1(с). 
If y = Zf;dx; then V(vp) = Zf;(p)vi. 
i 


Here y = (z? - 1)dx - dy + x?dz and hence 
V(vp) = (рз - I)vi - уз + pivs. 


If ур = (1, 2, 3) (0, -2, 1) then V(vp) = -2. 
3. Page 25, Exercise 3. 
$(W) = (хах - y*dz)((xy + yz)U, - yzU; - ху0з) 


= x*(xy + yz)dx(U;) - x?yz dx(U;) - xĉy dx (03) 


-у (ху + yz)dz(U,) + y?z dz(U;) + xy? dz(U,), by linearity, 
x*(xy + yz) + xy? = x3y + x?yz + xy? 


ху(х?+ xz + у?), 


since dx(U,) = dz(U,) = 1 and all the other similar terms are zero. 


4. Page 26, Exercise 5(a). 


of of 


By Corollary 1.5.5, df =__dx + dy 9 ee 


ox ду д2 


1 -L 
Here f = (x? + y? + 22)? and hence of 2 x(x? + y? + 22)2, 


дх 
of of 


Using similar results for __and —_we obtain 


ду д2 
-L 
df = (x? y? + 22) ? (x dx + y dy + z dz). 


5; Page 26, Exercise 5(b). 
When dealing with the function їап`(у/х) we must restrict ourselves to a 


region 


of E? on which the function x is never zero. The largest such domain 


is {p E E? : p, #0}, 
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Now d(tan`!(y/x)) = (tan”!)'(y/x)d(y/x), by Lemma I.5.7, 


1 
= 0 — d(y/x), 
1 + (y/x)? 
2 
=_* 1 ay +yd | , by Lemma 1.5.6, 
x? + y? ix x 
2 
= * e - "t by Lemma 1.5.7, 
х?+у?\х х? 
LX dy - y dx 
х2 + y? 


Page 26, Exercise 6(b). 
By Corollary I.5.5 
d(xeY?) = д(хеУ2) dx + д(хеУ2) ау + д(хеУ2) dz 
Ox ду д2 
= сУ2(4х + xz dy + xy dz). 


Непсе df[vp] = eP2P3 (vi + Pı P3 V2 + P1 рг V3) and if Vp = (1, 2, 3) (0, -2, 1) 
it follows that df[vp] = e?, 
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L6 DIFFERENTIAL FORMS 


Introduction 


This section follows on from Section 1.5, where we gave an abstract definition of a 
1-form and then proved that any 1-form is a combination of the differentials of the 
natural coordinate functions. In this section we introduce O-, 1-, 2- and 3-forms as 
formal expressions in terms of these differentials and define the wedge product and 
exterior derivative of such forms. In Chapter IV and Chapter VI we shall see that 
these higher dimensional forms can be defined in terms of multilinear functionals 
operating on tangent vectors. 


READ: Section I.6 (pages 26-31). 


Comments 
(1) Page 27: lines 15 to 19 Take these formal expressions as the definitions 
of 0-, 1-, 2-, 3-forms and treat the previous paragraphs as motivation only. 


In certain cases it is possible to simplify the formal expression for a p-form 
without introducing any ambiguity. 


(a) If some, but not all, of the coefficient functions are the zero func- 
tions we can omit the corresponding part of the linear combination. 
For example 


e*dx + xyzdy + Odz = eXdx + xyzdy 
and 
22 ах ду + Odxdz + Odydz = z?dxdy. 


(b) If all the coefficient functions are zero we have the zero p-form and 
when no confusion can arise we just write this as 0. 


That is, 

(i) the constant function with value 0 is the zero 0-form. 
(ii) Оах + Ody + 042 = 0 is the zero 1-form. 

(iii) Odxdy + Odxdz + Ody dz = 0 is the zero 2-form. 
(iv) 0 dx dy dz = 0 is the zero 3-form. 


It is very unlikely that this abuse of the symbol 0 will ever lead to an 
ambiguity. 


(c) If some of the coefficient functions are the constant function with 
value 1 we omit them. For example, 


eY dx + ldy + 142 = eY dx + dy + dz 
and eYdxdy + Odxdy + ldydz = eYdxdy + dy dz. 


(d) If some of the coefficient functions are the constant function with 
value -1 we omit the symbol “1”, For example, 


1 dx dy + (-1) dx dz + Ody dz = dx dy - dx dz 
and (-1) dx dy dz = -dx dy dz. 
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(ii) 


(iii) 


(iv) 
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More generally, if some coefficient function is -f, for some more 
commonly used function f, we write ... -f ... instead of 


...+(-f)... . For example, 
xdx + (-y) dy + 0 dz = x dx - y dy. 
Page 27: line 23 Using the interpretation of 1-forms given in the last 
section we can prove that to add 1-forms or multiply them by some real- 


valued function all we have to do is to add the coefficient functions or 
multiply them by the given function. That is, 


Lfjdx; + Zgidx; = Z(f; + gj)dxj, 
f(Zf;dx;) = Z(ffj)dx,;. 


Since we have no way of interpreting 2- and 3-forms yet the best we can do 
is to define addition and scalar multiplication in a similar way. That is 


(fj dx dy + р, ахах + h,dydz) + (ах dy + g;dxdz + h4dy dz) 
= (fı + fj)dxdy + (gı + ge)dxdz + (h, + Һау dz; 
k(fdxdy + gdxdy + hdydz) = kfdxdy + kgdxdz + khdydz; 
fjidxdydz + f,dxdydz = (f, + f,)dx dy dz; 
g(f dx dy dz) = gfdxdy dz. 
Page 27: Example 6.1 This example serves as a definition of the wedge 
product. 
The product is given by the following procedure. 


(a) Expand using the distributive law, bringing the coefficient functions 
to the front, dropping the symbol A but maintaining the order of the 
differentials. 


(b) Drop terms with a repeated differential. 


(c) Reorder the strings of differentials using the alternation rule. 


Page 28: Definition 6.3 The wedge products df;^dx; are expanded using 
Corollary 1.5.5. 


That is, 


ару 95 ах, + Of ax, + 26 ахлах; 


Ox, дх, дхз 
= 9 dx,dx; + и ахах; + oti dx 3dx;. 
OX, OX, 0X3 


The definition of the exterior derivative can be extended to cover 2-forms. If 
n = f dx dy + g dx dz + h dy dz 
then 
dn = dfAdx dy + dg^dx dz + dh^dy dz 


and this expression is again expanded using Corollary I.5.5. 
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(у) Page 29: line 13 Though we can multiply l-forms by any real-valued 
functions, in this formula the coefficients a and b are only real numbers or 


equivalently constant functions. 


(vi) Раве 30: lines 11 and 12 Since dx dy dz is obtained from dz dx dy 
by two interchanges the expression is multiplied by (-1)? = 1. 


Summary 


Notation 


fdx * gdy * hdz 

fdxdy * gdxdz * hdy dz 
f dx dy dz 

gay 

dó 


Definitions 


(1) Differential form 
0-form 
1-form 
2-form 
3-form 
(ii) Addition and multiplication of forms 


(iii) ^ Wedge product $^ y 


(iv) Exterior derivative аф 
Results 
(1) The wedge product of 1-forms satisfies the 


alternation rule $^ y =рлф 


(ii) The exterior derivative satisfies linear and 
Leibnizian properties 


d(aó * by) = adó * bdy 
d(fg) = dfg + f dg | 

d(f9) = dfag + f dj 

d(ó^ y) = dé^y — pady. 


Page 27, line 16 

Page 27, line 18 

Page 27, line 19 

Page 27, Example 6.1 
Page 28, Definition 6.3 


Page 27, lines 15-19 


Page 27, lines 20-23 
Page 27, Example 6.1 


Page 28, Definition 6.3 and 
Text: page 38 


Page 28, Lemma 6.2 


Page 29, line 13 and 
Theorem 6.4. 
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Techniques 
(i) Addition and scalar multiplication of 

differential forms. Page 27, lines 20-23 
(ii) Expansion of the wedge product of 

differential forms. Page 27, Example 6.1 
(iii) ^ Expansion of the exterior derivative. : Page 28, Definition 6.3 
(iv) ^ Expansion of the exterior derivatives using 

the linear and Leibnizian properties. Page 29, Theorem 6.4 
Exercises 
Technique (i) 


1. (а) Add the 2-forms 
xdxdy + ydxdz and -xdxdy + eXYdxdz + 2dy dz. 


(b) Multiply the second of the above 2-forms by the function e~*Y. 


Technique (й) 


2. Form the wedge product of 
(a) yzdx + dz and dy + zdz, 
(b) yzdx + dz and -xdxdy + eXYdxdz + 2dy dz. 


Technique (iii) 

3. Find the exterior derivative of 
(a) xyzdx + dz, 
(b) xyz dx dy. 

Technique (iv) 


4. Page 31, Exercise 3. 


Theory Exercise 


5. Page 31, Exercise 7. 
Solutions 
1. (а) (xdxdy + ydxdz) + (-xdxdy + eXYdxdz + 2dy dz) 


= (х + (-x))dxdy + (у + eXY)dxdz + 2dy dz 
= 0 dx dy + (у + e*Y)dx dz + 2dy dz 
= (у + eXY)dx dz + 24у dz. 
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(Ь) e XY(-xdxdy + eXYdxdz + 2dy dz) 
= -хе-ХУдх ду + eXYe-XYdxdz + 2e-XYdy dz 
=-хе XYdx dy + 1 dx dz + 2e *Ydy dz 
--xe XYdxdy + dxdz + 2e-XYdy dz. 


2. (a) (yzdx * dz) ^ (dy * zdz) 


= yzdxdy + yz?dxdz + dzdy + zdz dz, by the distributive rule, 
= узах dy + yz*dxdz + dzdy, since dzdz = 0, 
=yzdxdy + yz?dxdz - dy dz, by the alternation rule. 


(b) (yzdx + dz) ^ (-xdxdy + eXYdxdz + 2dy dz) 
=-xyzdxdxdy + yzeXYdx dxdz + 2yz dx dy dz 


-x dz dx dy + eXYdzdxdz + 2dz dy dz, by the distributive law, 
= 2yz dx dy dz + x dz dx dy, since dx dx ay = dx dx dz 
= dz dx dz = dzdydz = 0, 
=(2yz - x)dx dy dz, since dz dx dy = dx dy dz. 
3. (a) d(xyzdx + dz) = d(xyzdx + 1dz) 


= d(xyz) A dx + d(1) A dz 
= d(xyz) A dx, 


since the differential d(1), of the constant func- 
tion with value 1, is the zero 1-form and since 
0 ^ dz is the zero 2-form, 


= (yzdx + xzdy + xydz) ^ dx, 
by Corollary 1.5.5, 

= yzdxdx + xzdy dx + xy dz dx, 
by the distributive rule, 

= xzdy dx + xy dzdx, 
since dx dx = 0, 

= -xzdxdy -xy dx dz, 


by the alternation rule. 


(b) d(xyzdxdy) = d(xyz) ^ dxdy 


(yz dx * xzdy * xydz) ^ dx dy 


yzdxdxdy + xz dy dx dy + xy dx dx dy 


Xy dz dx dy 


il 


ху dx dy dz. 
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Page 31, Exercise 3. 
_ ы Of 
By Corollary 1.5.5, df = 2___dxj. 
i Ox; 
By Definition 1.6.3, d(df) = 2d 2 ^ dxi. 


1 (xi 


Again using Corollary 1.5.5 we have 


А D о _ azf 
d(df)-Z|Z dxj A dx; = ХУ ХУ dxjdx;. 
! M Ox; àxj 1 J Ox; Ox; 


There are nine terms in this sum, which we must show is zero. We know that 
the terms involving dx;dx,, ӣх,ӣх, and dx3dx 3 are already zero. The 
remaining six terms occur in pairs such as 

ð? f 2 
dx,dx,; + orf 
Ox, Ox, 0X2 дх; 


dx, ах,. 


Ву the alternation rule this is 


2 2 
` д f + с dx, dx. 


дх, Ox) OX, Ox, 


But we know that 0?f/0x,0x. = 07f/dx,0x, for suitably differentiable 
functions, and so the remaining terms in the sum for d(df) cancel in pairs. 


Hence d(df) = 0. 
By Theorem I.6.4, 
d(fdg) = df A dg + fd(dg), 


il 


df ^ dg, by the above result. 


Page 31, Exercise 7. 
Any 1-form ф is of the form 


ф= 2 баху, — 
where f; and xj are differentiable functions. 
By Definition I.6.3, 
аф = zi df; ^ dx; 
and by Theorem I.6.4 (3), 
d(d¢) = a (d(df;) ^ dx; - df; ^ d(dx;)). 
By Exercise 3 we know that both d(df;) and d(dxj) are zero and so 
d(d@) = 0. 
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1.7 MAPPINGS 


Introduction 


This section follows on from Sections I.3 and I.4. 


In Section I.3 we introduced directional derivatives in order to differentiate func- 
tions from E? to R, and in Section 1.4 we introduced the componentwise differen- 
tiation of functions from R to E?. In this section we combine these ideas in order to 
differentiate functions from ЕП to EM, for any positive integers n and m. The 
derivative mappings of these functions turn out to be linear transformations between 
corresponding tangent spaces and we shall describe the matrices representing them. 


READ: Section I.7 (pages 32-39). 


Comments 


(i) 


(ii) 


(iii) 


Section 1.7 In this section there are several straightforward general- 
izations of definitions that have previously been applied to E? only. Those 
that are not specifically mentioned are: 


(a) Natural coordinate functions x,,..., Xp, which generalize those of 


Definition 1.1.2. If p is a point in Е? then x;(p) = p; (i= 1, 2,..., п). 


(Ъ) Tangent vectors vp in EN, which generalize those of Definition 1.9.1. 
The tangent vector Vp represents the “arrow” from p to p +v in ЕП, 


(c) Curves a(t) = (a(t), ..., @,(t)) in ЕП, which generalize those of 
Definition 1.4.1. 


(d) Straight lines t — p + tv in ЕП, 


(e) The velocity vector o'(t) = ((da,/dt)(t),..., (dan/dt)(t))a(t) for a 
curve & in ЕП, which generalizes Definition 1.4.3. 


(f) The directional derivative v [f] of a function f on ЕП with respect to 
a tangent vector vp, which generalizes that of Definition L3.1. That 
is, vp[f] = (d/dt) Fp + tv)) А = 0. 
Page 36: line 3 
F,(v) = F(p + tv) (0) 
= ((pí + tvi)? - (pa + tv2)?, 2(p, + tv, (po + tv2))'(0) 
= (Z(p + tvi)vi - 2(pı + (уз )уз, 2(р + tvi)va + 2vi (pa + tv, ))(0) 
= 2(Pivi = P2V2, ру + pavi). 
Page 37: following Corollary 7.7 To obtain the j-th column of a matrix 
representing a linear transformation with respect to given bases, we find the 


coordinates for the image of the j-th basis vector in the domain, in terms of 
the basis for the codomain. 
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In Example 7.3(2) we take as basis vectors for the domain U, (p) and U; (p) 


and for the codomain О, (Е(р)) and U;(F(p)). Hence, by Corollary 7.7, the 
linear transformation is represented by 


дї of 
—. (р) +— (p) 
du ду 


$5 — 35 


ðu ðv 


where f, = u? - v? and f, = 2uv. 
All such matrices are called Jacobian matrices. 


Hence at p = (pi,p2) the Jacobian matrix is 


(^0 lbi _ i 2 
2v(p) 2u(p) 2p2 2р; 


The image of a typical vector v = (v, ,у2) under this transformation is 
2р, -2р› YA P1Vi- P2V2 
=2 
2р2 2pi V2 P2Vi 7 PiV2 


which is the answer obtained on page 36, line 3. Note that while dealing with 
matrices we represent tangent vectors by column vectors. 


Additional Text 


(a) Let f be a mapping from R to R. Then the Jacobian matrix is the 


1 X 1 matrix (df/dt), where here we do not need partial derivatives since f is 
a function of t only. 


Now a tangent vector in R, Yp is an arrow from p to p * v, 


р pty 


and this is mapped by Ё, to the tangent vector v(df/dt)(p) at f(p). That is it 
is multiplied in length by (df/dt)(p). 


Ep) 
dt 
ее —————һә—_—<— 
f(p) Қр) +У (р) 
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(b) Suppose we have a curve а: R— R3, where a has coordinate functions 
(01, o5, аз), i.e. 


a : t —» a(t) = (a(t), a(t), os(t)). 
Then we obtain the 3 X 1 Jacobian matrix 


do, 
dt 


do; 


dt 


do 


dt 


А tangent vector v, at p, is mapped to the tangent vector Q,.p(v), at о(р). 
Reverting to row vectors, this is the tangent vector 


E do, (p), y des (р), v 0з (p) 
dt dt dt o(p) 


(c) Suppose we have a real-valued function Е : E? —»9 R, then the Jacobian 
matrix is the 1 X 3 matrix 


oF дЕ дЕ 
0X, ðX} Әх; 


If Vp =| V2] is typical tangent vector, it is mapped by F *р 
V3 p 


to the tangent vector 


(= (р), Е (р), =) vA at F(p) in R. 


ХІ дх, 0x3 V2 


V3 
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This is уу (OF/0x,)(p) + v; (дЕ/дх„)(р) + уз (дЕ/дхз)(р),у/Мсһ we have 
already met as the directional derivative vp[F] . 


дЕ д 
к=» vi—- (р) + v; oF (р + geek (p) 


Ox, х2 дх» 
Oe жн 
F(p) Е(р) * v* VF(p) 


(d) The Composite Rule Suppose we have two mappings F : E? —> Е? and 
С: EM —> Er, then we can form the composite mapping Go F : E? —> EF. 
The obvious question is whether we can calculate the derivative map 
(Go Е), in terms of the derivatives С, and F,. The answer is yes. We state 
the result, which should be intuitively obvious, and investigate some of its 
consequences. 


Theorem 
For mappings F : ЕП —> EM and G : EM — ET 
(G oF), = G, o Fy. 


To be more precise we need to take into consideration the point at which each of 
the derivatives is evaluated. 


Now 
F,p : Tp(E") — TF(p)(E™) 
Gx F(p) : TF(p)(E7) — TG o Е(р)(Е?) 
(Go F),p : Tp(E") — Тс F(p)(E*) 


and hence (Go F)xp = Gy F(p) ? Fxp- (This may remind you of the composite rule 
for ordinary differentiation — D(ge f) = (Dgof).Df .) 


Considering all points p of the domain at the same time we can write the composite 
rule as 


(GoF)4 = Gaf ° Fa- 
This form of the composite rule accounts for all of the composite rules that we have 


encountered. When we expand it in terms of Jacobian matrices the composition on 
the right hand side then stands for the usual matrix multiplication. 
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(i) Given maps f: R— R and g: R—>R, the composite rule gives the form 
of the chain rule encountered in M100. 


(ii) ^ Given a map h : R—> R followed by a: R —9 E?, as in Lemma 1.4.5, the 
composite rule gives 


(o o h),s = о) ° hys- 


Now hy, = dh nd a, is represented by de, 


dt 


do; 


dt 


do 
dt 


Hence if we write B = œo h the composite rule gives 


SA. [fh 0e) hg, 
dt dt 5 


Bo (5) de (n(s)) 


dt dt 
Bs (gf ао ng) 


dt dt 


i.e. В'(5) = dh (s)o/(s). 
ds 


(iii) ^ Given a map f: E? —» R followed by h: R э К, as in Lemma 1.5.7, we can 
write the composite rule as 


(hof), = h«f 9 fy. 


Now hy is just the derivative which can be written h', and so hee = h'(f). 
Hence in terms of Jacobian matrices 


— 9 —— 


9(h(f)) Ә(Ь(#)) m - h e. of E 


дх, дх, 0x3 Ox, OX, 0X3 


ie SAM wE = 12,3). 
дх; . OX; 


(iv) Given a map a: В —9 E? followed by a map Ё: E? —9 R, as in Lemma 1.4.6, 
then the composite rule states 


(Ёоо) = „шу о Get: 


48 M334 1.7 


In terms of Jacobian matrices, this becomes 


UH) (ку -[9f (st), 2E (оце), 9f (ое)! /desq) 


dt Ox, OX 0X3 dt 


SO 


qf) «y = y 9f (отуу dei (0). 
dt i=1 Ox; dt 


Now read the proof of Lemma 1.4.6 and Lemma 1.3.2, where 
a:tt— p + tv, so that (do;/dt)(0) =(d/dt)(p; + tvi) |. = 0 Vj. 


Summary 
Notation 

Е -(f,..., fm) Page 33, Definition 7.1 
F, Page 35, Definition 7.4 

of | of 

ðu ду 

Page 37 and Text, page 44 

дв ôg 

ðu ду 
Definitions 
(1) Euclidean coordinate functions (Ё, . . . , fm) Page 33, Definition 7.1 
(п) Image of curve under a mapping F(a) Page 33, Definition 7.2 
(iii) ^ The derivative map Fx Page 35, Definition 7.4 
(iv) ^ Jacobian matrix | | Page 37 and Text, page 44 
Results 
(1) The derivative map can be described in terms of 


the coordinate functions and directional derivatives 


F,(v) = (v[fij,--->. v[fm])- Page 36, Theorem 7.5 
(ii) The derivative map Fy): Tp (ЕП) —>TF(p) (E™) 
is a linear transformation. Page 36, Corollary 7.6 


(iii) ^ The effect of F4 on the standard basis is 


F&«(Uj) = z б, Page 37, Corollary 7.7 


i Ox; 
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(iv) 


(v) 


The derivative map preserves velocities. 
If 8 = F(a) then f' = F,(a’). 


The composite rule: . 


ПЕ: E^ — E? and С: EM —> FEF then 


(Go F)xp = G, F(p) ? Fep- 


Techniques 


(i) 


(ii) 
(iii) 


(iv) 


Description of mappings in terms of Euclidean co- 
ordinate functions. 


Pictorial description of simple mappings. 
Determination of derivative maps, 
(a) from first principles 


(b) from directional derivatives of coordinate 
functions 


(c) from Jacobian matrix. 


Calculation of the derivative mapping of a 
composite using the composite rule: 


(С°Е), = Ga p?F,. 
where if the derivatives are represented by Jacobian 


matrices the composition on the right is matrix 
multiplication. К 


Exercises 


Technique (i) 


49 


Page 38, Theorem 7.8 


Page 33, Definition 7.1 


Page 35, Definition 7.4 


Page 36, Theorem 7.5 
Text, page 44 


1. Express the following mappings from E? to E? in terms of Euclidean 
coordinate functions 
(a) F : p— -3p, 
(b) F : p+—> (eP1P2, рз + 2p,, pi). 

Technique (à) 

2. Page 39, Exercise 2. 


Technique (їй) 


Э: 


(а) Page 39, Exercise 4. 


(b) Find F, (vp). using directional derivatives, for F = (x cosy, x siny, z), 


v = (2, -1, 3) and p = (0, 0, 0). 


(c) Describe the derivative mappings for F given in Example (1), page 34. 
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Technique (iv) 


4. Use the composite rule for Jacobian matrices to find (0f/0x, df/dy, df/dz) - 
for the composite mapping in Exercise 4(a), page 6. 


Solutions 


1. (a) Since p — - 3p, | 
F(p) = (-3p1, -3p2, -3p3) 
= (-3x(p), -3y(p), -32(р)) 


and so, in terms of Euclidean coordinate functions, 
F = (-3x, -3y, -3z). 
(b) Е(р) = (eP1P2, рз + 2pi, pi) 
= (ех(р)у(Р), z(p) + 2х(р), (х(р))?) 
= (еХУ(р), (z + 2x) (p), x^ (p) 


and so F = (eXY, z + 2x, x”). 


2. Page 39, Exercise 2. 
7 The lines и = 1, and v= 1 are the sets of points p such that u(p) = p, = 1 and 
v(p) = р, 71. These are shown on the following diagram. 


A point on the horizontal line is of the form (t, 1) and is mapped by F to 
(t? - 1, 2t). So, for instance, (0, 1) —9 (-1, 0), (1, 1) — (0, 2) and 
(71, 1) — (0, -2). 
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How do we describe such a curve? A point р = (Pı, p2) is on the curve if 
pi7t?- 1, p2=2t for some t. From these identities we deduce that 
4(p, + 1) = p3. Using the notation of Section I.4 we write 


p€M:4(u* 1j- у? =0. 


The line и = 1 consists of points of the form (1, t). These are mapped by 
F to (1- t?, 2t). This is a typical point on the parabola v? = -4(u - 1), which 
is shown on the following diagram. 


3. (а) Page 39, Exercise 4(a). 


Fa (Vp) = (F(p + tv))|t = o at F(p) 
dt 


d 
=—(F(p; +tv,, P2 * tv2, рз *tv3))lt- o 
dt 


d 
= —(р, + tv, - p2 - tv, p, + tv +p, + tvz, 2p3 + 2tv3)|t = 0 
dt 


= (у, У, У\ tv2, 2v3) at F(p). 
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Page 39, Exercise 4(b). 
If F is linear then F(p + tv) = F(p) + tF(v). 


Hence Е, (ур) = (Ер + tv))l eo» at F(p), 
t 


=4 (F(p) + tF(v))|,=0, at F(p), 
dt 


= F(v) at F(p), 
SO F«(vp) - F(v)F(p)- 
(b) If F = (x cosy, xsiny, 2), then by Theorem 1.7.5 
Е, (ур) = (vp[x cos у], vplxsin у], vp[z] )F(p) 
Now if v = (2,-1,3) and p = (0,0,0), then by Lemma 1.3.2 


vplx cos y] = 2.9 (x cos y) (p) - 9 (x cos y) (p) * 3.2 (x cos y)(p) 
Ox ду |J Oz 


= 2 cos y (0,0,0) + xsiny(0,0,0) + 3.0(0,0,0) 
=2cos0 + OsinO + 3.0 
=й; 


Similarly, 


ур[х siny] = 2 sin y(0,0,0) - x cos y(0,0,0) +0 
2510 - OcosO = 0. 

2.0 - 1.0 + 3.1 

3. 


it 


vp lz] 


Ш 


Ѕо 
Е, (ур) = (2,0,0)(0соѕ0, Osin0, 0) = (2,0,3) (0,0,0): 


(с) If F = (x - у, x + y, 2) the Jacobian matrix for F, is 


af, of, df, 


1 -1 0 
дх ду д2 
of, of, 0f | _ 1 1 0 
Ox ду д2 
0f; of; 0f; 0 0 1 
дх ду д2 
This maps the vector v to 
1 -1 0 V1 Vi - V2\ 
1 1 0 V^ = Vi + V2 
0 0 1 V3 V3 


and so Fx(vp) = (Vi - V3, Vi +V25V3 )F(p): as expected. 


M334 1.7 53 


4. We have f described as a composite of functions, f=hog, where 
g : p — (gi(p). g2(p), вз(р)). That is, рү, g2, g3 are the coordinate functions 
for g and so in this example 


g=(xty,y’,x+z). 


Since f: Е? — R, р: ЕЗ — E? and h: E? —» К, the corresponding 
Jacobian matrices are 


of of of 


— 9 — 9 —15 


Ox ду д2 


95 дв да 1 1 0 
дх ду д2 

Зы юв | [уо sz о |, 
дх ду д2 

дез дез дез 1 0 1 
дх ду д2 

апа s 3h дЫ) _ (2x, -z, -y). 
Ox ду д2 


Now by the composite rule fap = hy g(p) ° &*p 


SO 
дї of, д. 
uS — (р), —(p) -| 2x(g(p)), -z(g(p)), -y(g(p)] [1 1 0 
Ox ду д2 
0 2у(р) 0 
1 0 1 
= (2g: (P), m.p) [1 1 0 
0 2p2 0 
1 0 1 
= (2p: *2p.-p-ps,-p?] |] 1 0 
0 2p. 0 
1 0 1 
= (2p; + 2р, ~ p2» 2р1 + 2p? -2рур, - 2P2 P3, -р2), 
and hence 


of of of 
CESESE (2x + 2y - y?, 2x + 2y - 2xy - 2yz, -y?). 
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FURTHER EXERCISES AND SOLUTIONS 


Section I.1 


Technique Exercises 


Pages 5-6, Exercises 1(b), 2(a), 2(d), 4(b), 4(c). 


Solutions 
l(b. ху(2у + x)sin z 
2(a. 0 
2(d). t*(1 -t3) 
4(b). ES 2e2X(1 - eY) 
дх 
a(c). Of = 4x 
дх 


Section 1.2 


Technique Exercise 


Page 11, Exercise 4. 


Other Recommended Exercise 


Page 11, Exercise 5. This extends the concepts of linear independence and linear 
combinations to cover vector fields. 


Solutions 
4. f = kx?, g = - ky? for any real function k on RÌ, 
e.g. f = x?, g =-у?. 
5(а). Vi(p) = (L0,-p1)p 
Va (р) = (051,0)p 
Уз (р) = (P1,0,1)p 
and since{1 0 pı} =1+p = 0 these vector fields are linearly independent. 
о 1 0 
p 0 1 
5(b). (xU, *yU; + zUs)(p) = (рьр»рз)р 


1 -рз) 2 + 
= Pil Рз) у (p) + p V, (p) + (Р! Рз) (р) 


(1 * pj) | (1+р\) 
and hence 
г abd 
xU, + yU5 + zU3 = x -2) Vi +yV, +e tu. 


(1 + x’) (1 + x?) 
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Section 1.3 


Technique Exercises 


Pages 14-15, Exercises 1(a), (b), 2(a), (b), 3(a)-(d), (f). 


Solutions 

1(а) and 2(a). 0 

1(Ь) and 2(b). 896 
3(a. у? 

3(b)  -3xz? 

3(c). у22(у22- 3x?) 
3(d).  -yz? (y*z - 8x?) 
3(f). 0 


Section I.4 


Technique Exercise 


Page 21, Exercise 8. 


Other Recommended Exercises 
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Page 21, Exercise 4. This exercise shows that a curve is determined uniquely by its 


initial point and velocity vectors. 


Page 21, Exercise 6. This theory exercise deals with the definition of the directional 


derivative. 


Page 21, Exercise 9. This deals with the geometrical interpretation of tangent lines. 


Solutions 


8. B(s) = 7 log | Я 


S 


B'(s) = e 2 


s? S 


о (h(s)) = Е e 


ahi.) = and hence В'(5) = h (3.9 (h()). 
ds S ds 


t? t? 
4. a(t) = (1 +— ,—, et - 6). 
(97 (1455, ef -6) 
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6. Let а be any curve with a’ (0) = Ур: 
Then 909) (оу = a (0){£] = vr]. 
dt 


9. (a) ut— (2, 2u, u). 
(b | ur + G/2(1- u) 20 + v, Z+ u). 
4 


Section 1.5 


Technique Exercises 


Pages 25-26, Exercises 1(a), (b), 3(a), (c), 4, 6(a), (с). 


Other Recommended Exercises 


Page 25, Exercise 2. This expresses the operation of a 1-form on a vector field in 
terms of Euclidean coordinate functions. 


Page 26, Exercise 8. This deals with the Leibnizian property of d. 


Page 26, Exercises 9, 10. These explore the relationship between the differential of a 
function and its maxima and minima. 


Page 26, Exercise 11. This deals with the relationship between the differential and 
the difference operator. 


Solutions 
l(a). 4 
lb). -4 
3(a. x?-*x?(1*z)-xy? A c 
x 
4(a). 5f*df 
4b) Si. 
Af 
A(c) 2f df 
1+ f? 


6(a). df =y?dx + (2xy - z?)dy -2yz dz, -10. 
6(c). df =cos(xy)cos(xz)(y dx + x dy) - sin(xy)sin(xz)(z dx + x dz), -2. 


2. Ф(У) = Z > fivj dx(Uj) = 2 2 fivjdij = È fivi- 
1 Jj 1 J 1 
8. d(fg)(vp) SS vp[fg] = vplf] g * fvp[g] 


=df(vp) gti dg(vp) 
= (g df + f dg) (vp) 
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and hence d(fg) = g df + f dg. 

of 

9. df(vp) = 3t (р)у, Tl 

дх ду 02 


and hence аур) = 0 for all v if and only if 


f of of _ 
= (p) =— (p) =— (р) = 0. 
ox ду д2 
f 
Here Of = гоху: di =1-х2- дуду i fs y? 
Ox dy д2 


and the critical points are + (0, 1, 4). 


10. If p is a local maximum or minimum then t = 0 is a local maximum or 
minimum of the function t —> f(p + tv). 


d 
Hence df[vp] = ур[] E (f(p + tv)) 1.0 = 0). 
t 


ll(a) By Taylor's Theorem 


f(p + tv) = f(p) + tip + tv)) liz9 + Remainder 
dt 


=f(p) +t df(vp) * R. 
Hence f(p + v) - f(p) ~ df(vp). 


11(b). Exact: -0-420 


2 2 

Approximate: аур) = 2xy dx +* dy-* dz (-0-1, 0-1, 0-2)(1, 1-5, 1) 
2 
Z 2 2 


Section 1.6 


Technique Exercises 


Page 31, Exercises 1, 2, 4(a), (b), (d), 6. 


Other Recommended Exercises 


Page 31, Exercise 5. This expresses the wedge product of three 1-forms in terms of 
the determinant of their Euclidean coordinates. 


Page 31, Exercise 8. This exercise deals with the relationship between the exterior 


derivative and the vector operations div, grad and curl. 


Solutions 


l(a). yz cosz dx dy - sinz dx dz - cosz dy dz, 
sinz dx dy + z sinz dx dz + z cosz dy dz, 


-yz dx dy - yz? dx dz + dy dz. 
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ЦЬ). -z dx dy - y dx dz, 


-cos z dx dz + sinz dy dz, 


0. 
2, — dé- 1 dx dy, dy = - dy dz, 
2 
y 
p^ y =? dx dy and 
y 
а(флу) = dpa y - pady = ах dy dz. 


y 
4(a). d(fdg + gdf) = d(d(fg)) = 0. 
A(b). (df - dg)A(df + dg) = 2 df^dg. 
4(d). (1-f)df^dg 
6. dx dy dz = r dr dé dz 


5. Expand both the determinant and the triple wedge product in terms of the 
Euclidean coordinate functions. Both sides give 
(Е, „Ез зз - f11f23f32 + Ёл2 оз за - fiofoifas + fisfaifaa - f13f22f31)dx dy dz. 
8(a. df- xor dx; «Ш, ze U; = grad f. 
Ox; Ox; 


8(b. If V= Xf; U; then 6 = Èf; дх;, 


af, аг, af; 0f, 


9f; 3 dx, dx3 + |22 Lem dx54 dx; 
OX, 0X3 Ox; 9X3 


в =| | ах, х, T 


OX дх, 
апа dọ , (2) ‚ curl У. 
8(с). If V= Zf;Ui then = f3dx, dx, = f,dx, ахз + fi dx, ахз. 


dn T + 95 + | dx, dx, dx3 and hence dn (2) (div V)dx dy dz. 
OX) OX, 0x3 


Section I.7 


Technique Exercise 


Page 39, Exercise 1. 


Other Recommended Exercises 


Page 40, Exercises 5 and 6. These describe the derivative of a mapping in terms of 
the differentials of its Euclidean coordinate functions. 


Page 40, Exercise 8. This deals with the definition of the derivative. 


Page 40, Exercise 9. The derivative mapping preserves directional derivatives. 
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Page 40, Exercise 11. This deals with inverse mappings, which you can read about in 
Exercise 10. 


Page 40, Exercises 7 and 12. These deal with the derivative of a composite mapping. 


Solutions 

1(а). (0, 0). 

l(b)  (-3,1), (3,-1). 
l(c). (0, 0), (1, 0). 


5. F, = (cos y dx - x sin y dy, sin y dx + x cos y dy, dz) 
(а) (2,0,3)(9,0,0) 
(b) (2.23)(0,2,0) 
6. The Jacobian matrix at p is 
COS p2 sin p2 0 


-p, sinp2 р соѕр› 0 


0 0 1 
This has determinant p, and hence Е is not regular at points for which 
рі = 0. | 
8. Let & be any curve such that a’ (0) = Vp» then if 6 = F(a) it follows that 


В (0) = F«(o' (0)) = F«(vp)- 


9. Let a : t —» p + tq. 


R-€,Epn Е, Ет g,m 


vple(F)] = o'(0)[g(F)] = (к(а) lt-o- 
t 


F«(vp)[g] = (F(a))'(0) [8] (8080) о. 
t 


Hence vp[g(F)] = F.(vp)[g]. 


11(а). F-' = (v,ue-V). This is a diffeomorphism. 
1 1 


11(b). Е = (из, vt иЗ). This is not a diffeomorphism since it is not differentiable 
when u = 0. | 


11(с). Е-! = (9 - u- 2v) 
2 


» 5-u-v|. This is a diffeomorphism. 


7. GF = (gi(f,, f2), g2(fi, fz ))- 
12(а). GF = (g,(fi,..., Ífm^---, gp(fi, -> fg) 
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12(b). (СЕ), (0) = ((GF)(a))', by Theorem I.7.8, 
=(С(Е(с:)))' 
=G,((F(a))’) 
=G,F,(a’). 


12(c). Since any Ур = a’ (0) for some о it follows that (GF), = С.Е. 
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DIFFERENTIAL GEOMETRY 


I Calculus on Euclidean Space 
П Frame Fields 

ПІ Euclidean Geometry 

IV Calculus on a Surface 

V Shape Operators 


VI Geometry of Surfaces in E? 
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4 M334 II 
Set Book | 


Barrett O'Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition, (W.A. Benjamin/Addison-Wesley 1973). 
R.C. Smith and P. Smith: Mechanics, SI edition (John Wiley, 1972). 


Also mentioned in this Part is: 
T. Wilmore: An Introduction To Differential Geometry (O.U.P., 1964). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 
Unreferenced pages and sections denote the set book. Otherwise 

O’Neill denotes the set book; 


Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


References to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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1.1 INTRODUCTION AND DOT PRODUCT 


Introduction 


This whole section depends only on Sections 1.1 and L2, and may be read easily 
even if you are not entirely confident about the later sections of Chapter I. 


It provides a revision of the basic vector concepts that you have met in MST 282 and 
M201. You should make sure that you are familiar with the following ideas: the dot 
product, cross product, triple scalar product and norm for E? (Unit MST 282 1, 
Some Basic Tools, Section 2); the dot product, norm, Schwarz inequality, angle, 
orthogonality, orthonormal bases and orthonormal expansions for general Euclidean 
vector spaces (Unit M201 16, Euclidean Spaces I: Inner Products); orthogonal 
matrices (Unit M201 24, Orthogonal and Symmetric Transformations, Section 1.2). 
You will also find it useful to revise the technique of evaluation of a 3 X 3 deter- 
minant (KKOP, page 684). 


These vector ideas are revised and then applied to the tangent vector spaces Ty (E? ). 
For example, the dot product of two tangent vectors with the same point ae appli- 
cation is defined by 


We find that the usual vector space results carry over to each of the tangent spaces. 
Later on we shall extend these definitions to vector fields by the pointwise 
principle: for example, if V and W are vector fields the dot product of V and W, 
V-W, will be the function from E? to R whose value at p is V(p) W(p). 


READ: Introduction to Chapter II and Section II.1 (pages 42- 48). 


Comment 


(1) Page 47: the determinant and cross product The determinant is a 
function from the set of all square real matrices into the real numbers. It is 
written by replacing the brackets of the matrix by straight lines. The rules 
for evaluating it on 2 X 2 and 3 X 3 matrices are as follows: 


а a12 
= 841 492 ` a21 4425 
a21 a22 
ау 412 аз 
аз1 a22 a23 | = 811422433 + 221232213 + аза; 323 
431 a32 a33 — аз 492 413 — 221412 433 - 441123322253 


(see KKOP, page 684) 
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which may be written as 


ai а12 a43 
аз 422 a23 =. A a22 a23 жаз 423 а21 
азі 432 a33 a32 a33 a33 азі 
tais a21 a22 

азі a32 


This last expression gives the expansion of the formal determinant for v X w 
as 


О, (р) |у va J+ 0, (р)| уз м, |+ 03 (р) [у v 

W2 W3 W3 Wi Wi W2 
= (v2W3 - V3w2) О, (p) + (узу, - vıw3) О, (р) + (vi м - v2w4) Оз (р) 
= (V W3 - V3 W2, V3Wı - Vi Was V1W4 ~ УМ} )р: 


O’Neill assumes that you are familiar with the following properties of deter- 
minants: 


(a) a determinant is linear as a function of each of its rows; 
(b) interchanging two rows of a determinant multiplies its values by - 1; 
(c) a determinant has value zero if and only if its rows are linearly 


dependent vectors. 


In Unit M 201 5, Determinants and Eigenvalues, you learnt these properties 
for the columns of a determinant. However, in Section 1.5 of that unit you 
saw that the determinant of the transpose of a matrix is the same as the 
determinant of the original matrix, and thus all these results are true for 
rows as well. 


By Lemma II.1.8, v X w is orthogonal to both v and w, and 
lv X w |? = (vv) (мем) - (vw)? 
= у? 11? - (v-w)?. 
The angle 9 between v and w is defined by 
vew = Ilvilllwll cos à 
(see page 44), and so 
у X wl? = lvi? liwli? — Civil МІ cos 9)? 
= |vll? lwil? (1 - cos? 9) 


= м]? Iwll? sin? 9. 
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lv X м1 = Ilvilllwil (sin? 9). 
For any given value of cos (in [-1,1]) we can choose 9 to lie in the range 
0 € 9 < m, that 15 9 is the smaller angle between v and w; for 9 in this range 
sin 9 is non-negative and so (sin? 9)? = sin 0. Thus 

[у X wll = ПМУ sin 9 
and so 


vX м = [lvili|wl| sin 9 n 


where n is a unit vector orthogonal to both v and w. 


УХ м 


У 


" 


In fact n is obtained from v and w by the right-hand rule (page 48, penulti- 
mate paragraph), and so O’Neill’s definition of cross-prodict is equivalent to 
that given in Unit MST 282 1, Some Basic Tools. 


One consequence of the definition of cross-product is the following. 


Lemma П.1.А If e, and e, are orthogonal unit tangent vectors and 


ез = e, X е, then e, is a unit tangent vector orthogonal to both e, and e; 
and 

e, Хе, = €3; е Хе, = -€3; 

е Хез =F €]; ез Хе =-еу; 

ез Хе, =e); e, Х ез --e,. 


In particular, these formulas hold when e, = О, (р), ез = О, (р), in which 
case ез = О, (p) X О, (р) = Оз (p). 
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There is no reason to restrict the definition of cross product to tangent 
vectors. As for the dot product, we can define it for pairs of points of E? 


also. If we put и, = (1, 0, 0), u, = (0, 1, 0), u3 = (0, 0, 1) then for points p 
and q of E? we define the cross product of p and q to be 
а, u us 
PXq=]| Pi рг Ps 
qı 9: 43 
= (pads -P3q2)u: + (P3qi - Pigs U2 + (P1q2 - P291 Us 
= (pads - P342; Padi - P193» P102 - P2q1)- 


Useful results about determinants and cross products are contained in the - 
following exercises, which you should attempt now. 


l. Page 49, Exercise 4. 

2. Page 49, Exercise 5 (first part). 

3. Page 49, Exercise 6. 
Additional Text 


The result of the following exercise will be needed later. 


4. Page 49, Exercise 7. 

Summary 

Notation 

pq Page 42, Definition 1.1 
Vp*Wp Page 44, Definition 1.3 
|р! Page 43, line 9 

ур! Page 44, line 12 

d(p, q) Page 43, Definition 1.2 
Me Page 43, line -4 

tA Page 47, line 1 

Vp X Wp Page 47, Definition 1.7 
PXq Text, page 8 
Definitions 


(1) Dot product of points p:q 
of tangent vectors v*w 


(11) Norm of a point ||р|| 
of a tangent vector ||у|| 


(iii) Euclidean distance d(p, q) 


Page 42, Definition 1.1 
Page 44, Definition 1.3 


Page 43, line 9 
Page 44, line 12 


Page 44, Definition 1.2 
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(iv) 
(v) 
(vi) 
(vii) 
(viii) 
(ix) 
(x) 
(xi) 
(xii) 


(xiii) 
(xiv) 
Results 
(i) 

(ii) 


(iii) 
(iv) 


(v) 


€-neighbourhood N. 

Open set 

Orthogonal vectors 

Unit vector 

Frame, or orthonormal basis 
Orthonormal expansion 
Attitude matrix 

Orthogonal matrix 
Transpose of A, tA 


Cross product of points p X q 
of tangent vectors v X w 


Triple scalar product u-v X w 


[р + 91 S lipii + qll (the triangle inequality) and 
llapll = lal Ilpll. 
lv-wl < [|у|| [Iwill (Schwarz inequality). 
U,(p), U2(p), U3(p) constitute a frame at p. 


Orthonormal expansion. If e}, ез, ез is a frame 
at p and v € Ty (E?), then 


v = (v-e,) e4 + (уез) e; + (v-e3) ез. 
If e,, ез, ез is a frame, v = È ajej and 
w = È bje;, then 


Vew = a,b, + аЬ» + a3b3. 


If A is an orthogonal matrix, A = A7?. 


The dot product is symmetric, bilinear, positive 
definite. 


The cross product is alternating, bilinear. 


L А 
llv X wil = (у-у ww- (vw)? )2 = ||у[| Iwll] sin 8. 


у Х wis orthogonal to у and to м. 


v X w= livi] || sin 9 n, where n is obtained by the 
right-hand rule. 


v X w# 0 if and only if v and w are linearly inde- 
pendent. 


uev X w # 0 if and only if u, v and w are linearly 
independent. 


Interchanging any two of u, v, w reverses the sign 
of u-v X w but does not change its absolute value. 


If e,, e5, ез is a frame, 
eje; Хез = + 1. 


Page 43, line -4 

Page 43, line -3 

Page 44, line -7 

Page 44, line -6 

Page 44, Definition 1.4 
Page 45, line -1 |. 

Page 46, Definition 1.6 
Page 46, line -2 

Page 47, line 1 


Text, page 8 
Page 47, Definition 1.7 


Page 48, line - 3 of text 


Page 43, line 11 


Page 44, line 13 
Page 45, line 6 


Page 45, Theorem 1.5 


Page 46, line 7 


Page 47, line 5 


Page 43, lines 1-7 
Page 47, line -11 


Page 47, Lemma I.8 and 
Page 48, line -9 


Page 47, Lemma I.8 
Text, page 7 

Page 49, Exercise 5 
Page 49, Exercise 4(b) 
Page 49, Exercise 4(c) 


Page 49, Exercise 6 
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(xvi) Ife,,e2 are orthogonal unit vectors and 
е, X e, = ез, then e,, €2, ез is a frame, and 


€; Хез =ез; ез X €; =-€3; 
€2 X €3 =€]; езХ ез =-€;; 


€3 X еј = €73; е X ез= -е,. Text, page 7 


(xvii) If u is a unit vector, any vector v may be expressed 
uniquely as 


у = (у-и) u + v5, 


where v; is orthogonal to u. Page 49, Exercise 7 
Techniques 
(1) Evaluation of dot and cross products and norms. Page 42, Definition 1.1 and 

Page 47, Definition 1.7 

(ii) Evaluation of triple scalar products. Page 49, Exercise 4(a) 
(iii) ^ Expansion in terms of an orthonormal basis. Page 45, Theorem 1.5 
(iv) Determination of the attitude matrix and use of 

the result ‘A = A7. | Page 46, Definition 1.6 
Exercises 


Technique (1) 


5. Page 48, Exercise 1. 
Technique (ii) 
6. If v and w are as in the preceding exercise and u 7 (- 8, 1, - 1) at the same 


point, compute u-v X w. 


Technique (111) 


T4 Page 49, Exercise 3. 
Technique (iv) 
8. Find the attitude matrix A of the frame in the preceding exercise. What is its 


inverse? 


M334 II.1 11 


Solutions 
1. Page 49, Exercise 4. 

(a) Suppose u, v, w are tangent vectors at the point p. 

u = u,U,(p) + u2U2(p) + u3Us(p). . 
v X w= c,U;,(p) + c;Us(p) + сзОз(р) (*) 
where the c; are found from 
Uı (p) U2(p) Us(p) 
vX w=] у; V2 V3 
Wi w2 W3 
uev X W = сүйү + QU + Cu 
which is (*) with U;(p) replaced by uj for i= 1, 2, 3: thus replacing 
Ui(p) by uj in the determinant gives u-v X w. 

(5) u-v X w # 0 => the rows of the determinant are linearly independent 

<=» u, v and w are linearly independent. 

(c) Again, this follows from the properties of determinants: if any two 
rows in a determinant are interchanged the whole determinant 
changes sign. | 

(d) и X v-w = weu X v, because the dot product is symmetric, 

=u-v X м, by part (c). 
2. Page 49, Exercise 5. 
We know that |lv X wll = Iivi] ||м/|[ sin 9, where 9 is the angle between v and w. 


vX w=0 =} |у X м|| = 0 
= ||у|=0 or lwl20 or sind=0 
—v=0 or w=0 or isa multiple of r. 


If v = 0 or w = 0 then v and w are certainly linearly dependent. If 9 is a 
multiple of m then 


v and w are collinear, and so linearly dependent. Conversely, if v and w are 
linearly dependent, either у = 0 or w = 0 or sin 3 = 0. 


Thus v X w # 0 “= v and w are linearly independent. 
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Page 49, Exercise 6. 


е X ез is orthogonal to both е, and ез. e; and ез span a plane in Th (E°), 
so the tangent vectors orthogonal to both e, and ез form a line in T,(E?). 
We know that e, is orthogonal to both e; and ез and so e, spans this line: 
thus e, X ез must be a multiple of e,. 

е; X ез|! = lleall ез! sin 5 = 1, 
SO 

е Хез = te). 


Thus 


е-е) X e3 = tete; =*1. 


If A is an orthogonal matrix, then it is the attitude matrix of a framee;, 
ез, єз, where the coordinates of e; with respect to U,(p), U2(p), U3(p) form 
the ith row of A for i = 1, 2, 3. By the first part of the question, 
е-е X ез = + 1. However, by Exercise 4(a) оп page 49, 


е е) €13 
epe;Xe47 |е €22 ез| = det A 
€31 €32 €33 


so the determinant of A is + 1. 


We could have reached this last result in another way, using the facts (see 
Unit M201 5, Determinants and Eigenvalues, Section 1) that if A and B are 
square matrices of the same size then 


det (tA) = det (A) 
and 
det (AB) = det(A) det(B), 


Now, if A is orthogonal, ‘AA =I 


SO 

det (ТАА) = det(I) = 1 
so 

det (tA) det(A) = 1 
SO 

det (A) det(A) = 1 
SO 


det (A) = +1. 


Page 49, Exercise 7. 


Choose v, = (v:u)u, v; =v - уу. Then certainly v =v; +v2 and v, is the 
component of v in the u direction, by definition. Moreover, v - v, is the 
only possible choice for vz in order that v = v + v2, and so this expression is 
certainly unique. 
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u 
It remains to prove just that у-у = 0. Now 
Vp, = Уу (У-У) 
= (v-u)u - (v - (v-u)u) 


= (v:u)(u-v - (v-u)u-u) 


= (v-u)(u-v - v-u), because u-u = 1, 
= 0, because uev = уи. 
5. Page 48, Exercise 1. 
(a) vew = 1.(-1) + 2.0 + (-1).3 =-1-3 =-4. 
(b) Ui(p) Un(p)  Us(p) 
УХ w= 1 2 -1 
-1 0 3 
= (2.3- (-1).0, C 1). (- 1) - 1.3, 1.0 - 2.(- 1)) 
= (6, -2, 2). 


() мі= (02 +22 +E ys y= Be. 


№ = ((- 1)? + 0? + 3? y - 10; ТЕП EI 3) 


(d) lv X wll = (6? + (-2? + 27) 2/44 = 2/11. 
Alternatively, we can use Lemma II.1.8: | 

[у X wl? = (vev)(wew) - (v-w)? = МОМ - (vew)? = 6.10- (-4)? = 44. 
(е) If 9 is the angle between v and w, 


vew = [|| ||| cosa: 
so -4 =\/6,/10 cos à 


NUI IL 2-2. 
so — cos? — 760 29715 "15^ 


6. и! и» из -3 1 -1 
uvXw= |у; V2 уз | = 1 2 -1 
Wi W2 W3 -1 0 3 


= - 3(2.3 - (-1).0) + 1((-1)? - 1.3) - 1(1.0- 2.(-1)) 
=-3.6 + 1.(-2) - 1.2 =-22. 


Aiternatively, since v X w has already been calculated in Exercise 5, we could 
go straight to 


иу Хм = (3, 1, -1) · (6, -2, 2) 
=- 3.6 + 1.(-2) + (-1).2 =-22. 
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Page 49, Exercise 3. 


ее = ig? 4244 ]*)21 
ere; = H(-2)? +02 +22) =1 
€3:€4 = 3(1? + (- 1)? + 1?) =] 


ее» нат 


е,.ез -— (-2+0+2)= 


This shows that e,, ез, ез constitutes a frame. 


By Theorem П.1.5, 


у = (vee, Jey + (уе )ез + (v-es)es. 


ы e. 
ve \76°ї Va ste 
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We can check this by working out the right-hand side directly: we obtain 


2 x41: c Ap 
V6 v6 Ж d xs A 


We simply take the coordinates of e,, ез, ез and write them as the rows of 


7, 14 
=2(1,2, 1) - F(-2,0,2) +3 Zl 
Jg uo ate zie o 
|. 3” & pu n 3' 3" j 
-(6,1,-1)-v 
A. Thus 

do еЗ 

v6 V6 ув 

-2 2 
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Since A is an attitude matrix it is orthogonal, and so we know tA = A ! : that 
is, A7! may be obtained from A by interchanging corresponding rows and 


columns. 
This gives 
cde. mms. UE 
V6 V8 V3 
mia ша >i 
"ae E ys 
D „йл 
/6 


> 
© 
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П.2 CURVES 


Introduction 


This section depends heavily on Sections I.4 and II.1 but not at all on the later 
sections of Chapter I. 


Here we take up the story of curves left in Section I.4, and extend the definitions 
and results of Section IL1 to vector fields defined on curves. We immediately 
introduce a way of differentiating these vector fields; in particular this gives us the 
acceleration of a curve: the velocity and acceleration turn out to be the same as 
those of a particle travelling along the curve, as given in Unit MST 282 2, 
Kinematics, Section 1.1. 


All of this is simply giving us enough technical apparatus to establish the Frenet 
formulas, which are a core feature of the course, in the next section. 


. READ: Section II.2 (pages 51- 55). 


Comments 


(1) Pages 51-52: unit-speed reparametrization This particular type of 
reparametrization is very important. From now on, whenever O’Neill mentions a 
*unit-speed reparametrization" he means not just a reparametrization which 
happens to have unit speed but a reparametrization of the type given in the proof of 
Theorem 2.1. There is a useful symmetry in this situation. If f is a unit-speed 
reparametrization of œ we have 


B(s) = e(t(s)); 


in this particular case s and t are inverse functions, and so we also have 


that is, о is also a reparametrization of 8. We shall often make use of this fact. 


Theorem 2.1 is important because it is often sufficient to know that a unit-speed 
reparametrization of a curve @ exists, without computing it explicitly. It is this 
theorem which allows many proofs to begin: “We may assume a has unit speed". 
This considerably simplifies many things, but you should always check that the 
remark is justified. 


(ii) Page 52: Definition 2.2 A vector field on a curve should be distinguished 
from a vector field on ЕЗ. It is true that if о is a curve and V is a vector field on E? 
then the function Y defined by 


is a vector field on a (see the diagram opposite); however not every vector field on а 
is necessarily the restriction of a vector field on Ез. For example, it may happen 
that а crosses itself, that is there are different values t, and t; such that 


o(t;) = a(t2) = p 
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] | Y(t) = V(a(t) 


a (t) 


p 
if Y is a vector field on a it is not obliged to take the same values at t4 and t5, but if 
V is a vector field on E? then it has a unique value at p and so 
V(o(t,)) = V(o(t,)) = У(р). A good example of this is provided by the 
figure-of-eight curve given by | 
a(t) = (sin t, sin 2t, 0) (t€ R) 


which crosses itself at 0 = 0(0) =о(л): at this point the vector field a’ on а 
does take different values, for o (0 = (1, 1, 0) while o'() = (- 1, 1, 0). 


у 
a’ (т) a’ (0) 
Эт. us 
a (0) |= a (т) 
(їй) Page 54: Lemma 2.3 It is important at this point to be quite clear about 


77 66 


O’Neill’s slightly unusual use of the words “constant”, “straight line" and “‘parallel’’. 
A curve а is a constant if it is of the form 

a: tr С 
that is, the image of а in E? is a single point. A curve & is straight line if and only if 
it is of the form 

a: 1—0 р + tq 
for some points p and q with q # 0. The image of a is certainly the line joining 
p and p + q. Intuitively we might think of the curves 

p: t-—>p + 214 
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апа 
Ү:їкэр+ te q 
as the same as а, because their images are also the straight line joining p and p + q, 
but it is important to realize that, under Definition 1.4.1, they are different curves 
from a. In fact f is the reparametrization of a by the function 
hit => 2t 
and y is the reparametrization of о by the function 
k:t — €. 
Are В and y straight lines? Well @ is, because В can be written 
B: t — p + t(2q), 
but y cannot be written in the form 
y: ta + tb 


for any points a and b so y is not, technically speaking, a straight line, merely a 
reparametrization of one. 


Finally, “parallel” has the meaning given on page 6, that of having the same vector 
parts. This is a more restrictive definition than that usually used in elementary 
geometry. For example, if 


then v is parallel to w but not x or y, even though they all point along the same 
direction. For tangent vectors at the same point we say they are collinear if they 
point along the same direction, that is if one is a scalar multiple of the other. The 
vectors w, x and y are all collinear. 


(tv) Curves — a Convention From now on we adopt the convention used by 
Spivak that a function defined on a subset of E" has the whole of E" as its domain 
unless otherwise specified. Thus in Exercise 1 on page 55 the curve 


t3 
a(t) = (2t, t?, =) 
is taken to be the curve 


3 
a: t (21, t?, =) (t ER). 
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Additional Text 
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The following exercises introduce results which will be needed later. 


Attempt them now. 


1. 
2. 


Page 56, Exercise 7. 
Y and Z are vector fields on a curve a. Prove that 


(YX Z)'=Y' XZ+YXZ'. 


Supplementary Comment 


(i) Page 51: the 


“standard theorem of calculus” 


This is a combination of 


several results from Spivak, which you should be able to accept. 


Summary 


Notation 


Definitions 


(i) 
(i) 


Speed v 

Arc length 

Arc-length function s 

Arc-length parametrization 

Unit-speed reparametrization 
Orientation-preserving reparametrization 
Orientation-reversing reparametrization 
Vector field (Y) on a curve 


Euclidean coordinate functions of a vector field on 
a curve 


Derivative of a vector field on a curve 
Acceleration (a ") of a curve 
Parallel vector field 


Collinear tangent vectors 


Page 51, line 4 

Page 51, line - 7 

Page 52, Definition 2.2 
Page 54, line 7 


Page 51, line 4 

Page 51, line 11 

Page 51, line -7 

Page 52, line 7 

Text, page 16 

Page 52, line - 12 

Page 52, line - 11 

Page 52, Definition 2.2 


Page 53, line 9 
Page 54, line 3 
Page 54, line 7 
Page 54, line - 10 
Text, page 18 
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Results 

(i) Any regular .curvé has a unitspeed repara- 
metrization. 

(11) If B is a unit-speed reparametrization of a, then a is 


a reparametrization of f. 


(iii) ^ Ifa has unit speed, then s(t) = t. 


(iv) The linearity апа  Leibnizian properties of 


differentiation of vector fields on curves. 


(aY * bZ) = aY'* bZ 
(fY) = f'Y + fY’ 
(Y-Z) = Y -Z*Y.Z 

(YXZ) »Y'XZ*Yx4Z. 
(v) a is constant if and only if a’ = 0. 
(vi) _ @is astraight line if and only if o' #0 and a” = 0. 
(vii) 11У 55 constant if and only if Y-Y’ = 0. 
(viii) Y is parallel if and only if Y' = 0. 
(ix) — Y(h)'=h’Y'(h). 


Techniques 


i) Calculation of arc-length. 


eee 


ii) ^ Unit-speed reparametrization. 


. 


iv) Expression of a vector field on a curve in terms of 
its Euclidean coordinate functions. 


( 
(ii) Finding an arc-length function s = s(t). 
( 
( 


(v) Algebra of vector fields on a curve. 
(vi) Differentiation of vector fields on a curve 
(a) from first principles 
(b) using linearity and Leibnizian properties. 


(vii) Calculation of velocity, speed, acceleration. 


Exercises 


Technique (i) 
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Page 51, Theorem 2.1 


Text, page 16 


Page 54, lines 12-17 
Text, page 19 

Page 54, Lemma 2.3(1) 
Page 55, Lemma 2.3(2) 
Page 54, lines - 14 to- 12 
Page 55, Lemma 2.3(3) 


Page 56, Exercise 7 


Page 51, line 11 
Page 51, proof of Theorem 2.1 
Page 51, Theorem 2.1 


Page 53, line 7 
Page 53, last paragraph 


Page 54, line 3 


Page 54, lines 12-17 and 
Text, page 19 


Page 51, line 4 and 
Page 54, line 7 


3. Page 55, Exercise 4. (Note that “log” means “natural logarithm” .) 


Techniques (ii) and (їй) 


4. Page 55, Exercise 3. 
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Techniques (tv) and (v) 


5. Page 55, Exercise 6. 


Techniques (vi)(a) and (vit) 


6. Page 55, Exercise 2. The required cone is the set of points in E? satisfying 


x? +y? = 22. 


Technique (vt)(b) 
7. Let Ү апа Z be the vector fields on the curve a(t) = (cos t, sin t, t) given by 
Y(t) = (cos t, sin t, Let) 
Z(t) = (sint, t, cos t)o(t), 
Find Y'(t) and Z'(t) and hence V'(t) when V is each of the following: 
(a) V(t) = Y(t) + Z(t) 
(b) V(t) = t* Y(t) 


(c) V=Y-Z 
(d) V=YX 7. 


Theory Exercises (omit if you are short of time). 


8. Y is a vector field on a curve a. Prove that if ||Y|| is constant and Y’ is never 
zero then Y" is never orthogonal to Y. (HINT: Differentiate Ү:Ү = con- 
stant.) 

9. Page 56, Exercise 9. (HINT: For the “if” part of (b), let 'y be a unit-speed 


reparametrization of а and show that y is a straight line by showing that y” 
is both collinear and orthogonal to y’. By result (ii) о is a reparametrization 
of y.) 


Solutions 


1. Page 56, Exercise 7. 


Y(t) is a tangent vector at a(t), so Y(h(s)) is a tangent vector at a(h(s)), so 
Y(h) is a vector field on the curve a(h). 


We can write Y(t) = (yi(t), ya(t), ya(t) a(t) 


SO 


Y'(t) = (yh (0. v2 (t) Уз (оқа). 
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Now 
Y(b)(s) = (ys(h(s)), yaCh(s)), vath(s)Daq(s) 
Y(h)'(s) = (y1(h(s)) h (s), ya(h(s))h’(s), ysth(s)h'(s))o(h(s)) 
by the definition of 
differentiation of a 
vector field on a curve 
and by the chain rule 
= h'(s)(y'(h(s)), y4(h(s)), УЗ) оа) 
= h'(s) Y'(h(s)) 


Y(h)' - h'Y'(h). 


Note that this result is, not surprisingly, yet another form of the chain rule! 


If 
| Y(t) = (yalt), va(t) ya(t)) 
and А 
Z(t) x (z,(t), Z(t), za(t)) 
then 


(Y x Z) (t) = (ya (Os (t)- уз (t)z2 (t). уз (t)zı (t) - уз (025 (t), 
yı (t)z2 (t) - ya(t)zi (t). 


To differentiate Y X Z we differentiate its coordinate functions. The first of 
these is 


y223 "Y322 
whose derivative 1s 
у57з + yaZ3 - YaZa — yao by the Leibnizian rule for derivatives 
| of functions from R to К, 
= П П ' П 
= (yàza — y3%2) + (У27з - Уз22). 


The other two coordinate functions аге similar, and so we obtain 


= Y'(t) X Z(t) + Y(t) X Z'(t 
=(Y'X Z+YX Zt). 


Thus 
(YXZ) =Y'XZ+YXZ. 
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3. Page 55, Exercise 4. 
a(t) = (2t, t?, log t), t > 0. 
«(1)= (2, 1,0) = p 
o(2)- (4, 4, log 2) =q, 
so the curve passes through p and q. 
o (t) = (2, 261) at 


lol (4+4? +5) = 2t +4 since + > 0. 


The arc-length between р апа q is the arc-length from t = 1 to t = 2, which is 


2 1 2 
(2 +t at = |^ * log 1 
1 1 


=4+log2-1 


= 3 + log 2. 


4. Page 55, Exercise 3. 
a(t) = (cosh t, sinh t, t) 
o'(t) = (sinh t, cosh t, 1) a(t) 
lla’ (t) || = (sinh? t + cosh? t + 1)2 = (2 cosh? 0, because 1 * sinh?t 7 cosh? t, 


= 4/2 cosh t. 


t t 
s(t) = f. llo (и) du = \ \/2 cosh и du =+/2 sinh t 


so 
t(s) = sinh“! ~. 
/2 

The unit-speed reparametrization of а based at t = 0 is 


B(s) = a(t(s)) = (cosh(sinh"! JD sinh(sinh"! 75), sinh"! 75) 


2 


= ((1 + $5 79 sinh 79) 


als 


(using the identity cosh? @ =1 + sinh?0 for 0 = sinh” ! 79 
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Page 55, Exercise 6. 
(a) Y(t) =O- a(t) at a(t) 
= (- cos t, - sin t, - t) a(t) 
=-cost U,(a(t)) - sint U2(a(t)) - t U3(a(t)) 
=-cost О, - sint U;- t U} 
using the convention mentioned in the middle of page 58. 
(b) a (t) = (-sint, cos t, 1) a(t) 
a" (t) = (-cos t, -sin t, 0) a(t) 
Y(t) =(cost - sint)U, + (cost + sint)U, + U3. 
(c) Any tangent vector at a(t) EM to both a'(t) and a" (t) is a 


scalar multiple of o'(t) X а" (t), if this is not zero. 
o'(t) X a" (t) = (sint, cost, 1) a(t) 
llo (t) X a" (t)? = sin?t + cos?t + 1 = 2 


so a unit vector in the direction of a'(t) X o" (t) is € (1/4/2)o' (t) X a” (t). 


Thus Y(t) = + эп - a Ue 


U 
2 y2 Ve 
(d) | Y(t)- (e(t + 7) - a(t)) a(t) 
= ((cos(t + T), sin(t + T), t +7) - (cost, sin t, t))o(t) 
= ((7 cos t, ^ sint, t * T) - (cos t, sin t, t)) o(t) 


= -2cos t О, - 2sint 0, + 1U3. 


Page 55, Exercise 2. 
Let p = a(t) = (t cos t, t sin t, t). 
The usual reason for the presence of the sine and cosine functions in the 
Euclidean coordinate functions of a curve is to take advantage of the 
identity sin? 0 + cos? 0 = 1. Thus we see that 

р? +р2 = t? (cos*t + sin? t) = t? = p}, 


that is, every point p on the curve satisfies 


pi +р2 =р2. (ж) 
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If C is the set of points satisfying (*), C intersects the plane p3 =r in the 

circle p? + p? = r?, for each real number r. Thus С is the circular cone with 
| 2 SO T | 

axis the z-axis, vertex the origin, and half-angle =. Every point of the curve 


lies on C; the vertex (0, 0, 0) is a(0). 
a'(t) =(cost - t sint, sint + t cost, l)o(t) 
o' (0) = (1, 0, 1) (0, 0, 0) 
llo (0)]] = (1? + 122 = ү/э; 
a’'(t) = (-2sint - t cost, 2cost- t sint, O)o(t) 


a" (0) = (0, 2, 0) (o, о, 0): 


7. We first evaluate Y' апа Z', differentiating each coordinate function 
Y(t) = (cost, sint, 1) a(t) 
Y'(t) = (sin t, cost, O)o(t) 
Z(t) = (sint, t, cos t) a(t) 
Z'(t) = (cost, 1, -sin t) a(t): 
(a) V(t) = Y(t) + Z(t) 
so V'(t) = Y(t) + Z'(t), by linearity, 
= (cost - sint, cost + 1, -sin t) аб). 
(b | V(t) = t? Y(t) 
50 
V'(t) = 2t Y(t) + t? Y'(t), by the Leibnizian property, 
= 2t (cost, sint, 1) o(t) * t? (-sin t, cos t, 0) a(t) 


= (2t cost - t^sint, 2t sint + t?cost, 2t) a(t). 


V'(t) = Y'(t)-Z(t) + Y(t)-Z'(t), by the Leibnizian property, 
= (-sint, cost, 0) - (sin t, t, cost) + (cost, sint, 1) - (cost, 1, -sin t) 


= -sin?t + t cost + 0 + cos?t + sint - sint 


= cos?t - sin?t + t cos t. 
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(d) V(t) = Y(t) X Z(t) 


V'(t) = Y'(t) X Z(t) + Y(t) X Z'(t), by the Leibnizian property, 
= (-sint, cost, 0) a(t) Х (sin t, t, cos t) a(t) 
+ (cost, sint, 1) a(t) Х (cos t, 1, -sin t) o(t) 
= (cos? t, sint cost, -t sint -sintcost) o(t) t 
(-1 -sin?t, cost + sin t cost, cost -sin t cos t) a(t) 
= (cos? t -sin?t - 1, cost + 2sint cos t, cos t - t sin t -2sin t cos Dat 


= (-2sin?t, cost + sin 2t, cost - tsint - sin 2t) a(t): 


If |[Ү [| has the constant value c, then 
Ү.Ү = c. 

Differentiation gives 
ҮЗҮ+Ү.Ү'=0 


SO 
Y-Y'- 0. 


Further differentiation gives 


Y'-Y' + Y-Y" «0. 


If Y(t) is orthogonal to Y"(t) then (Y-Y")(t) = 0. This forces (Y'-Y')(t) = 0, 
that is Il Y ^ (t)ll 7 0. The norm of a vector is zero if and only if that vector is 
itself zero, so this implies Y'(t) = 0, which is contrary to assumption. Thus 
Y(t) cannot be orthogonal to Y"(t). 


Page 56, Exercise 9. 
hu 
(a) llo || is a constant 
, LEE 
==» Q-Q 15 a constant 
<> CES = 0 
«=> alsa!’ + c ea” = 0 
=» a.a -0 


«€ a’ is always orthogonal to a’. 
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(b) 


Suppose f) is the straight line t> p + tq, and о is the reparametrization B(h) 
of В. Then 


o(u) = p + h(u)q 
a'(u) = h'(u)qo(u) 
o" (и) =h" (u)qa(u). 


Then o'(u) and 2" (о) are both scalar multiples of the tangent vector qq(y); 
and so they are collinear. Conversely, we wish to show that the collinearity 
of a’ and а" implies that o is a reparametrization of a straight line. By the 
remark about symmetry in Comment (i), it is enough to show that o has a 
unit-speed reparametrization y = o(h) which is a straight line. Consequently 
we choose y to be a unit-speed reparametrization of a: Theorem П.2.1 tells 
us that we can choose.such a y. 


Now (s =a(h(s)) 
y (s) = h'(s) с (h(s)), by Lemma 1.4.5, 
y" (s) = h” (s) a’(h(s)) + (h'(s))? o" (h(s), Бу the Leibnizian property. 
«'' (h(s)) and o' (h(s)) collinear 
=  Q'(h(s)) is a scalar multiple of o' (h(s)) 
=  y'(s  isascalar multiple of o' (h(s)) 
= y'(s) and (5) are collinear. 
However, y has unit speed, that is [ү || = 1, so part (a) tells us that *y' (s) is 
orthogonal to y'(s). The only way that y" (s) can be both collinear and 


orthogonal to y'(s) is that y"(s) = 0: hence by Lemma II.2.3(2) y is a straight 
line. 
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П.3 THE FRENET FORMULAS 


Introduction 


This section carries straight on from Section II.2. The Frenet formulas for unit-speed 
curves are the first really important result in the course. You should try to become 
thoroughly familiar with the concepts of tangent, principal normal, binormal, 
curvature K and torsion T, which are collectively called the Frenet apparatus, and be 
able to find them for any unit-speed curve. | 


We use these ideas to define the Frenet approximation to a curve, which is a type of 
Taylor approximation. You have met Taylor approximations before in Unit M100 
14, Sequences and Limits П or Unit MST 281 10, Taylor Approximation, and Unit 
M231 13, Taylor Approximations. The Frenet approximation is less important than 
the Frenet apparatus, except in so far as it helps one to visualize the shape of a curve 
near a point and suggests various characterizations of curves in terms of their 
curvature and torsion. Such a characterization is a statement of the form: 


B is а curve of a particular type (e.g. plane curve, cylindrical helix) if and 
only if the curvature (к) and torsion (т) of B satisfy a particular condition 
(e.g. т = 0; or T/K is constant). 


The fact that there are such characterizations indicates why K and т are important 
functions associated with a curve: we shall see just how important they are in 
Chapter III. The section concludes with some characterizations of curves: you should 
note the methods of proof as much as the results. Further characterizations follow 
in the exercises and in the next section. 


READ: Section II.3 (pages 56-63). 


Comments 


(1) Pages 57-8: curvature and principal normal The definition of к as ||Т'|| 
forces us to avoid points where к is zero, for at such a point not only is N undefined 
but к may not be differentiable (because the square-root function is not differenti- 
able at zero). Moreover, N may suddenly change from one side of the curve to the 
other near a point where К is zero, as shown in the diagram opposite. 


Consequently the footnote on page 57 is very important: we restrict our attention 
to portions of curves where the curvature is positive. 


It is possible to develop a theory where к is allowed to become zero and even 
negative, in which N is defined for many curves even at points where к = 0. In this 
theory к and N are still differentiable at such points. O'Neill does not take this 
approach (except for curves in E? — see the optional section in the exercises), but if 
you are interested you can read about it in T. J. Willmore: An Introduction to 
Differential Geometry (O.U.P. 1964), Chapter I. 


(ii) Page 57: binormal We choose B to be T x N specifically to obtain a vector 
field which is orthogonal to T and N at each point. Since T(s) and N(s) are 
orthogonal unit vectors, Lemma II.1.A tells us that B(s) is a unit vector orthogonal to 
T(s) and N(s), and moreover the following equations hold: 

TX N=B; N X T =-B; 

NX B=T; BX N=-T; 

BXT2N; TXB=-N. 
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Since T(s), N(s), B(s) form a frame at each point f(s) we can extend the idea of 
orthonormal expansion by the pointwise principle to obtain the result that any vector 
field Y on f has an orthonormal expansion of the form 


Y = (YT)T + (YN)N + (Y-B)B. 


(iii) Page 59 onwards: the correspondence between points and tangent vectors 

The identification of the tangent vector vp with the point v, for working which is 
concerned just with the Euclidean coordinates, enables us to omit the subscripts to 
tangent vectors. This convention considerably simplifies manipulation and proofs. 
For example, O'Neill uses this convention throughout the proof of Corollary 3.5: 
without this convention the last line of page 61 would read 


BY(s)-4g(s) = 8 (5)-qg(s) = 0 
and the second paragraph on page 62 would contain words to the effect that since B 
is parallel there is a fixed vector v such that B(s) = у.с and would then define f(s) 
as (B(s) - 8(0))-v; this adds verbiage and symbols to the proof without enhancing our 
understanding of it. Consequently we use this convention whenever it is possible to 
do so without causing confusion. We note that by page 58 O'Neill is already writing 


а: Sa s b 
l' (s Lj — —‚— —, — 
(5) c ne EOS сә с 


rather than the technically more correct 


а. Ssa s b 
T(s) =|-= sin >, = cos > = 
(s) С cc Cc b 
S . S bs 
COS =, a sin =, — |. 
la So Gc 


In the last paragraph on page 59 we take this identification of tangent vectors with 
points a little further. We associate the tangent vector Y(s) = (y,(s), ya(s), ys(s))g(s) 
with the point (yi(s), y2(s), уз (s)) of ЕЗ. 
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We simply take all the tangent vectors Y(s) and move the point of application B(s) to 
the origin; the new end points of the tangent vectors become the new curve. If we 
call this new curve o, then « is parametrized in such a way that a(sg) is the point 
with the same Euclidean coordinates as the tangent vector Y(so). This technique 


allows us to transfer certain results about curves to vectors fields on curves, and vice 
versa. 


Additional Text 


The following exercise introduces a result that we shall need in the next section, so 


attempt the exercise now. Do not spend too long on it, and be sure to read the 
solution. 


1. Page 65, Exercise 7. 


Supplementary Comments 


(t) Page 57: line -2 The “orthonormal expansion” referred to is that of B' in 
terms of T, N, B, as mentioned in Comment (ii). 


B' = (B'T)T + (B'-N)N + (B'-B)B 
-(B"N)N  ifB'"T- B'B-0. 


(ii) Page 59: line 5 Looked at from above we have: 


E" (a cos - а sin 2, 0) 
N(s) = (7 cos, -sin 0 


The normal is in the opposite direction to the projection of the position vector B(s) 
on the xy-plane, and so it always points towards the z-axis. 
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(їй) Page 61: line 4 
would be 

52 dk 
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This is not the Taylor approximation to f of degree 8: that 


B(s) ~ В(0) + (s- кё s°)To + (ко 2* 3s (0)? )No + Ko To ш 


We are interested in the approximation of the component of fs) - B(0) in each of 
the directions Ty, No, Bo, so we keep just the term of lowest degree in each 


component. · 


Summary 


Notation 


EZRA 


Definitions 


(i) Unit tangent T 
(ii) Curvature к 
(iii) Principal normal N 


(iv) Binormal B 
(v) Frenet frame field T, N, B 
(vi) Torsion Т 


Frenet approximation 
Tangent line 

Osculating plane 

x) Frenet apparatus Т, N, B, к, т 
1 Plane curve 

Spherical curve 


Example 
(i) The unit-speed helix 


p(s) = |a cos, a sin, о 


where с? = a? + b?, has constant curvature а/с? and 
constant torsion b/c?. 


Results 

(i) The Frenet formulas. 
T'- KN 
N'=- xT + 7B 
В = - TN 


(i) 


The Frenet approximation: for small s, 


B(s) ^ 8(0) + sT(0) + к(0)5 N(0) + к(о)т(о)& B(0). 


2 
(iii) 


A unit-speed curve with positive curvatüre is a 
plane curve if and only if 7 = 0. 


Page 56, line -4 
Page 57, line 2 
Page 57, line 6 
Page 57, line 8 
Page 58, line 3 


Page 56, line - 4 
Page 57, line 2 

Page 57, line 6 

Page 57, line 8 

Page 57, Lemma 3.1 
Page 58, line 3 

Page 61, line 5 

Page 61, line 10 
Page 61, line 14 


Page 61, line -12 
Page 63, last two lines 
of text 


Page 58, Example 3.3 


Page 58, Theorem 3.2 


Page 61, line 4 


Page 61, Corollary 3.5 
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(iv) А unit-speed curve has zero torsion and constant Page 59, third 
curvature K if and only if it is part of a circle with paragraph, and 
radius 1/к. Page 62, Lemma 3.6 
(v) A spherical unit-speed curve has curvature > l/a, Page 63, last 
where a is the radius of the sphere. paragraph 
(vi) f & =a(h) and a are both unit-speed curves, then T 
= eT(h), s -N( 1), B = eB(h), K = к(һ), т = 7(h), 
where e =h = + I. Page 65, Exercise 7 
(vii) T=NX B,N=BXT,B=TXN. Text, page 28 
(viii) If Y is a vector field on о, 
Y = (Y-T)T + (Y-N)N + (Y-B)B. Text, page 29 
Techniques 


(i) Finding the Frenet apparatus T, N, B, к, т, by dif- 
ferentiation, followed by taking norms and cross 


products. Page 58, Example 3.3 
(ii) Identification of a vector field on a curve with Page 59, last 
another curve. paragraph 


(iii) The following two techniques are useful in 
characterizations: 


(a) | to show a function is constant, show that 
its derived function is zero, simplifying the 
derived function by using the Frenet 
formulas; Page 62, lines 6-11 


[17 


(b) prove that “type of curve" > properties 
of к and 7" first, as the proof should give 
you information which will indicate the Page 62, proof of 


method of proving the converse. Lemma П.3.6 
Exercises 
Technique (i) 
2. Page 63, Exercise 1. It is sufficient to show that the curve is part of a circle, 


and find its centre and radius. 


Technique (и) 


3. For В as in the preceding exercise, let о be the curve whose coordinate 
functions are given by o(s) = T(s). Find the speed of о. 


Technique (її) 
4. Page 65, Exercise 10. 
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Optional Section — Curves in the Plane 
5. Curves in the plane are treated somewhat differently from those in ES. If 


you would like to make a small sub-study of them, read the definitions given 
in Exercise 8 and then do that exercise. More exercises on curves in the plane 
will be provided later. Note that, because E? is two-dimensional, N spans the 
set of vectors orthogonal to T: T' is orthogonal to T because ||T|| = constant, 
and so T' = KN for some K. 


Solutions 


1. Page 65, Exercise 7. 


(a) 


(b) 


а = a(h) 
so @ = h'a'(h), by Lemma I.4.5, 
so [lo (s)]] = ih'(s)i lle (h(s))Il for all s. 
о is a unit-speed curve, so llo (h(s))Il = 1 for all s; & is a unit-speed 
curve, so ||@’(s)|| = 1 for all s: thus [h'(s)| = 1 and so h'(s) = + 1. Since 
h is differentiable and has an interval as its domain, h'(s) cannot be 
+1 for some values of s and - 1 for other values of s. So we can write 
h’ =e, where є = + 1 independent of s. Then h(s) = es + h(0) = * s + sọ 
where sọ = h(0). 
The salient fact from part (a) is that h'(s) = e. 
T(s) = o(h)'(s) = h'(s)o' (h(s)), by Lemma 1.4.5, 

= eT(h(s)). 


T'(s) = eT(h)'(s) = eh'(s)T'(h(s)), by Exercise П:2.7, 


e? T'(h(s)) = T'(h(s)): 
thus 
к(ѕ) N(s) = x(h(s)) N(h(s)): (*) 
taking norms we find 
i(s)i И) = uc(h(s))l IIN(h(s))II 
so IK(s)i = ik(h(s))| since ||N(s){] = IIN(h(s))ll = 1: 


K(h(s)) and K(s) are positive so we may remove the modulus signs, 
obtaining 


K(s) = (h(s)). 


Now this equation and (*) together imply N(s) = N(h(s)) since 
K(h(s)) is not zero. 


B(s) = T(s) X N(s) = eT(h(s)) X N(h(s)) = eB(h(s)). 
B'(s) = eB(h)'(s) = eh'(s) B'(h(s)), Бу Exercise 1.2.7, 
= e? B'(h(s)) = B'(h(s)) =-7(h(s)) N(h(s)): 
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thus 
-T(s) N(s) = - T(h(s)) N(h(s)), 
but 
N(s) = N(h(s)) 


т(5) = r(h(s)). 


The importance of this result is that if о and à are two different 
unit-speed reparametrizations (in the sense of Theorem II.2.1) of 
some curve y, then a and & have the same Frenet apparatus at each 
point of the curve. 


Page 63, PS l. 


B(s) = @ cos s, 1 -sin s, -2 cos s). 


B'(s) = P sin s, - cos x sin s) 
1 


1 
lg (s 5)! = (2 sin? s + cos 25 + gr sin? s) = (cos?s + sin?s)? = 1, 


so В is indeed a unit-speed curve and 
T(s) = B'(s). 


Т'(ѕ) = -$ cos s, Sin $,-> = cos s) 
1 


к(ѕ) = IIT (s sJl = (gg cos? 5 + sin "stu cos?s)? 


= (cos?s + sin? jee =1,s0 


N(s) = T'(s). 
О, U, U3 
_ | 4. 9 
B(s) = T(s) X N(s) = -gsins  - coss ķsins 
4 А 3 
Е COSS sms 5 COSS 


2 


= |3 cos*s + sin? s), sin s cos 8— sin s coss ue sin? s + cos?s 
5 5 


Ex 
B 0, ZI 
B'(s) = 0 so 7(s) = 


Since т = 0 and к is constant, Lemma II.3.6 tells us that £f is part of a 
circle of radius Ż = ] The proof of Lemma II.3.6 showed that the 
centre of the circle is given by (s) + (1/k(s)) №5), which in this case 


gives 


cos s) + E COS s, sin сае s) 


> cos s, l -sin s -3 
c 3 > 5 5 


(в 5 
= (0, 1, 0). 


0 is the curve whose coordinates are the same as those of the vector field T, 
and so 


llo'(s){l IIT (s)ll = (s). 
We saw in the preceding exercise that к(ѕ) = 1 and so llo'(s)]| = 1 for all s, 
that 15, о has unit speed. 
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4. 


Page 65, Exercise 10. 
(a) If a lies on the sphere of centre c and radius r, then 
По (s) - ell = т, 
that is, | 
(о (s) - c) - (a(s) - с) = r°. 


Using coordinates only and ignoring points of application (following 
Comment (iii)), we differentiate to obtain 


(a(s) - с) - o'(s) = 0, 
that 15, 
(o(s) - с). T(s) = 0. 
By the orthonormal expansion of o(s) - c in terms of the basis T(s), N(s), 
B(s), 
a(s) - c = a(s)N(s) + b(s)B(s) 
where 
a(s) = (a(s) - c)-N(s), b(s) = (a(s) - c)-B(s). 
Differentiating again: 
o' (s) = a (s)N(s) + a(s) N'(s) + b'(s) B(s) + b(s)B'(s), 
but 
o'(s) = T(s) 
so that 
T(s) = a'(s)N(s) + a(s)(- (s)T(s) + 7(s)B(s)) + b'(s)B(s) - b(s)r(s)N(s). 


Since T(s), N(s), B(s), form a basis, we can equate coefficients on each side: 
coefficients of T(s) give 


1 --a(s)(s) 
and so 

а) = x =~ Pls): 
coefficients of N(s) give 

0 = a'(s) - b(s)rís 


b(s) = 5 a'(s) 


-- o(s)o (s) 
Thus a- c=- pN- p'oB. 
Since N and B are orthogonal, 
læ- сї? = (=p)? + (-o'o? 
so 


r? =p? + (р'о)2. 
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(b) 


Now 
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We put y(s) = o(s) + p(s)N(s) + p'(s)o(s)B(s) as we know by part (a) 
that y(s) is constant when a is a spherical curve. We aim to show that 
y(s) is a constant if p? + (р'о)? = r?. We can achieve this if we can 
show that у = 0. 


^Y = à + p'N + pN' + (р'о)'В + p'oB' 


=T + p'N + p(-KT + 7B) + (p'a)'B - p'ozN 
= (1 - px)T + (p'- p'or)N + (рт + (р'о)')В 


= (рт + (р'о)')В since pK = от = 1. 


Now we use our information that р? + (p'o)? = г?. Differentiation gives 
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so 


SO 


Thus 


2pp' + 2р'о (р'о)' = 0 

p * o (p'o) = 0, because р’ # 0, 
pt + or (р'о)'=0 

рт + (р'о)' =0, because o7 = 1. 


ү = (рт + (о'0)')В = 0 and so y is constant. 


Putting y(s) = c gives 


a(s) - c =- p(s)N(s) - p'(s)o(s)B(s) 


and so, as before, 


SO 


læ- ell? = (-p)? + (-р'о)2 


=p? + (p'oy 


= ү? by assumption 


la - cl| =r, 


that is, & lies on the sphere with centre с and radius г. 


Page 65, Exercise 8. 


(a) 


N = (-y, х’), so 
N' = (-у', x"). 
However, T' = (x", y") = KN = K(-y’, x’) so 


x" = -ку' 


№ = (-kx', -ky') ? - k(x', y) = - KT. 
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(b) 


Since T has slope angle y and unit length 
T=cosy О, + sing U, 
and so 


T' = -siny y'U, + cosy q'U;. 


N has slope angle (p + 5) and unit length, so 


N = cos (p +5), + sin (Y +5) U, 
=- sing U, + cosy U2. 
Thus 
Т'=р'М. 
However, 


T' = kN, and so K =y. 
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П.4 ARBITRARY-SPEED CURVES 


Introduction 


This section extends the results of Section II.3 to arbitrary speed curves. We need to 
use the chain rule for reparametrizations of curves (Lemma I.4.5) and its analogue 
for vector fields on reparametrized curves (Exercise 1.2.7) to adapt the Frenet 
apparatus to an arbitrary speed curve. We are searching for an effective procedure 
for computing the Frenet apparatus of an arbitrary regular curve, and, although we 
succeed in this, we lose the simplicity of the earlier Frenet formulas, with the result 
that the theory becomes cumbersome and the computations more involved and so 
liable to error. Although this whole section is important and very practical, if you 
find yourself becoming bogged down in calculus and computation give it a rest for a 
while and return later: the results of this section are not needed again until Section 
III.5. 


READ: Section П.4 (pages 66- 74), omitting the last full paragraph on page 67. 
a AE BMC unc c uM v OM ра asap o pae s 


Comments 


(i) Page 66: the definitions The curvature, torsion etc. of @ are those at the same 
point of the corresponding unit-speed curve @, that is, if p is the point a(t) = a(s(t)) 
on the curve, then the curvature at p is k(t) =K(s(t)). There is a possible difficulty 
here, in that if we take different unit-speed reparametrizations of о they may give a 
different Frenet apparatus. However, the result of Exercise 11.3.7 tells us that so 
long as we restrict ourselves to unit-speed reparametrizations in the sense of 
Theorem 11.2.1 the Frenet apparatus is the same. Thus “Һе Frenet apparatus of о is 
the Frenet apparatus of any unit-speed reparametrization of а” is a valid definition. 


(ii) Page 73: the orthonormal expansion of u By Theorem II.1.5 
и = (u- T)T + (u- N)N + (u-B)B 
= cos 0 T + aB for some a, because u'T = cos # and u-N = 0. 
Now u is a unit vector, so 
1 = |lul|? = cos? 9 + a? 


sO 
a? = 1 - cos? 9 = sin? 9 


so 
а= tsin 9. 


If a= + sin 9 we have the required expression; if а = -sin } then, because cos (- 9) = 
cos 9 and sin (- 9) = -sin 9, we can replace 9 by -9 and obtain 


u = cos(- 9)T + sin(- 2)B. 


This is possible because we are allowing 9 to have any value. The recognition that we 
can just write sin 9 for a in such a situation should become second nature to you. 
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Supplementary Comments 


(i) 


(ii) 


(iii) 


Page 67: second paragraph You are not seriously expected to 
reparametrize the curve a(t) = (t, t?, t?). If you attempted it and got stuck 
then you will understand O’Neill’s point — there may not be explicit 
formulas for &. 


Page 69: the formula for k Since v = |la’||, the equation 
lla’ X a" || = kv? 


yields 
x llo" X MI E lle" X al'l 


3 
v llo"? 


Page 71: the example 


Summary 

Notation 

T Page 71, line 10 
Definitions 

(1) Frenet apparatus for an arbitrary-speed curve Page 66, first paragraph 
(ii) Spherical image о Page 71, line 10 

(iii) ^ Cylindrical helix Page 72, Definition 4.5 
(iv) Circular helix | Text: page 41, Exercise 5 
Results 

(1) T' = kvN 


№ = -куТ + vB 


В =-туМ Page 67, Lemma 4.1 


40 
(ii) a’ = vT 
o! = SY p + кум 
dt Y 
ГА 
с: _ a 
(iii) T [ӨЛ 


ы llo X o" || 


M334 II.4 


Page 68, Lemma 4.2 


llo" ll? 
o o X o ка (a! X а")-а"" 
ll^ X =] llo" X ө"? | 
N=BXT Page 69, Theorem 4.3 
(iv) For a regular curve: 
K-0 if and only if о is a straight line 
T-0 if and only if о is planar 
к constant 20, т = 0 if and only if wis part of a circle 
к constant 20, т constant #0 if and only if о is a circular helix 
T/k constant if and only if о is a cylindrical helix. 
Page 74 
Techniques 
(1) Finding the Frenet apparatus of an arbitrary 


regular curve. 


(ii) Finding the spherical image of a curve. 


Page 69, Theorem 4.3 


Page 71, second paragraph 


Finding the Frenet apparatus for a curve derived 


from some other curve in terms of the latter's 


Frenet apparatus: this 


involves 


repeated 


application of the Frenet formulas and taking 


higher derivatives. 


Page 71, last paragraph 


(iv) Finding u and 9 for a cylindrical helix by putting 


cot 9 = T/K and u = cos 8 T + sin 9 B. 


Exercises 


Technique (i) 


Page 73, Theorem 4.6 


l. Page 74, Exercise 2. This continues the example of Exercise 11.2.3, whose 


solution is on Text page 23. 


Techniques (ti) and (iti) 


2. Page 75, Exercise 11. Kg has been found on page 72, so all you need find is 
Tg. Make use of the working already done on pages 71-72. 


Technique (111) 
3. Page 74, Exercise 8. 


Technique (tv) 
4. Page 75, Exercise 9(c). 
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Theory Exercises (omit if you are short of time) 


5. Page 75, Exercise 10. This continues from Exercise II.4.8: a cylindrical helix 
B is a circular helix if its cross-section curve ¥ is part of a circle. 


6. Page 75, Exercise 12(a). This continues from Exercise П.4.11. 


Optional Section — Curves in the Plane 


If you have time to follow this optional line of study, you should also do: 


7. Let a be a plane curve, @ a unit-speed reparametrization of а, that is a = à(s) 
where s is an arc-length function for a. Define 


T = T(s) 
к = K(s) 
N as in Exercise 8 on page 65. 


Prove that (a) о = vT 


(b) T' = vk«N 
(с) № = -kvT. 
8. Раре 75, Ехегсіѕе 14. 
9. Page 75, Exercise 15. The central curve is defined in Exercise П.4.13. After 


you have sketched both curves, how do you account for the cusp (sharp 
point) in a* at a* (0)? 


Solutions 


l. Page 74, Exercise 2. 
a(t) = (cosh t, sinh t, t). 
We already know that: 
o (t) = (sinh t, cosh t, 1) 
v(t) 74/2 cosh t 
s(t) =./2 sinh t. 
Now 
o" (t) = (cosh t, sinh t, 0) 
a(t) = (sinh t, cosh t, 0) | 
so @(ї) X a" (t) = (-sinh t, cosh t, sinh? t - cosh’ t) = (~sinh t, cosh t, - 1), 
llo (t) X o" (t)l| = (sinh?t + cosh?t + 1j =+/2 cosh t, 


o (t) X. o (t)-a'" (t) = -sinh?t + cosh?t = 1. 
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Now we simply apply Theorem П.4.5: 


a(t) __1 
T(t = 
(t) = llo" lle (ol ji EA (tanh t, 1, sech t) (writing tanh for Sinh. and sech for p 


o' (t) X a" (t) 


B(t) = По) x оте) - 5 (7 tanh t, 1, -sech t) 


N(t) - B(t) X T(t) = 5(2secht, 0, -2tanht) = (secht, 0, - tanht) 


к(ї) = llo" (t) X a(t) Il _ /2 cosht _ 1 
[ЖШ (/2 cosht 2cosh?t 


о (ора O . 1 ..41. 
Ша По (t) x a(t)?“ (V2 cosh t)? 2cosh't 


Since we know s(t) = 4/2 sinht, 2cosh?t = 2 + 2sinh?t = 2 + 52, 


K = 
so K(s) = 7(s) = +? 
Page 75, Exercise 11. 

Let f have Frenet apparatus T, N, B, K T. 


Making the usual identification of coordinates and ignoring both the 
distinction between points and tangent vectors and the points of application 
of tangent vectors, we can write, as on pages 71- 72: 


о= Т 
0' = KN | 
o" =-K?T * k'N + krB 
o X o" = K?(kB + TT) 
lo’ x o || =K? (k? + 7? y. 
Now 
o" --9kk'T - K?T' * k"N * k'N' + k'rB + kr'B + krB' 
= 9kk'T - XN * k'N- k'kT + k'rB + k'rB + кт'В - кт? № 
=-3кк'Т + (k"- к? - kr?)N + (кт + 2к'т)В 
SO 


o' X 0"'-0'" = k?vr(- 3kk') + K? (kr' + 2k'7) 
= K? (kr' - TK’) 
= к (т/к).. 
a Xoo" к°(т{ку) __ (т/к)' 


Tg 00 " = 
0  Wo'Xo"l? KA (Kk? +T?) к(1 + (т/к)?) 


Page 74, Exercise 8. 
(a) We have to show that f(t) = (y(t) - o(0))-u = 0. 
We know that 
f(0) = (7(0) - a(0))-u = s(0) cos 9 u-u = 0 
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because s(0) = 0, and so it is sufficient to show that f is a constant 
function, i.e. that f' = 0. 


f(t) = (y(t) - o(0))-u 
= (a(t) - s(t)cos 9 u - o(0))-u 
= (a(t) - o(0))-u - s(t)cos 3 because u-u = 1; 
f'(t) = o'(t)-u- s'(t)cos 9 
= v(t) T(t)-u - v(t)cos 9 
= v(t)cos 9 - v(t)cos 9 
= 0. 


Hence y(t) - o(0) is always perpendicular to u, that is, y lies in the plane 
through o(0) orthogonal to u. 


(b) Let us suppose that о has unit-speed, so that s(t) = t and v(t) = 1. 


Using bars to denote the Frenet apparatus of y: 
y(t) = o(t) - tcos du 
y (t) = a'(t) - cos # u = T(t) - cos до. (*) 
У = lly'll 
= ((T - cos 9 и). (Т - cos 9 u)r 
= (T-T - 2 соѕ 9 T-u + cos? 9 а-и)? 
= (1- 2 cos? 9 + cos? oy 
= (1- cos? 9)? 
= (sin? 9)? = [sin 94. 
Since v is constant, Lemma II.4.2 gives: 
Y" (t) = (0) (9())* N(t) 
= K(t) sin? 9 N(t), 
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but our first expression, (*), for y'(t) gives: 
Y" (t) = T'(t) = K(t)N(t), 
so K(t) sin? 9 N(t) = K(t)N(t). 
Taking norms gives K(t) = ((t)/sin? 9) since K(t), K(t), and sin? 9 are 


all positive. 


Page 75, Exercise 9(c). 


We use the technique used in the proof of Theorem II.4.6. We already have 
all the necessary information about a (see solution to Exercise II.4.2). 


T(t) = k(t) = TTEN so т(ї)/к(ї) = 1: we choose 
r(t) 

k(t) 

Now we put U(t) = cos ш 2109 + sin n B(t) 


9 =F so that cot = 17 — 


79 (tanh t, 1, sech t) + -tanht, 1, -sech t) 


| ( 
A 
- (0, 1, 0). 


This vector field U is parallel, as expected, so we put u = (0, 1, 0), and u isa 
fixed unit vector such that T(t)-u 7 cos (7/4). 


y(t) = a(t) - s(t) cos u 
| 1 
=(cosht, sinh t, t)- y2 sinh t. Z (0, 1, 0) 


-= (cosh t, 0, t). 
y(t) - o(0) = (cosh t, 0, t) - (1, 0, 0) = (cosh t - 1, 0, t) 
so(y(t) - o(0))-u = (cosh t - 1, 0, t)-(0, 1, 0) = 0, as required. 


Page 75, Exercise 10. 


Since к > 0 and т = 0 are constants, we can apply Theorem 11.4.6: thus f is 
certainly a cylindrical helix with 


9 = cot ! (т/к), u = cos? T(t) + sind B(t). 


All that remains to show is that the cross-section curve y of f is part of a 
circle. By Exercise П.4.8(а), y is planar; by Exercise П.4. 8(b) the curvature 
of y is (к/ѕіп2 9), which is a constant: hence, by Lemma П. 3.6 (which is 
unaltered if the unit-speed restriction is lifted), y is part of a circle. 


Page 75, Exercise 12(a). 
We may suppose the curve f has unit-speed. Let о be its spherical image. 
В is a cylindrical helix => T/k is constant (by Theorem II.4.6) 
<= Kg is constant and то is zero (Бу Exercise II.4.11) 


<> g is part of a circle (by Lemma II.3.6 and its converse). 
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7. (a) a = @(5) 


so 


a’ = s'à (s), by Lemma 1.4.5, 


= và (s), because s' = v, 
- vI(s) 
= vT. 
(b  T-T() 
so 
Т = s'T'(s), by Exercise II.2.7, 
= vT'(s) 
= vK(s)N(s), because T' = kN, 
= vKN. 
(c) N=N(s) 
50 | 
№ = 5 №'(5), | by Exercise П.2.7, 
| = vN'(s) 
| = v(-K(s)T(s)), by Exercise II.3.8, 
=-vkT. 
8. Page 75, Exercise 14. 
a’ = vT 


a” = v'T + vT' 
= vT * v?kN 


Thus o"-N = у2к. 


However, in the plane N = J(T) = Je ) so 


' 
o" „Де ) = vK 
v 
le. 
" _ a” J(a’) 
y3 


In terms of the coordinate functions, 


a’ M (х’, Y a 
He) = Cys xo, 
v= (x + y? )2 
o" = (x", ya 
х'у” = х”у' 


SO , 3 
(x? + y'?)2, 
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Page 75, Exercise 15. 
(a) at =atgn 
, ' 1 ! к' 
оттам 
к K 


VK к' 
SV See ыш IN 
K K 


The tangent line to a* at a*(t) is the line through a*(t) in the direction 
a*'(t); the normal line to о at a(t) is the line through a(t) in the direction 
N(t), that is in the direction orthogonal to o' (t). Consequently these two 
lines are the same if and only if | 

(1) a*'(t) and a'(t) are orthongonal: o*'(t)-a'(t) = 0 


(ii) there is a number u(t) such that a*(t) = a(t) + u(t)N(t). 


Firstly, let us check that a* does satisfy these conditions. 


-K'(t) 
(к(0))? 
so (i) is satisfied. Moreover 
1 


a*(t) = a(t) + x(t) N(t) 


o*'(t)-a (t) = N(t)-o'(t) = 0 


so condition (ii) is satisfied with u(t) = "e 
Conversely, suppose [ is a curve satisfying (1) and (ii), that 


15 


and 
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Then 


SO 
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po u'N + uN’ 
=vT * u'N- uvkT 


= v(1- uk)T + u'N 


p-a = (v(1- uk)T + u'N)-(vT) 
= v? (1- uk). 


1 
В'-а' = 0 and v is non-zero, so this implies к = —, that is 
u 


1 
В =at+—-N=a*, 
K * 


al a". a’ 
We have already shown that N = Je к= Jt ) 
у у 


1 
$оо* = а + М 
K 


ee IUD 
о". (о) V 
v? i 
CEC 
= + Ee 


o" -J(o^) 
a(t) = (t + sin t, 1 + cos t) -T«t«m 
o' (t) = (1 + cos t, -sin t) 
o" (t) = (sint, -cos t) 
o (t)-e' (t) = 1 + 2 cost + cos?t + sin?t = 2 + 2 cost 


J(a’(t)) = (sin t, 1 + cos t) 


o" (t)-J(o'(t)) =- sin?t - cost- cos?t - - 1- cost. 
Now a(t) = a(t) + о. J(a'(t)) 
FON) 


= a(t) - 2J(a’(t)) 
=(t+sint, 1 * cos t) - 2(sin t, 1 * cos t) 


= (t- sint, -1- cost). 
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The cusp at o*(0) suggests that a* is not regular at that point. In fact 
that is the case, for 


a*'(t) = (1- cost, sin t) 


a*'(0) = (0, 0). 
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1.5 COVARIANT DERIVATIVES 


Introduction 


This section depends on Sections I.3 and II.2; you also need to be familiar with the 
differential of a function from E? to R (Section 1.5). We introduce a new derivative, 
the covariant derivative. This is a very important idea in differential geometry, and 
serves as the starting point for alot of more advanced work. The definition is similar 
to the other definitions of derivatives in the book, in that it is given in terms of a 
derivative we already know along the particular curve t — p + tv. It generalizes the 
derivative of a vector field on a curve. 


READ: _ Section II. 5 (pages 77-80). 


Comment 


(1) Page 78: the symbol V This is usually pronounced “‘del” or “nabla”. 


Additional Text 


(1) Covariant Differential If W = ZwiU; is a vector field on E?, the covariant 
differential, VW, of W is the function on tangent vectors defined by 
VW(v) = V,W. 


By Lemma II.5.2 VW = Zv[w;] Uj(p) and so 
VW(v) = Zv[ wi] Ui(p) 
= Ldw;(v)U;(p), by definition of dw;, 


= (Zdw;Uj)(v). 
Thus we may write 
VW = 2dw,Uj. 


(ii) A Useful Result The result of the following exercise will be used often 
later in the course. Attempt the exercise now. 


1. Page 81, Exercise 6(a). (HINT: Use Lemma 1.4.6.) 

Summary 

Notation 

VW Page 78, line 2 
Vyw i Page 79, line 15 


VW Text, page 49. 
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Definitions 


Results 


(i) 


(ii) 


(iii) 
(iv) 


Covariant derivative with respect to a tangent 
vector VW 


Covariant derivative with respect to a vector field 


Vyw 


Covariant differential VW 


If W = Zw;U;, VW = Zv[wi] Ui(p) 


VyW = ZV[wi] Uj. 


Linearity and  Leibnizian properties of the 
covariant derivative. 


With respect to a tangent vector v: 
Улу + bwY ^ aVyY + bV WY 
Vy(aY + bZ) =aVyY + bV,Z 
Vy(fY) = v[f] Y(p) + f(pVyY 
v[YZ] = VyY°Z(p) + Y(p* VyZ 


With respect to a vector field V: 


Vev + gwY = IVyY + gVwY 
Vy(aY + bZ) = aVyY + bVyZ 
Vy(fY) = V[f] Y + үү 
V[Y:Z] = VyY-Z + YFVyZ 


If W = Zw;U;, VW = ZdwiU;. 


Va'(t)W = (W(o)) (t). 


Techniques 


(i) 


Finding the covariant derivative with respect to a 
tangent vector or vector field, 


(a) 
(b) 


(c) 


(d) 


from first principles; 


using result (i) and calculating the 
directional derivatives from first principles; 


using result (i), the linearity and Leibnizian 
properties of both the directional and 
covariant derivative, and the results 


U;[f] = (9/9х;), v[f] = Z v;(9f/0xi); 


by means of the covariant differential. 
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Page 77, Definition 5.1 


Page 79, line 12 


Text, page 49 


Page 78, Lemma 5.2 
Page 79, line 18 


Page 78, Theorem 5.3 


Page 80, Corollary 5.4 
Text, page 49 


Page 81, Exercise 6(a) 


Page 77, Definition 5.1 


Page 78, Lemma 5.2 


Page 78, Lemma 5.2, 
Page 78, Theorem 5.3 and 
Page 80, Corollary 5.4 


Text, page 49 
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Exercises 
Technique (:)(а) 


2. Page 80, Exercise 1(а). Work directly from Definition II.5.1. 


Technique (1)(b) 


3. Page 80, Exercise 1(а). Use the result of Lemma П.5.2 but calculate the 
directional derivatives from first principles. 


Technique (i)(c) 


4. Page 80, Exercise 1(a). Now use all the results available to simplify the work! 
5. Page 80, Exercise 2(a). 
6. Page 80, Exercise 2(c). 


Technique (i)(d) 


7. Page 80, Exercise 5. 
Solutions 
1. Page 81, Exercise 6(a). 
Let W = È м. 
Then Va'(t)W = Za'(t)[w;] U;(a(t)), by Lemma II.5.2, 
i 
d(wi(a 
=} Ser) (oua), |. by Lemma 1.4.6, 
i 
- (% wi(e())Ui(o(9))', by the definition of differentia- 
| tion of a vector field on a curve, 
= (Мо) (t). 
2. Page 80, Exercise 1(а). 


р = (1, 3,-1),v=(1,-1, 2), ѕо 
р+їу = (1+0, 3-0, -1 + 20). 
W = х? 0, + yU, 
so W(p + tv) = (1 + tU, (p + tv) + (3 -t)U,(p + tv). 
VyW = W(p + tv)'(0) 
= [2(1 + 0) (р + tv) - Up + у) h = 0 
= 2U,(p) - О, (р) 


- (2, -1, 0)p- 
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3. Page 80, Exercise 1(a). 
W = x2U, + yU, 
so 


VW = v[x^] Ui(p) + v[y] U2(p) by Lemma II.5.2. 
d 

у[х?] =a p+ tv)|t = o 
d 
= tulo 


= 2(1 + 0)|;=0 
= 2; 


а 
1 = — + у); = 
у[у] р Ye 0 


» £ (3- 0): =0 
E -1h =0 
=-1. 
Thus 
VyW = 2U,(p) - Ux(p) 
= (2, -1, 0)p. 
4. Page 80, Exercise 1(a). 


VyW = v[x?]U, (р) + v[y] О(р). 


д д(х? 
ур] = у, 090) +, (р) + v, py 
ду Z 
= у} ho 
=1.2.1=2; 


ду ду ду 
v[y] = v4 — (p) + và —(p) + уз z-(p) 
дх ду д2 


E 
E -1, 
SO 
VW = 2U,(p) - Ux(p) 
= (2, -1, 0)p. 
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5. Page 80, Exercise 2(a). 
W = cos x О, + sin x U, 
so 
УУМ = V[cos x] U, + V[sin x] U; by Lemma II.5.2. 
V[cos x] = (-yU, + xU3) [cos x] 
=-у U,[cosx] + xU3[cosx], by linearity, 
O(cosx)  д(со$х) | 
E ox a д2 
=y sinx + 0; 
V[sin х] = (-CyU, + xU3) [sin x] 
--yU,;[sinx] + xUs[sinx], by linearity, 
O(sin x) O(sin x) 
n. x Ss д2 
= -у cos x + 0. 
Thus 
VyW=y sin x О, – y cos x U}. 
6. Page 80, Exercise 2(c). 
Vy(zW) = V[2]W + 2ZVyW by Corollary II.5.4. 
У[22] = 2zV[z], by Corollary 1.3.4, 
= 22(-yU, + xUs)[z] 
= -2yz U,[z] + 2xz Us[z], by linearity, 
= -2у2.0 + 2xz.1 
= 2xz, 
SO 
Vy(ZWW) = 2xz W + ZVyW 
= 2xz (cos x U, + sin x U2) + z?(y sinx О, - y cos x О,) 
= (2xz cosx + yz’sin x)U, + (2xz sin x - yz? cos х)0,. 
7. Page 80, Exercise 5. 
W = xy?U, - x?z22U, 
so 


VW = d(xy*)U, - d(x?z?)U, 
= (y?dx + 3xy?dy)U, - (2xz?dx + 2x?z dz)U,. 
(a) (y?dx + 3xy?dy) ((1, 0, ~3)(-1, 2, -1)) = 23.1] + 3.(-1).22.0 = 8 
(2х22 dx + 2x?zdz) ((1, 0, RIS 1,2,- 1)) = 2.(-1).(-1)?.1 + 2.(-1?.(- 1).(-8) = 4 
and so 
Vw. (1, 0, 73)(-1, 2. -1y = 8U,(p) - 4Us(p) 
- (8, 0, -4) р. 


vs M334 IL5 
(b) (y?dx + 3xy?dy) ((-1, 2, “(18 spe 33.(-1) + 3.1.32.2 = 27 
(2xz?dx + 2х22 dz) (-1, 2, -1)(1, 3, 2). = 2.1.22(-1) + 2.1?.2.(-1) = -12 
and so 
VW((-1, 2, -1)(1, 3, 2) = 27Ui(p) + 12Us(p) 
= (27, 0, 12). 
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П.6 FRAME FIELDS 


Introduction 


This section does not depend on the previous two, but on Sections II.1 and 1.3. The 
idea of a general frame field (as opposed to the Frenet frame field of Section II.3) is 
formulated. 


READ: Section II.6 (pages 81- 84). 


Additional Text 


(i) 


The Pointwise Principle In this section O'Neill has used the pointwise 
principle to extend some familiar definitions and theorems from the set of 
all tangent vectors to E? to the set S of all vector fields V in E?. We recall 
that S is only a three-dimensional module (see Comment (ii) to Section I.2 
(Text, page 10)) and so S is not isomorphic to E?. However, because each 


element of S can be expressed as 2f,U;, many of the ideas do carry over to S 


via the pointwise principle with no trouble. Some examples are given below. 


(a) The vector fields E,, E}, Ез form a basis for S if the tangent vectors 
E, (p), Е,(р), Ез (р) form a basis for Тр(Е? for each point p of Ез. 


(b) The dot and cross products and norm are defined pointwise. That is, 
if V and W are vector fields then V-W is the function from E? to R 
defined by 


(V-W)(p) = V(p)-W(p), 
V X W is the vector field defined by 


(V X W)(p) = V(p) X W(p), 
and |[V|| is the function from E? to R defined by 


IV Il(p) = IIV(p)Il. 


(c) Vector fields V and W are said to be orthogonal if V(p)-W(p) = 0 for 
all p. For example, V X W is orthogonal to V and W. 


(d) Similarly the vector fields E,, E,, Ез are orthonormal if 


EE; = б» 


that is (Ej-Ej)(p) = 1 for all p and for i = 1, 2, 3 and Ki, Ej are 
orthogonal fori Æj. 


(e) (Lemma 6.3). If E,, E2, Ез are orthonormal vector fields, any vector 
field V has an orthonormal expansion of the form 


V= (У-Е,)Е, + (V-E,)E, + (V-E3)E3 
= ҺЕ, + DE; + ЗЕ» 
where f; = V-Ej. 
Moreover, if W = g, E, + g;E, + g3E3, we find, as one would expect, that 
V-W = figi + bg? + f3g3. 


In future we shall not always trouble to point out when the pointwise 
principle is used to make definitions or deduce results about vector fields. So 
long as you are sufficiently familiar with the linear algebra of E? you should 
have no trouble with adapting this to vector fields. 
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Summary 


Notation 


V-W 
VXW 
IV || 

Е,, E», E; 
г, 8,2 

р, 0,9 


Definitions 

(i) Orthogonal vector fields 

(ii) Orthonormal vector fields 

(iii) ^ Frame field E,, Е, Ез 

(iv) ^ Coordinate functions with respect to a frame field 


Examples 


(1) The natural frame field U,, U2, Оз 
(ii) The cylindrical frame field E}, Ез, Ез 
(iii) ^ The spherical frame field Еу, F5, Ез 


Results 
(1) For the cylindrical frame field 


E, = cos О, + sin U, 
E, =- sind? О, + cos 0, 
Ез = U3. 


(ii) For the spherical frame field 


Е, = cosy cos0 О, + cosy sind U, + sing Оз 


F, =-sind U, + соѕд U2 
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Page 82, line 1 

Text, page 55 

Page 82, line 2 

Page 82, Definition 6.1 
Page 82, Example 6.2.(1) 
Page 83, Example 6.2.(2) 


Text, page 55 

Text, page 55 

Page 82, Definition 6.1 
Page 83, Lemma 6.3 


Page 82, second paragraph 
Page 82, Example 6.2.(1) 
Page 83, Example 6.2.(2) 


Page 82, Example 6.2.(1) 


Ез =-siny cos? О, - sing sind U, + cosy Us. 


(iii) ^ If E,, Ej, E5 is a frame field and V is a vector field, 


then 
V = (V-Ej)E, + (V-E;)E; + (V-Es)Es 
(iv) If E,, E;, Ез is a frame field, V = 2f,E; апа 
W= ZgE; then 


V-W = >}. 
Techniques 
(i) Recognition of frame fields. 
(ii) Production of frame fields using Gram-Schmidt and 


cross product (see Lemma II.1.A). 


(iii) ^ Expression of a vector field in terms of a frame 


field, and applications thereof. 


Page 83, Example 6.2.(2) 


Page 83, Lemma 6.3.(1) 


Page 83, Lemma С.2.(9) 


Page 82, Definition 6.1 


Page 82, Example 6.2 
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Exercises 


Techniques (i) and (ii) 
1. Page 84, Exercise 1. 


Technique (iii) 


2. Page 84, Exercise 2. 
Solutions 
1. Page 84, Exercise 1. 


First we notice that ||V|| and IWI are never zero and so E, and E, are 
well-defined. Since V and W are linearly independent at each p, we know 


that 
V(p) #0 


W(p) = 0 
W.V 
W(p) * WE 
V(p) = 0 and so ||У|| is never zero. 
W=W- (М-Е,)Е, 
(W-V)V 
М" 


which is also never zero. 


V(p). 


We must show that ЕГЕ = ôij- 


У У VV IMP 


E E *— = = 

LOT ШУУ IVE ЦУ? 
Ww Ww 

Er E, = ——:—c--1 
Iwi УТ 

Еск V. Wu УЖ УМ W-E, Ei) 
ШШШ Л WIL ПУ TII IET 


V-W - (W-E,)(V-E,)  lVI((E,-W) - (W-E;)(IVIIE,-E;) 


IIVIL WI АД 
ТМП (МЕ) ~ IIVI(W-E;) _ 
ДЖ Л 
Since Ез = E, X E», Е.Е; = E,°E3 = 0 апа 
1 
E3°E3 = ((Е,-Е,)(Е,-Е,) = (E,-E,)? )5 by Lemma 11.1.8, 
= 1. 


. 
bd 


similarly. 


2. Page 84, Exercise 2. 
(a) О, = соѕд E, - sind Е, 
=cosy cos? F,- sind F,- sing cos? Ез. 
(b) cos? U, + sin® U, + Оз = E, + Е; 
= (cose + siny)F, + (cosy - sing)F3. 
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(c) (1) xU, + yU, + zU} = r cosó О, +r sinÜ U, + 20; 
=r E +2 03; 
(ii) xU, + yU, + 203 = p cosy cos О; + p cosy sind О, + p sing Оз 
= pF. 


If you cannot do this type of exercise by inspection, you may find the 
following method helpful. We can write the equations giving the F; in terms 
of the U; in matrix form as 


F, cosy cos? cosysin? пф U, О, 
Е, |=|- sind cos}. 0 U,| =M[U, |; 
Е; - sing cos? -sing sin? cosy О; U3 


Since the F; and the U; are both frames, M must be an orthogonal matrix, 
i.e. М! = tM, so we can write [U,| = «M [Е,\ , giving the Ui in terms of the F;. 
0, Е, 
Оз Ез 


As an example, we work part (b)(ii): 


cos? О, + sind? U, + U3 = (соѕ9, sind, 1) (0, 
U2 
o (0 
= (cos, sind, 1)'M |F; 
F2 
F3 
= (cos, sind, 1) | cosy cos? -sin 9 - sing соѕд | | F; 
cosy sind  cosÓ - sing sind] | Е, 


sing 0 cosy F3 
= (cosy + sing, 0, cosy - sing) | Fy 
Е; 
Ез 


= (cosy + sing)F, + (cosy - siny)F3. 
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П.7 CONNECTION FORMS 


Introduction 


These last two sections of Chapter II are of quite a different nature to the preceding 
ones. The material is more abstract, and concerned almost entirely with forms. We 
expect you will find these sections difficult. However, they are not needed again 
until Chapter VI, so you may be content with just a superficial understanding at this 
stage of the course. If necessary, you can revise these sections when you reach 
Chapter VI: you should find them easier going at that reading after the lapse of 
time. 


Section II.7 draws together the previous two sections and Section 1.5. Its purpose is 
to generalize the Frenet formulas to arbitrary frame fields. The matrix techniques 
introduced look messy but are simple to use in practice. 


READ: Section II.7 (pages 85-90). 


Comment 
(i) . Page 88, Theorem 7.3 The ij-th entry of dA'A = E (dA) (ТА). = 
J 
i (да) (аз), which we write as T ajkdaik to keep to the standard con- 


. vention of putting the differentials on the right. We cannot use such a 
conventional arrangement with the matrices dA and tA, however, as matrix 
multiplication is not commutative. 


Supplementary Comment 


(1) Page 89: dA The fact that d(cos 9) = -sin 9 49, and the other similar 
results, follow from Lemma I.5.7. 


Summary 
Notation 
Wij Page 85, Lemma 7.1 
д, Page 87, line 4 
A Page 88, line 11 
dA Page 88, line 18 
Definitions 
(i) Connection forms c; Page 85, Lemma 7.1 
(ii) Attitude matrix (A) of a frame field Page 88, line 11 
(iii) ^ Differential of a matrix whose entries are functions 

from E? to R Page 88, line 18 
Results 
(1) Cj; is a 1-form and wj; =—-W;j. Page 85, Lemma 7.1 
(ii) The connection equations: VyE; = Zo (V)E;. Page 86, Theorem 7.2 
(iii) о= dAtA. Page 88, Theorem 7.3 
Technique 
(i) Calculation of the connection forms using w = dAtA. 


Page 88, Theorem 7.3 
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Exercises 


Technique (1) 
1. Page 91, Exercise 4, using А апа w. 


Theory Exercise 


2. Page 91, Exercise 5. 
Solutions 
1. Page 91, Exercise 4. 
A= | cosy cos? cosy sin? sing 
-sind cos Ó 0 
-siny cos? -5ѕіп 51098 cosy 


dA = [-singcosó dp-cosysinddd  -sinp ѕіп® dp + cospcosü cosy dọ 


-cosó dd -sind dà 0 
-cosy cos dp + sinysindd? -cosysinddy-singcosd dd -sinydy 
w = dAtA = 0 cosy 19 dy 

-cosy dé 0 sin ад 
-dp -sing ад 0 


SO Q5 = cosy dà 


W13 = dy 
©›3 = sing dd. 
2. Page 91, Exercise 5. 


> Vy (fE;), by Corollary II.5.4.(1), 
i 


Ж(У[#,]Е, + Vy E), by Corollary II.5.4.(3), 
i 


У (V[&] E, +62 (УЕ), by the connection equations, 
i J 


> MET E; +; > fie (V)Ei, by rearrangement, 
1 j 1 


= E (vig) + E fej(V))Ej- 
j i 


In the case of the natural frame field all the connection forms are zero (prove!) 


and so this equation reduces to 
VW = Й ун] U; 


as given on page 79. 
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П.8 THE STRUCTURAL EQUATIONS 


Introduction 


As mentioned in the previous section, you will probably find this section rather 
abstract and hard going. Do not attempt it until you feel fairly confident about both 
Section II.6 and Section II.7. You should also be familiar with the ideas of linear 
functional, dual space and dual basis (see Unit M201 12, Linear Functionals and 
Duality, Sections 1 and 2). 


This section deals with finding the exterior derivatives of the connection forms 
introduced in Section II.7 and of the dual 1-forms of a frame field. As we do not yet 
know what an exterior derivative is, this section, like 1.6, must be approached purely 
formally, as manipulation of strings of symbols. In Chapter IV we shall find a 
meaning for the exterior derivative, and in Chapter VI we shall relate that to the 
results developed here. 


The results of this section are not needed until Chapter VI. You will probably find it 
hard: if so, do not worry about understanding it in depth now, but retum to it from 
time to time so that it becomes fairly familiar before Chapter VI is reached. 


READ: Section II.8 (pages 91-95). 


Gomments 


(i) Page 91: dual 1-forms In Lemma II.6.3 we saw that if E,, Ej, Ез is a 
frame field then any vector field V can be expressed as 


У = (V-EjE, + (V-EjE; + (V-E3)E3. 


In a similar manner, we obtain the fact that, if Vp is a tangent vector, 


ур = (pr Ex(p))Es(p) + (vy-Ex(p))Ex(p) + (ур-Ез(р))Ез(р), 


simply by applying Lemma П.1.5 to the frame E, (р), E; (p), Ез (p). Thus if 
we define the functions 0; from the set of all tangent vectors to E? to R (and 
extend to vector fields by the pointwise principle) by 


61(v) = vp: Ei(p) 

we may write 
ур = 91(%р)Е.(р) $ O(vp)Ex(p) + Өз(У)Ез(р) 
V = 0(У)Е, + 6(V)E; + 6(V)E;. 


0; is certainly linear at each point, and so 0; is a 1-form. In fact, since the Е; 
are orthonormal, we have 


which is precisely what is meant by saying that the 0; are the dual basis to 
the Ej. This is why we call the Ө; the dual 1-forms of the frame field. 


(ii) Page 94: Example The 6; have not been found yet, but a method for so 
doing is given on page 95. The соу were computed in Exercise II.7.4. 
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Summary 
Notation 
0; Page 91, Definition 8.1 
Definition 
(i) Dual 1-form 6;. Page 91, Definition 8.1 
Results 
(i) If V is a vector field, then V = 26;(V)E;. Text, page 61 
(ii) 0;(E;) = б» Text, page 61 
(iii) If @ is a 1-form, then ф = Хф(Е;)0;. Page 92, Lemma 8.2 
(iv) If E; = T ajjUr then 0; = T ai ах. Page 92, line 20 
(v) The structural equations 

dé; = У Wij A 0; 

J 

үс о чу Page 92, Theorem 8.3 
Techniques 
(i) Finding the dual 1-forms 6; by adhoc methods 

or using the attitude matrix. Page 92, line 20 

(ii) Using the structural equations. Page 92, Theorem 8.3 
Exercises 
Technique (1) 
1. Page 96, Exercise 4. Part (с) depends on knowing what ðf/ðr, df/00 mean 


and on knowing the formula 


of of of 
df =—dr+—dd + — dz. 
дг od д2 


These will be explained in the final section of this text, so you may like to 
defer this part of the exercise until then. 


Technique (и) 


2. Check the structural equations for the cylindrical frame field. (The con- 
nection forms were calculated on pages 89-90.) 


Theory Exercise 


3. Page 95, Exercise 1. 
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Solutions 
1. Page 96, Exercise 4. 
(a) E; =cos? U, +519 U, 
E; =-sind? U, + cos U, 
E; = U3. 


By definition, 9.(0}) = ОЕ. = E,U;, SO 


6,(U,) = cos} 0 (U3) = sind 0 (U3) = 0. 
We compare this with the value of dr on each of the U;. 


д 
dr(U;) = U; [:] es by Lemma 1.3.2. 


1 


X 
1 
r= (x? + y2)? 
SO 
д 
—= x а= = cos Ó 
дх (х? + у? )2 r 
дї 
m y 1= 2s sin 19 
SE qeu) 
ðr 
— = 0. 
д2 
Thus 


Since the 1-forms 0, and dr are equal on the frame field U; they are 
equal on all tangent vectors and vector fields (by Lemma I.5.4), and 


so 0, = dr. 
Similarly 92(0)) = ОЕ, so 
6,(U;) = ~sin 3 0,(0,) = COS 19 0 ,(U3) = 0. 
Also 
д9 


Xi 
9 = tan! E | 


X 
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so 


09 _ l usc NC, sinó  -sinó 

дх i i 2 x^ x? + y? r r 
X 

дд _ 1 |= x _rcos? cos? 

ду i +) x} х2 + y? r? т 
X] 

Od | 

92 

таи г sind? 
r dd(U;) vue = 0,(0;) 
r' cos 0 
r 19(0,) = = 6,(U2) 


т 49(0з) = 0 = 603) 


and so 05 = г 49. 
6,(U,) = 0 43(U2) = 0 Өз(Оз) = 1 


dz(U,) = 0 dz(U,) = 0 dz(U3) = 1 
and so 04 = dz. 
(b) Е, [т] = dr(E;) = 6 ,(Е;) = бу. 
05 (Ei) 2 Oi 


т 
Е.[2] = dz(E;) = 93(Е;) = бу. 


Е.[9] = 4д(Е,) = 


z _|9Ё of of 
(c) E; [f] = df(E;) = > dr NS ад + FE dz | (Ei) by the theorem 
to be proved in the final section, 
of l df of 
=.—O,,+-— 63+ — 6 
3nd 38 $4 * 3; ?3i 


Notice how we have used the Kronecker delta in (b) and (c) to 
convey several pieces of information in one statement. It does not 
matter if your solution did not use it, but bear in mind that you can 
often shorten the amount of writing by using it. 

Now we check the structural equations. 

0, = dr, 0, = таў, 03 = dz, 

Q2 = 49, оз = 0, w23 = 0 as found in Section II.7: 

40, = d(dr)=0 and ој A 0 + W134 6,=d0 A тад + 0 = 0; 

10, = d(rd3) = dr ^ dà and wa ^ 0, + wz ^ 057 -dÀ ^ dr + 0 = dr ^ dd: 

dé, = d(dz) = 0 and C231 ^ 01 + C232 ^ 0, = 0; 

dco = а(49) = 0 апа W143 ^ W32 = 0; 

dw 43 = 0 and W12 ^ W23 = 0; 


dw 3 = 0 апа 0221 A C213 = 0. 


M334 II.8 
3. Page 95, Exercise 1. 
i 
= X d(f,6;) 
i 


i 


1 J 
йз es ie 


by Theorem 1.6.4.(2), 


by Theorem II.8.3.(1), 


by rearrangement, 
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PARTIAL DIFFERENTIATION 


We have met two new coordinate systems in this chapter: r, 9, z and p, 9, y. If you 
have met these before you may have come across expressions such as Of/ór, 0/99 
and equations such as 


df = li d e ДБ d 
др” 39 3p" 
Since the only partial derivatives we have so far formally defined are the ðf/ðx;, 
where x; are the natural coordinate functions, our purpose here is to give a meaning 
to expressions such as Of/dr, d0f/08 which is consistent with our idea of a partial 
derivative. 


To do this properly, we must first of all be quite clear about the use of the symbols 


. X, y, 2, as defined on page 4. They denote not “dummy variables", but the natural 


coordinate function from E? to R. That is, if p = (p,, p2, p3) then x(p) = pi, y(p) = 


рә, Z(p) = рз. In particular (x, y, z)(p) = (pi, р, pa) = p, and so (x, y, z) is the 
identity function on E. 


Now suppose that f is a function from E? to R. We must first notice that, although f 
is a single function from E? to R, it has different expressions in terms of x, y, > and 
in terms of p, 9, y say. For example, let us consider the function f = x? + y? + 22. We 


know p? = x? + y? + 22, so we can also write f = p”. Now, because (x, у, z) is the 


identity function, we can write 
f= Ёо (x, у, 2) = f(x, y, 2) 
but f is not equal to f(p, 9, y) because 
Қо, 9, p) = f» (р, 9, p) = p? + 0? +g. 


Can we find a function g such that f = g(p, 9, Ф), that is f = gom where m is the 
function (p, 9, o): E? — ЕЗ? 


E? —MÁ—À— € 


MW P4 


In this case we can do so quite simply. If p € E? then 
Қр) = о?(р) = (о(р))* 
в(0, 9, ф)(р) = go(p), 9(р), #(р)) 


and so we require the function g to pick out the first coordinate and Hare it: Pu 
the function that does this is precisely the function we have called x?. Thus g = x? 
and so 


f -x?o m. 


We return to the general case, and recall that the definition of дЇ/дх is 


sit f(t, y(p), z(p)) 


i f(t ) 
= a {lb Pa РӘ dt t=x(p). 


dt 
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Roughly speaking, we are holding y and z tixed and differentiating with respect to x. 
If we want to define дЇ/др in a similar fashion we need to hold 9 and y fixed and 
differentiate with respect to p. This is where we need to use the function g: since 


f = g(p, 9, p) 


. of 
we define — by 
др 


Z (p) = Fatt 90), e(p) ee 


But this is precisely 0g/0x evaluated at (р(р), 9(p), y(p)), because, roughly speaking, 
dg/dx means "differentiate with respect to the first variable" no matter what the 
“variables” may be called. 


This is formalized in the following definition. 


Definition 


If m = (mı, mz, тз) is a differentiable one-to-one function from a subset of E? to 
E? with differentiable inverse m`! , and f is a differentiable function from E? to R, 
and g is a function such that f = go m (in fact g must be f° m`!), then 


of _ 0g 
3m, P) = gx PP 


Notice that this definition of ðf/ðm; is dependent on the whole function m: if m = 
(mı, m2, M3) then df/dm, may be different depending on whether m or im is being 


used. 


In proche ex definition is very easy to work with. In our previous example we had 
f = p?, g = x’, and so ðf/ðp = (др/дх)(т) = 2x(p, 9, р) = 2p. Another example: if 
f = p cosy then g = x cos z, and 


of _ др 9, 

Әр x — (тю) = соз z(p, 9, p) = cos 9; 

of _ де )=0; 

00 ду | 

of д 

Ру = ~= (m) =-x sinz (p, 3, y) =- psin q. 


This should show you that this process effectively treats p, 9, y as "dummy variables" 
just as x, y, z are normally treated, and so the new partial derivatives can be written 
down without the step of introducing g. 


For the usual partial derivatives df/dx, df/dy, д#/д2 we had the result (Corollary 
1.5.5): 


ағ = aan Aot 29а 
Ox Oy de — 


Now that we Have defined other partial derivatives suitably, we can prove an 
analogous theorem. 
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Theorem 


If m = (m,, m5, m3) is a differentiable one-to-one function from a subset of E? to 
E? with differentiable inverse m`! , and f is a differentiable function from E? to R, 
then 


_ af 
df = Z— ањ. 


m; 
In particular, 
а= а x ДЕСА 
Ap? 200 dz 7 
pct "s jas Ей 
Cae Чар F 


(Corollary 1.5.5 is the particular case of this theorem for m, = Xi.) 


Proof 


We use the chain rule given in the additional text on Section L7. We can take 
g=fom! to obtain 


f=gom. 
Now the chain_rule gives 
> g,(m)m,. 
If v is a tangent vector at the point p, this gives 
£ (v) = в, (m(p))m, (v), EU 


where g, is written as a matrix evaluated at m(p) and the vectors f, (v), m, (v) are 
written as column vectors. Now, Theorem I.7.5 tells us that 


£ (v) = (v[f]) = (df(v)): 


this is a 1 X 1 matrix so that corresponding column vector is also (df(v)). The same 
theorem tells us that 


m, (v) = (v[m,], v[m.], v[m;] ) 
= (dm,(v), dm;(v), dms(v)), 
which is 
dm,(v) 
dm,(v) 
dm;(v) 


as a column vector. 


By Corollary I.7.7 g, has matrix 


Fe 0g a 


Ox," 3x2" дхз 
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Evaluating this at the point m(p) we have 


д д 
SE (mp) 58 (m(p)). - (m(p) 


which is precisely 


дї дї (p) дї 
5m, P) — (p) im?) 


om, 


by the definition of (0f/0m). Putting the expressions we have obtained into (*): 


of of of 
(df(v)) = om; (р), z— (р), = (p)| |dmi(v) 
i | dm,(v) 
атз(у) 


9f of of 
= a (p)dm,(v) + on (p)dm,(v) + дш; (p)dms(v) 


of of 
=||— аю, + = dm, + — dmj|(v)]. 
дт; m» дтз 


This is true for all tangent vectors у, and so 
of of of 
df = — dm, + — dm, + — dm3. 
om, om, ðm; 


You do not need to know any details of this proof. All you need for this course is 
the defintion of general partial derivatives and the result stated in the theorem. 


Summary 
Notation 
lr a8” ә; Ар 
af af af 
TTE Text, page 66 
Definition 
(1) Partial derivatives Text, page 67 
Results 
(1) df oF a s2 jata 
i = art - dz. 
" 39 a oe Text, page 68 
(ii) dt of d , 9f waa 
ii = — — — dy. ! 
до 0 38 do p Text, page 68 
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Techniques 


(i) Finding partial derivatives. Text, page 67 
(ii) Using the expressions for df in terms of the | 

partial derivatives. Text, page 68 
Exercises 


Technique (i) 


1 Fi ae ae hen f 9 
. —, —, —when f= à 
in 3» 39 а? n f = р соѕд cosy 
of of of 
2. Find — =, — when f = x? + 22. 
ðr д9 Oz 


Technique (й) 


This has already been tested in Exercise IL8.4(c). Do that exercise now if you 
previously deferred it. 


Solutions 
1. f= pcosÓ cosy 
=x cosy cosz (p, 9, №) 
= g(p, 9, v) where g = x cosy cosz. 
of д 
EU 2 (0, 9, p) = cosy cosz (p, 3, p) = cosd cosy. 
др 0x 
of a | 
з (0, 9, р) =-х siny cosz (р, 9, Ф) =- р sind cosy. 
д9 dy 
of д | 
ACTU = (o, 9,9) =-х cosy sinz (р, 0,) =- pcos? sing. 
др Oz 
2. We must first of all express f in terms of r, 9, 2. 


From the diagram we see that 


x-rcosÓ 
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and so 
f=x2+2? 
= r? cos? 9 + z?. 


As before, we can introduce р = x? cos?y + z?, or we can go directly to the 


results: 
of 
— = 2r cos?Q, 
or 
38 =-2г? соѕ 9 sind; 
of 
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FURTHER EXERCISES AND SOLUTIONS 


Section II.1 


Recommended Exercises 


Page 49, Exercise 2. This shows that Euclidean distance is a metric in the sense of 
M202 and M231. 


Page 50, Exercise 11. This relates the vector operation grad to the norm and dot 
product. 


Solutions 


L 
2(a). (р, q) = lip - qll = (Z (p; - q;)?)7, which is non-negative. 


d(p, 9) = 0 = È (p; - qi)” = 0, and a sum of squares is zero if and only if each term 
is zero, that is p; = q;. 


2(b). (pj - 9)? = (9% - p;)? so (р, q) = d(q, p). 
2(c). (р, q) + d(q, г) = lip 911 + Ilq- rll > lip - q + q- rll = Ilp - rll = d(p, г). 


of. of; 
ll(a. df(v)=2 үсе = (ZvjU;(p))-(2 E Ui(p)) = v-Vf(p). 
11(b). Put w= (Vf)(p). 
uff] =u-Vf(p) = им 


and ju-wi S llull liwii = [| 
with equality when u = „У, 
Illwll 


Section II.2 


Technique Exercise 


Page 55, Exercise 1. 


Other Recommended Exercises 


Page 55, Exercise 5. This deal with unit-speed repararmetrizations in the sense of 
Theorem П.2.1. 


Page 56, Exercise 10. This shows that arc-length is preserved by reparametrizations 
which are symmetric in the sense of Comment (i). 


Solutions 

1 . , , 2 , 2, 2, 1 ; 

( QOL. EDGE 
t? +2,3; 
0,2, 2t ; 0,2,2 . 
pene det) ( (a, 1, 3) 
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t? 14 
1(b). ї)=2+—;—. 
(b). s(t) =2:+2; 2 
5. If В; is the unit-speed reparametrization based at t = tj, and s; is the arc- 


length function based at t = t;, 


a(t) = &1(s1(t)) = Ba(s2(t)). 


i t 
- | “да+ f v(u)du 


= so + s,(t) 


where s, is the arc-length of а from t, to tz. 


10.  Putfi- o(h). 
(a) Arc-length of f from a to b 


= [ Do 


h`’ (d) 
= ~h'(u)vg(h(u))du 
h` (c) 


- f «o 


C 


= arc-length of o from c to d. 


(b) Arc-length of В from a to b 
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Section II.3 


Technique Exercises 


Page 63-64, Exercises 2, 3. 


Other Recommended Exercises 


Page 64, Exercise 5. This expresses all the Frenet formulas in a single format. 


Page 64, Exercise 6. This deals with the approximation of a curve by part of a circle. 


Solutions 
1 1 
1+s)? -(1-s)? 
2 суш е 7059) 1r 
2 2 м2 
5 1 
ПЕ 2 
Najelucs Ut) g 
v2 2 
1 H 
-(1-sg (1-s) 1 
B(s) = ( is (15) кк 
2 2 2 
1 
K(s) =7(s) = 1 
2/2(1- s?)? 
3. Evaluate both sides of each equation. 
5. AX T=KBX T=KN 


AX N=7TT X N+KBX N=7TB- kT 
AX B=7T X В = -ТтМ. 


6. The only solution for y is 


s s 
y(s)=c- Pcos Natr sin Eg 


N 
where c 2 + B(0) 
Ko 


Section II.4 


Technique Exercises 


Pages 74-75, Exercises 1(a), 3(a), 4 (first part), 6, 7, 9(a), (b). 


Other Recommended Exercises 
Page 74, Exercise 5. This gives a formula for k. 
Page 75, Exercise 13. This introduces another special curve derived from a given 


curve. Since one of a, à is negative, you will first have to adapt Example П.3.3 for 
the case where a is negative. 
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Solutions 
1 


l(a). T(t) Tr (2, 2t, t?) 


1 
= f- _ +2 
мо) 2: (72042-1521) 


1 


B(t) = a 


(t, -2t, 2) 


K(t) = T(t) MUSS 8 


(1, 0, 1) 
V2 
N(0) = (0, 1, 0) 
(- 1, 0, 1) 


V2 


3(aà. Т(0) = 


В(0) = 

к(0) =1 

т(0) ES 

4 

4. Evaluate both sides of each equation. 
6. a’ = cT. 

a” = cT' = c?kN. 

a! X a" = co KB. 

Now substitute in Theorem II.4.3. 
7. T(t) -( -2sin t cos 2 

N(t) = (-соѕ 1, -sin t, 0) 


b. b a 
B(t) =|— sint, —— cos t, — 
c c 


k(t) =, 
T(t) = =. 
9(a). =з 
9-7 
4 


9(b). u= (0, 0, 1) 


8-- 
4 


¥(t) = (3t (3, 3t?, 0). 
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5. a" = —T + kv?N 
| 2 
llo" 12 =!—| + (ку?)? 
a S E 
13. If a> 0, then к(ѕ) = 5, N(s) = (~ cos—, - sin —, 0); 
с c с 
| а $ $ 
ifa <0, then k(s) =-= №) = (cos-, sin—, 0). 
с с c 
Substitute these to obtain 
Bap” = Bap 
for all a. Now @)=а so 
Ваъ* = Bap: 
Section II.5 


Technique Exercises 


Page 80, Exercises 1(b), 2(b), (d), (e), (£), 4. 


Other Recommended Exercises 


Page 80, Exercise 3, This extends the result that if Y is a vector field on a curve and 
[Ү]|| is constant then Y. Y' = 0. 


Page 80, Exercise 6(b). This deals with the definition of covariant derivative. 


Page 80, Exercise 7. This exercise introduces the bracket of two vector fields. 


Solutions 
l(b). (1, 2, 4)p 
2(b). =y. Оз. 
2(d). -sinx О, + cos x Us. 
2(e). -y?cosx О, - y?sin x Us. 
2(f). (y?- xcosx - yzsinx)U, + (Cx sinx + yzcos x)U,- 2xy Оз. 
4. X= Ух; U:. 

" OX y 

i pg 99 ij 
= У Vi U: - V. 
1 

3. W(pttv)-W(pttv) = constant 


= W(p*tv)-W(p*tv)' = 0 
= W(p)-V,W = 0. 
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6(b). W(a)'(t) = Va (t) W- VW. 
7(a). Both sides equal Z X vj ч -wj 9vj = ; 

1 j Ox; Ox;| Ox; 
7(b). The definition is antisymmetric. 
7(с).  [U,.[V,W] ] [f] = U[V,W] [f] - [V,W]U[f] 

= UVW[f] - UWV[f] - VWU[f] + WVU[f]. | 
Adding the other two similar expressions to this gives zero. 

709). [fV,gW] [h] = fV[gW[h]] - gW[fV[h]] 
= ҚУ] W[h] + gVW[h]) - g(W[f] V[h] + fWV[h]) 
= IV[g] W[h] - gW[f] V[h] + fe[V,W] [h]. 


Section II.6 


Techinque Exercises 


Pages 84- 85, Exercises 3, 4. 


Solutions 

3. Choose any unit E; orthogonal to Е, and put Ез = Е, X Е,. For example 
E, = sinz U,- cosz U} 
E3=- sinx (О, + cosx cosz О, + cos xsinz U3. 

4. The same formulas are obtained as for the spherical frame field. 


Section П.7 


Technique Exercises 


Pages 90-91, Exercises 1, 2, 3, 7. 


Solutions 
df 
1. 12 = 05 w13 = w235 7. 
2. All zero. 
3: A is orthogonal. 
Фу 7 - df; 


C213 7 cosf df; 


Q253 = sinf df. 
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78 
7(a). For any f, 
2 of ‚ aðf , dt 
F,[f] = cosy cosd 3x j COS 2 055 + sin р 7. 
: 1 | 
р = (х? + у? + 22)? 
v= tan `! M 
x 
= -1 ЕБЕ: 088 è 
y = tan | куй 
evaluate the partial derivatives and substitute. 
7(b) - sin p F, + cos p Ёз. 
Section II.8 


No further exercises are recommended. 
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Set Book 


Barrett. O'Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition, (W.A. Banjamin/Addison-Wesley 1973). 
R.C. Smith and P. Smith: Mechanics, SI edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 
Unreferenced pages and sections denote the set book. Otherwise 

O'Neill denotes the set book; 


Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


References to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra 1 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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I.1 INTRODUCTION AND ISOMETRIES ОЕ E? 


Introduction 


The aim of this chapter is to prove that a unit-speed curve in E? is determined, apart 
from its position in space, by its curvature and torsion functions, which were intro- 
duced in Section II.3; in other words, that the curvature and torsion of a curve, as 
functions of the arc-length, tell us all there really is to know about it. We cannot 
begin to prove this until we have decided what we mean by “арагї from position in 
space": when are two curves in different positions in E? going to be declared 
“essentially the same”? We shall not finally answer this question until Section III.5, 
but we make a start in this section by defining isometries, that is mappings of E? 
which preserve distance. You have met some isometries before — translations in Unit 
M201 15, Affine Geometry and Convex Cones, Section 1.1, and orthogonal linear 
transformations in Unit M201 24, Orthogonal and Symmetric Transformations, 
Section 1. You should remind yourself of the results of the latter section now, as 
they are used in this section. Apart from that, this section depends only on Sections 
1.7 and II.1; the later sections of Chapter II are not referred to yet. 


READ: Introduction to Chapter III and Section III.1 (pages 98- 102). 


Comments 


(1) Isometnes An important point about the isometries of E? is that they 
form a group; that is, that they satisfy the following conditions. 
(a) The composition of two isometries is again an isometry — this is 
Lemma 1.3. 


(b) Composition of isometries is associative — this is true for com- 
position of any functions. 


(c) There is an identity isometry I such that IF = FI=F for all iso- 


metries F — this is true because the identity mapping I is an 
isometry. 
(d) Each isometry F has an inverse F'! which is also an isometry. This 


condition requires slightly more checking. It is an immediate con- 
sequence of Definition 1.1 that isometries are one-to-one mappings, 


for if F(p) = F(q) then 
d(p, ч) = d(F(p), F(q)) = d(F(p), F(p)) = 0 


and so p = ч. The fact that isometries of E? are also onto mappings 
follows from Theorem 1.7, because the translation T is onto and the 
orthogonal transformation C is onto, so their composite F = TC must 
also be onto. Since F is one-to-one and onto F has an inverse func- 
tion F! C'T, which is a mapping because both C' and T`! are 
mappings (see Comments (ii) and (iii)). Now 


d(F' (p), F"(q)) = d(FF'! (p), FF™(q)) because F is an 
isometry 
7 d(p. q) because FF! = I 


and so F” is indeed an isometry. 


(ii) 


(iii) 
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Translations The translations form an important set of isometries, as 
noted in Example 1.2(1). We shall use the notation T, to denote translation 
by a, that is, 


Ta(p) =p * a. 
Then 


ТЬТа(р) =р+а+Ь = Ta + b(P) = Tp + а(р) 


so Tg T4 is translation by b +a. In fact the translations correspond to the 
points of E? in such a way that the composition of translations corresponds 
to ordinary vector addition; hence the commutativity of composition of 
translations follows from the commutativity of vector addition. We have the 
following commutative diagram: 


T 
a, b = iH 
corresponding corresponding 
translation translation 


composition 


Le Tl Tab 


Since the identity mapping I is translation through 0, Та = T_, and we 
have this commutative diagram also: 


additive inverse 


corresponding corresponding 
translation translation 


T inverse (Т)! = Tec 


Thus the translations also form a group. 


Orthogonal Transformations As noted in Lemma 1.5, these form 
another important set of isometries. The definition given on page 100 is in 
fact equivalent to that given in Unit M201 24, Orthogonal and Symmetric 
Transformations, page 8, because all the spaces in which we are interested 
are finite-dimensional. Thus we can make use of the result proved in that 
unit, that the following conditions on a linear transformation C of finite- 
dimensional Euclidean spaces are all equivalent: 


(a) C preserves dot products (that is, C is an orthogonal transformation); 


(b) The rows of the matrix C are orthonormal; 
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(iv) 


(c) The columns of the matrix C are orthonormal; 
(d)  ‘tcc=ctc=I; that is, С! = tC (that is, C is an orthogonal matrix); 
(e) C maps some orthonormal basis to another orthonormal basis; 
(f) C maps all orthonormal bases to orthonormal bases. 
Since, for orthogonal transformations C4, C5, C, 
'\c,c,) = 'c,"c, = CC) = (C,0y! 
and 
(С) = t(tc) =C= ic 


this immediately tells us that the composite of two orthogonal 
transformations is an orthogonal transformation and that the inverse of an 
orthogonal transformation is an orthogonal transformation. Thus these also 
form a group. 


Page 101: Theorem 1.7 This breakdown of an isometry F as TC is very 
useful. In future work with isometries we shall nearly always use this ex- 
pression, sometimes without explicitly defining T and C. If F, = T,C, and 
F, = Т,С, are isometries then their composite F,F; is also an isometry 
(Lemma 1.3) so we can write F ,F,=T3C3, where Тз is the translation part of 
Е,Е, and Сз is the orthogonal part of F,F;. Then 


T3C3 = T,C,T,C, 


but it is not generally true that Тз = Т,Т, (although Сз = C,C,) because C, 
and T, do not commute in general. (See the Theory Exercises if you are 
interested in investigating this further.) 


Supplementary Comments 


(i) 


(i) 


Page 99: rotation The formulas for the coordinates of q in terms of 
those of p were worked out in Unit M201 24, Orthogonal and Symmetric 
Transformations, Section 1.2. 


Page 101: lines -10 and -9 If we put r = ap + bq, then r; = ap; + bq; for 
i = 1, 2, 3. Using the identity established in line - 11, 


F(r) -ZrjF(u) ^ F(p)-ZpiF(u) F(q) = È qiF (uj) 
SO 
F(r) = È rF (u;i) 
= È (ар; + bqi)F (u;) ` 
= X apjF (uj) + X bqjF (uj) 
= aX pjF(uj) + bZ qjF (uj) 
= aF (p) + bF(q). 
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Summary 


Notation 


Definitions 


(i) 
(ii) 
(iii) 


Isometry F 
Translation by a, T4 
Orthogonal transformation C 


(iv) Identity mapping I 

Example 

(i) Rotation about the z axis 

Results 

(i) The composite of two isometries is again an 
isometry. 

(ii) For translations: 

TaTp = ТЬТа = Ta + p; 
(Та)! = T-a- 

(iii) ^ Given p, q in E?, there is a unique translation T 
such that T(p) = q. 

(iv) If T is a translation and T(p) =p for any p, then 
T -I. 

(v) Translations are isometries. 

(vi) ^ Orthogonal transformations are isometries. 

(vii) Any isometry fixing 0 is an orthogonal trans- 
formation. 

(viii) Each isometry F has a unique expression as TC, 
where T is a translation and C is an orthogonal 
transformation. Moreover T = Tr(0). 

(ix) | Every isometry has an inverse isometry. 

Techniques 


(i) 


Recognition of isometries, translations, orthogonal 
transformations. 


Expression of an isometry in standard form TC. 


Calculation of the image of a point under an iso- 
metry expressed in standard form. 
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Page 98, Definition 1.1 
Page 98, Example 1.2(1) 
Text, page 6 

Page 100, line 11 

Page 99, line -6 


Page 98, Definition 1.1 
Page 98, Example 1.2(1) 
Page 100, line 10 

Page 99, line - 6 


Page 99, Example 1.2(2) 


Page 99, Lemma 1.3 


Page 99, Lemma 1.4(1) 
Page 100, Lemma 1.4(2) 


Page 101, Lemma 1.4(3) 


Page 100, lines 8-9 
Page 98, Example 1.2(1) 
Page 100, Lemma 1.5 


Page 100, Lemma 1.6 


Page 101, Theorem 1.7 
Text, page 5. 


Page 98, Definition 1.1, 
Page 98, Example 1.2(1), and 
Page 100, line 10. 


Page 101, Theorem 1.7 


Page 102, line - 5 
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Exercises 


Technique (i) 


1. Page 103, Exercise 4. 


2. Page 103, Exercise 6, (a) — (d), first part. 


Technique (it) 


3. Page 103, Exercise 6, second part. 


Technique (їй) 


4. Page 103, Exercise 5(a). 

Theory Exercises (omit if short of time) 
5. Page 103, Exercise 1. 

6. Page 103, Exercise 2. 

7. Page 103, Exercise 3. 

Solutions 

1. Page 103, Exercise 4. 


As noted in Comment (iii), C is orthogonal => C'C = I = the rows of C are 
orthonormal. We check the last condition as it involves only six calculations. 


2 2 1 2:2 1| 1 
LES stl шк nei 


TETE ETTE 
ТЕГЕ 
EVIE Heer 
52-206 5 debere 2-9 
Bb EHS erra 


This shows that C is orthogonal. 


Lr ж ANY d 
3 3 3 3 
2 1 2 19 
CP з s “SP !]7|% 
- m m 
3 3 3 3 
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-2 2 _1\/у\ [5 

3 3 3 3 

apu ub 2 _|_4 

C(q) = 3 3 3 0 [| = -3 

l 3 21013 7 

3 3 3 3 

p-q = 3.1 + 1.0 + (-6)(3) = 3- 18 =-15. 
са) =É- 2 | + 291 4+ EL 22) =4-10- 76. 49) =- 135. 

С(р)"С(9) Bl au al sl- AEE 10- 76 - 49) =- =52 =-15. 


Page 103, Exercise 6. 
In each case we must check whether d(F(p), F(q)) = d(p, q) for all p and q. 
(a) Е(р) =-р. 
d(F(p), Е(9)) = dCp, -q) 
= |-р - Coll 
= |11) a)l 
=|-1||lp- al] (using |ар| = lal |010) 
= 1 [p - | 
= d(p, q). 
This is true for all p апа q, so F is an isometry. 


(b) In this case Е: рк—эр-а a is just the perpendicular projection of E? 
onto the one-dimensional subspace spanned by a. We can easily see 
from the picture 


P 


0 a F(p) 


that F does not preserve norms: for example, we can choose p to be 
orthogonal to а and then F(p) - 0 so ||F(p)|| = |Ы. Since F does 
not preserve norms, F cannot preserve dot products. 


Alternatively we proceed as follows. 
d(F(p), F(q)) = d(p-a a, а-а a) 
= |[p-aa- qra al 


= ||(p-a - q-a)al 

= |р-а ~ сај llall, as above, 

= |p-a - qal. since [[а|| = 1, 

= |(p - q)-al 

= ilp = qll ljal] |cos 9|, where 9 is the angle between 
p- qanda, 

= d(p, q) [cos 9|, since llall =], 


which is not equal to d(p, q) unless 9 is a multiple of я. 


M334 Ш.1 


(с) 


(d) 


(a) 


(d) 


11 


As yet another approach, since the image of F is not the whole of 
ЕЗ, F is not onto E? and so F cannot be an isometry, by Comment 


(i). 
F(p) = (ps- 1, p2- 2,р1- 3). | 
d(F(p), F(q)) = d((ps- 1, p2- 2, p1- 3), (as- 1, q2- 2 qı- 3)) 
= |(рз- 1, p2- 2, pı- 3) - (qs- 1, q2- 2,9: - 3)| 
= |(рз - 43» P2- 4, P17 q:)| 
= ((Ps- 9)? + (p2- 4)? + (p q1) 
= ||(P1- 4, P2- 9 P3- аз) 
= |р - all 
= d(p, q). 
This is true for all p апа q, and so F is an isometry. 
F(p) = (pi, Pz 1). 
d(F(p), F(q)) = d((p1, рә 1), (a1, q2, 1)) 
= ||(P1, рг, 1) - (дь qz 1)|| 
-Mpi- рг - a2 O| 
= (p - qi)? + (рә - 92)2)?, 
which is not equal to d(p, q) unless p3 = q3. For example, 
d((0, 0, 0), (0, 0, 1)) 2 1 but 
d(F(0, 0, 0), F(0, 0, 1)) = d((0, 0, 1), (0, 0, 1)) = 0. 


Thus F is not an isometry. 


24 


Again, we could note that, since the image of F is 
{p EE?: p, = 1) + Е?, 


F is not onto, and so cannot be an isometry. 


Page 103, Exercise 6. 


F(p)=-p and so F=-I, which is an orthogonal transformation. 
This is already in standard form, and so T is the identity, C = - I. 


F is not an isometry. 


F(0) = (- 1, -2, -3) so T, the translation part of F, is translation by 
(71, -2, -8). If F = TC, 


F(p) = TC(p) 
ie. (ps- 1, p2- 2p1- 3) = С(р) + (C1, -2, -3) 
іе (рз, рә, P1) + (-1,-2,-3) = C(p) + (-1, -2, -3) 
so C(p) = (рз, Pz P1) 


0 0 1 
so C has matrix | 0 1 0 
1 0 0 


(In fact this represents reflection in the plane x = z.) 


F is not an isometry. 


12 
4. Page 103, Exercise 5(a). 
F(p) = Ta C(p) = a + C(p) 


1 
1 V2 
- 3 }+] 0 
1 
: 2 
6 
1 75 
= 3 |+| -2 
10 
-1 791 
1 - 3/2 
= 1 
-1 + 5/2 
5. Page 103, Exercise 1. 
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Put F= CT, Since C and T, are isometries F is an isometry (by Lemma 
Ш.1.3), and thus by Theorem Ш.1.7 we can write Е = TyD where Тр is 


translation through b and D is an orthogonal transformation. Now 


for all p 


CTa(p) = TpD(p) 
C(a + p) = b + D(p) 


1.е. 


C(a) + С(р) = b + (р). 


Puttingp=0 gives C(a)=b because 


Substituting back, we have 
b + C(p) =b + D(p) 


1.е. 


Е = Тр = Тс(а)С- 


for all p 


for all p 
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Alternatively, we could show that CT, and Тс(а)С have the same effect on 
every point of E?. For p in E’, 


CT,(p) = C(a + p) = С(а) + С(р), 


while 

Тс(а)С(р) = Tc(a)(C(p)) = Cla) + C(p). 
6. Page 103, Exercise 2. 
| F-T,A and G-TpB, so 

FG = Т.АТЬВ. 

By the result of Exercise JII.1.1, 
ATp =T А(Ь)А 

and so 


FG = T,ATpB = ТаТА(Ь)АВ. 


TaTA(b) is the translation through a + A(b); AB is an orthogonal trans- 
formation, being the product of two orthogonal transformations. Thus FG 
has translation part Ta + A(b) and orthogonal part AB. 


Similarly GF has translation part Th + B(a) and orthogonal part BA. 
7. Page 103, Exercise 3. 
F = Т.С. Since Та and C both have inverses we know that 
F`! = (Т.С)! = C!T4. 
Now 
Ch SC y by Lemma III.1.4(2), 
= Тс" а)С', by Exercise Ш.1.1, 
= T_ C'(a)C `’, by linearity of C'!. 
Thus the translation part of F'! is T_ Са); the orthogonal part of F`! is C'!. 
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ПІ.2 THE DERIVATIVE MAP OF AN ISOMETRY 


Introduction 


This section follows on from Sections Ш.1 and 1.7. We also need to use certain 
results from M201 — that there exists a unique linear transformation taking one 
basis of E? to another basis of E? (see Unit M201 2, Linear Transformations, 
Section 1.8) and that a linear transformation is orthogonal if and only if it takes an 
orthonormal basis to another orthonormal basis (see Unit M201 24, Orthogonal and 
Symmetnc Transformations, Section 1.2). 


The purpose of this short section is to show that there is a unique isometry taking 
any given frame in E? to any other given frame in E?. In order to do this we have to 
look at the derivative map F,: we find that this takes a particularly simple form 
when F is an isometry, for if F = TC then F, is represented simply by C. 


READ: Section IIL2 (pages 104-106). 


Comment 


(1) Page 105: lines - 18 to - 15 and C cannot be the same boi Y 
they act on different spaces — т and E? respectively. However, Т ( 
isomorphic to E? via the ‘ mm isomorphism Фр: E? — Tp ae 
by 


de 


$p: V —? Vp (v € ЕЗ). 


To say that Е, and C *'differ only by the canonical isomorphisms of ЕЗ”, 
means, in effect, that the following diagram commutes; that is, that Е, and 
C send vectors that correspond to each other via $p to vectors that corres- 
pond to each other via ФЕ(ру 


ЕЗ Е ЕЗ v ER ee. 
Фр Фрер) Фр PF(p) 
F xp Fxp 
Тр(Е?) = Ty) Xp co F.p(vp) = Север) 


Supplementary Comment 


(i) Page 105, line 4 If v = (vj, V2, v3) then the ith coordinate of Cv is È cijVj» 
so that J 


(Су) = + ZcijvjUi(a) 
for any point q. In particular, putting q = F(p) gives 
CE doce j i(F (p)). 
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But F,(vp) = (Cv) ру, апа $о 
F (vp) = ZZ cijvjUi(F (р)) =Z cijvjUi(F(p)). 


However, vp = ЖУО), so this becomes 


чо) = BeyyiUi(F@)) 


6699 


which can be abbreviated to the result given in line 4 by omitting the “р” 
and writing Uj for U;(F). 


Summary 


Results 


(i) 


The derivative map of an isometry F = TC sends 
the tangent vector v at the point p to the tangent 


vector Cv at the point F(p). Page 104, Theorem 2.1 
(ii) If F is an isometry, F,, is an orthogonal trans- 

formation from Тр(Е?) to T, (pE? Page 105, Corollary 2.2 
(iii) Given two frames in E?, there is a unique isometry 

taking one onto the other. Page 105, Theorem 2.3 
Techniques 


(i) 
(ii) 


Finding the derivative. map of an isometry using 
Result (i). Page 104, Theorem 2.1 


Finding the isometry mentioned in Result (iii), 
using the method employed in the proof of 
Theorem 2.3. Page 105, line -3 of text 


Exercises 


Technique (i) 


1. 


Page 106, Exercise 1. 


Technique (ii) 


2. 


Page 107, Exercise 5. 


Theory Exercises (omit if short of time) 


3. 


Page 106, Exercise 2. Write F = Т.А and G = ThB and use the results of 
Exercise Ш.1.2, whose solution occurs on Text page 13, and Exercise 
ПІ.1.3, whose solution occurs on Text page 13. 


Page 107, Exercise 4(a). (HINT: r is in the plane through p orthogonal to q if 
and only if (r - p)-q = 0.) 


16 M334 III.2 


Solutions 


І, Page 106, Exercise 1. 
We can write T = TI for any isometry T, where I is the identity mapping. In 
the case when T is itself a translation this expresses T in standard form, as I 
is an orthogonal transformation. Using Theorem III.2.1 we have 


T,(v) = (Is) (p) 


=y ; because Iv = v. 
T(p) 


Thus T,(v) has the same Euclidean coordinates as v; only the point of 
application has changed. In other words, T, (v) is parallel to v. 


2. Page 107, Exercise 5. 


The attitude matrix of the e frame is 


2 2 Д. 

3 3 3 

oy ЕЮ Oe 
A= [73 3 3 
d. 2 2 

3 3 3 


and the attitude matrix of the f frame is 
=e 
V2 

B= 0 1 0 
m 
V2 


By the argument at the end of the text on page 106 we must have that 


СЕЕ д 
V2 J2| | 3 3 3 
NL ES _2 1 2 
С = ВА =| 0 1 0 3 3 3 
Ao gei и 
NL. /?| | 3 3 3 
PNE ENS 
V? J/2 
{2 1i 2 
“| 3 3 3 
(ae. A, A 
3/2 3/2 3/2 
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апа Т is the translation through 


0 
q- C(p) = 1 
0 
3 
4 
=| “3 
_ 2y2 
3 
1 
м ||" 
2 
3 n 
1 
-ga \» 


for all points r = (гу, ra, гз) of ЕЗ. 


Let us check that F really does carry the e frame into the f frame; that is, 
Е, (є) = fig for i= 1, 2, 3; that is, F(p) = q and Ce; = f; fori = 1, 2, 3. 


чв 


br 
Гарч 
"2 
— 
Ш 
i 
B. о 
N 
+ 
I 
|- Go| no 
|> Co] 
4) оо[м Sl- 
"S N 
j 


E 
5 
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3 
—. -] = 4. 
1 
tI 95 д \/2 ER 
2 J/2113 v2 
za 1 2 2|. Е 
Cei- | 73 3 3 3 |= [0 |= 6 
1 41 1 BuU 
2 2 3/2]|3 V2 
m 1412 
з 0 vers : 
-=| -2 l 2 1 |. 
Co- 1-5 з 3 [58 |lp 
zd. (ES aub | 0 
2 2 2/43 
1 9» L\/i BR S 
J3 V2 \| 3 WE: 
2 1 2 PR E 
Ci 1-5 з з [||] 0 FF 
cole 4. c1. 44-2] dull 
3/2 3/2 3/2] \ 3 V2 
3. Page 106, Exercise 2. 


If F - T4A and С = ThB, where A, B аге the orthogonal parts of F and G, 
then, by the result of Exercise III.1.2, GF has orthogonal part BA. Hence, by 
Theorem III.2.1, if Ур is any tangent vector, 


(GF), (vp) E (BAv)Gr(py: 
The same theorem gives 
Е, (ур) = AVE(p) 
and, applied to the isometry G and the tangent vector F (Vp); 
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that is 


(G,F,)(vp) т (BAY) скр): 
Hence (GF),(Vp) = (С„Е„)(ур) for all tangent vectors vp, and so it 
follows that (GF), = G, Fy. 


By the result of Exercise Ш.1.3, F'! has orthogonal part A'!, and so 
Theorem III.2.1 gives 


(Е) (ур) = (AW) ра 


for апу tangent vector ур. We must show that this is the same as (F)! (ур). 
We know that 


F,(v,,) = (Av А 
ер) = (АУ) нү.) 
that is, F, acts on the vector part of vy by the orthogonal transformation A 
and on the point of application of vp by F. Thus (F,.) !, which is the inverse 


of F,, must act on the vector part of Ур Ьу A` and on the point of 
application of vp by F “1; that is, 


(Fa) = (AM) pay 
Consequently 
(F4) Mvp) = (F^), (vp) 
for all vp, and so (Е)! = (Е"!),. 
4. Page 107, Exercise 4(a). 
r is in the plane through p orthogonal to q if and only if 
(r - p)-q = 0. 
C preserves dot products so this happens if and only if 
(C(r - p))-C(q) = 0. 


Suppose T is translation by the vector a. 


C is linear, so 
C(r - р) = C(r) - C(p) 
= C(r) * a- (C(p) + a), 
= F(r) - F(p). 
Thus 
(C(r - p))-C(q) = (F (r) - F(p))-C(q), 


which is zero if and only if F(r) is in the plane through F(p) orthogonal to 
C(q). Hence F carries the plane through p orthogonal to q to the plane 
through F(p) orthogonal to C(q). 
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III.3 ORIENTATION 


Introduction 


This section continues from Section Ш.2, also tying in ideas from Unit M201 24, 
Orthogonal and Symmetric Transformations, Sections 2.2 to 2.4. You may recall 
from that unit that frames in E? are of two distinct types, known as left-handed and 
right-handed, distinguished by which hand “‘best fits" the frames. Moreover, ortho- 
gonal transformations of E? also fall into two distinct sets: there are the proper 
rotations (that is, those transformations physically realizable in 3-space as a rotation 
about an axis) and the improper rotations (that is, those transformations which are 
not realizable as an actual movement in 3-space because they consist of a proper 
rotation followed by a reflection). It turns out that proper rotations preserve the 
*handedness" of frames, whereas improper rotations interchange left-handed and 
right-handed frames, and that the corresponding matrices have determinant *1 for a 
proper rotation and - 1 for an improper rotation. 


In this section we give а more mathematical definition of “right-handed” and “‘left- 
handed" and classify all isometries of E? (not just orthogonal transformations) in 
terms of their effect upon frames. We are able to state and prove the results quite 
precisely, in a form that makes them suitable for use in proving the important 
theorems of Section III.5. 


READ: Sections IIL.3 (pages 107-110). 


Comment 


(1) Page 107: Remark 3.1 
(1) In this case the attitude matrix is I, and det I= +1. 


(2) Since єз is a unit vector orthogonal to both е, and е», it must be 
either е,Хе, or - (е Хе). By the result of Exercise II.1.4(d), 
ej*€; X ез=ез+(е, Хе), which is +1 if e37 e; X ej,- 1 if e3= - (e1 X ез). 


(3) This is a restatement of part of Lemma II.1.A, on Text, Part II, 
page 7. 


Supplementary Comments 


(i) Page 110: the determinant Remember that a formal expansion of 


yields 


(v2w3 - V3W2)e1 + (узу – угз )е + (ViW2 - Угм )ез. 
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(ii) Page 110: proof of Lemma 3.5 If the frame is negatively oriented, the 
е; component of v X wis 


уле» x W3€3 + узез X W2e2 = (vawa n V3W2)e2 X ез 
= (vaws - vaw5)(- ei); by Remark 3.1(3), 
= € (ууз - Vawa)ei 


because є = - 1 when the frame is negatively oriented. 
(iii) ^ Page 110: end of proof of Theorem 3.6 
е, ез ез 
Е, (у) X Е, (м) = elvi уз val, by Lemma III.3.5, 
Wi М W3 


= € ((vawa- v3w2)e; +...) 
= e ((vaws - vaw3)F ,(Ui(p)) +...) 
= € (Fi((vawa- vaw3)U4(p) +...)), because F, is 


linear, 


U,(p О,(р) Us(p) 


=€ F, V1 V2 V3 
Wi w2 W3 
=e F,(v X w), by the definition 
of cross product, 
and | 
E= eye; X єз = F4(Ui(p) F.(Us(p)) X Е,(Оз(р)) 
= (sgn F)U,(p)-U2(p) X Us(p), by Lemma III.3.2, 
= sgn F, because the frame 
Ui(p), U2(p), 
U3(p) is posi- 
tively oriented. 
Summary 
Notation 
sgn F Page 108, line 8 
Definitions 
(1) Positively oriented } | Page 107, line -17 
Right-handed 


(1) Negatively oriented } 


Left-handed Page 107, line -16 
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(iii) 
(iv) 
(v) 


Results 
(i) 

(i) 
(iii) 

(iv) 


(v) 
(vi) 


Sign of an isometry, sgn F 
Orientation-preserving 


Orientation-reversing 


The natural frame field is positively oriented. 


The frame е, ез, ез is positively oriented if and 
only if e; X ез = ез. 


Frenet frames are positively oriented. 
If e,, e, €3 is a positively oriented frame, 
ei = еј X ek 5 -ek X ei 
for (i, j, К) = (1, 2, 3) or (2, 3, 1) or (3, 1, 2). 
Е, (ei) F,(e2) X Ех (ез) = sgn Ее; е X ез. 


The coordinates of tangent vectors in terms of a 
positively oriented frame give the expected for- 
mula for the cross product; if the frame is nega- 
tively oriented the usual formula must be multi- 
plied by - 1. 


(vii) Orientation-preserving isometries preserve cross 
products; orientation-reversing isometries change 
their sign: 

Е (у X м) =sgn F F,(v) X F,(w). 

Techniques 


Distinguishing positively and negatively oriented 
frames. 


Finding the sign of an isometry 


Finding the effect of an isometry on a cross pro- 
duct, using Result (vii). 


Exercises 


Technique (i) 


l. 


M334 III.3 
Page 108, line 6 
Page 109, Definition 3.3 
Page 109, Definition 3.3 


Page 107, Remark 3.1(1) . 


Page 107, Remark 3.1(2) 
Page 107, Remark 3.1(2) 


Page 107, Remark 3.1(3) 
Page 108, Lemma 3.2 


Page 110, Lemma 3.5 


Page 110, Theorem 3.6 


Page 107, lines -17, -16 
Page 108, lines 6 to 8 


Page 110, Theorem 3.6 


Find the orientation of each of the frames in Exercise III.2.5 on page 107. 


Technique (ii) 


2. 


Find the sign of the isometry in Exercise Ш.2.5 and check that Lemma 


III.3.2 is satisfied. 


Technique (їй) 


3. 


Page 111, Exercise 3. 
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Theory Exercises (omit if short of time) 


4. Page 111, Exercise 1. (HINT: Use the result of Exercise III.1.2.) 
5. Page 111, Exercise 2. 


Solutions 
]. The attitude matrix of the e frame is 
2 2 1 
3 9 3 
2 1 2 
3 3 3 ? 
1 2 2 
3 3 3 


whose determinant is 


Зв) (5/5) 888-23) 


= 35-0202 + 4) + 2(2 +4) + (4- 1)) 


= 1, 


so the е frame is positively oriented. Alternatively (and more simply) 
E S = (2.2 - 1.1, 1-2- 2.2, 2.1 - 2.(-2)) 
= (53, -6, 6) = e; 
and so the e frame is positively oriented by Remark 3.1(2). Similarly, 


fix f= 77 (0.0 - 1.1, 1.0 1.0, 1.1- 0.0) 


and so the f frame is negatively oriented. 


2. Lemma III.3.2 is satisfied if Е, (е):Е, (е) X F,(e3) = sgn F ej-e; X ез. We 
found in the previous section that 


EN 0 T 
V2 V2 
E 1 2 
С=|-3 3 3 
юэ ж. EUR 
3/2 3/5 "3/2 
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= l|1. 1 2,4 _1 | 2._4_ 1.1 
sgn F = det C= 7513" -372 - 3 82 но+ ETT. 332 
1 
= 4061-8-81) =-1 


Since sgn Е = - 1, Lemma III.3.2 predicts that the e frame and the F(e) frame 
(that is the f frame) have opposite orientations: we have already shown that 
this is the case in the previous exercise. 


3. Page 111, Exercise 3. 
© We want to show that C4(v X м) =sgn C Cy (у) X C,(w). 
у= (3, 1, -1) 
м = (-8, -3, 1) 
so 
vX м= (1- 3,3- 3,-9 + 3) = (-2,0, -6). 


C is its own orthogonal part, so C, is represented by the same matrix as С. 


B 2 d | 
-3 3 3 3 1 
2 1 2 
co-.|2 i 2 id=} 5 
1 2 2 _ 
з 3 3 1 1 
2 2 _1\/5\ [1 
3 3 3 3 
2 1 2 Е 11 
С„(м) = 3 ET ^9 -3 — Ug 
1 2 2 1 cum 
2 2 _1\ |» 10 
3 3 3 3 
2 1 2 Е 8 
С, (УХ м)= 3 3 -7 0 | = z 
1 2 2016] |14 
3 3 3 3 
111-7 
С„(у) X C,.(w) = ( 1, 3, 1) He. 4 
10 8 14 
ix | EX 9 EN =-С„(у X w) 


so the formula is checked if sgn C = - 1. 
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However, 


Е -.21112 , 22],2| 2.1. 2.2| 1022 _ 1.1 
Mur eens 1:238) 24 3.) 132 1. 


= ga (-2(2 + 4) + 2(-2 - 4)- (4- 1)) 


=-] 
and so the formula is checked. 
4. Page 111, Exercise 1. 


Let F = Т.А, G = TpB. Then, by the result of Exercise Ш.1.2, FG has ortho- 
gonal part AB. Hence 


sgn (FG) = det (AB), by definition, 
= (det A) (det B) 
= (sgn F)(sgn G), by definition of sgn F, sgn С. 
Similarly 
sgn (GF) - (sgn G)(sgn F) 
= (sgn F)(sgn С). 
Putting С = F"!, gives 
sgn (FF!) = (sgn F)(sgn F`”). 
But FF"! = І, the identity mapping, and so 
(sgn F)(sgn F`!) = sgn I= +1: 


therefore 
1 
Tees 
sgn F sgn F 
= sgn F, because sgn F = +1. 
5. Page 111, Exercise 2. 


Let С be an orientation-reversing isometry of E?. We want to express G as 
HoF, so we define F to be Hg 'G. Then certainly 


НОЕ = Но Ho 'G=G 


and so all that remains to be shown is that F is orientation-preserving. Now, 
by the result of the previous exercise, 


sgn С = sgn(HoF) = (sgn Ho)(sgn F). 
Here G and Hg are both orientation-reversing, and so 
sgn G = sen Hg = - 1; 


hence sgn F = +1 and so F is orientation-preserving. 
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Ш.4 EUCLIDEAN GEOMETRY 


Introduction 


This section depends on Sections Ш.1 -III.3 and Section II.3. Now we are able to 
use the ideas and results of Sections III.1 - III.3 to begin to define what we mean by 
“the same, but for position in space, as...”. Loosely speaking, we are going to 
declare two “objects” in E? (for example, curves or vector fields) to be “the same 
but for position in space" if there is an isometry carrying one into the other. In 
order that this definition agree with our intuitive ideas of “sameness”, two con- 
ditions must hold: (a) the relation “is the same, but for position in space as" must 
be an equivalence relation (any sensible definition of ‘“‘same” must lead to an 
equivalence relation); (b) any properties of the objects concerned that we regard as 
essential, such as the curvature of a curve, the derivative of a vector field, must be 
preserved by isometries, so that objects which are “the same" have the same 
essential properties. Condition (a) is easily checked: the relation is transitive because 
the composite of isometries is itself an isometry (Lemma III.1.3); it is reflexive 
because I is an isometry; it is symmetric because each isometry has an inverse iso- 
metry (Comment (i) on Section III.1). Condition (b) is the concern of this section, 
where it is shown that isometries preserve derivatives of vector fields on curves and 
the Frenet apparatus of unit-speed curves. 


READ: Section Ш.4 (pages 112-115). 


Additional Text 


(1) Arbitrary-Speed Curves and Isometries While it is true that any mapping 

F preserves the velocity of a curve a in the sense that 
Fala’) = (F(a)) 

(Theorem I.7.8), the speed of a curve is not generally preserved, because 
llo || and ||(F (aæ))'|| are not necessarily the same. However, in the case where 
F is an isometry an argument similar to that given at the beginning of the 
proof of Theorem 4.2 shows that F does preserve speed: F preserves norms, 
as noted on page 105, and so 


vq) = IE) 
= [Fl 
lel 


Va: 


We have shown that a and F(a) have the same speed if F is an isometry. The 
following exercise shows that they have the same curvature, and plus-or- 


minus the same torsion. 


1. Let а be an arbitrary-speed regular curve in E?, F an isometry of Е?, 
В = F(a), and & a unitspeed reparametrization of œ, where a = a(s). 
Prove that Kg = Kg and т, = sgn F rg. (HINT: Use the above result to 
prove that 8 = F(@) is a unit-speed reparametrization of f in the sense of 
Theorem II.2.1, and then use Theorem III.4.2.) 
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Supplementary Comments 
(i) Page 113: second half As usual we are writing F = TC and C = (cij). 


(ii) Page 114: fourth line of proof T and T are defined by T=f', 
T 70. so the result follows using the fact that 8' - (Е(В)) = Е„(@') by 
Theorem I.7.8. 


(iii) ^ Page 1 14: seventh line of proof к and К are defined by к= Ile" |, 
к= la" ||; p "= F,.(6") by Corollary III.4.1; IF. (6")] = le" l because 
F, preserves norms. 


(iv) Page 114: eleventh line of proof (F,(8^))/k = F,(8" Jk) because F, 


is a linear transformation at each point. 


Summary 


Results 
(1) Isometries preserve derivatives of vector fields on 
curves: (F,(Y))’ = F,(Y’). 


In particular, isometries preserve acceleration. Page 113, Corollary 4.1 


(ii) Isometries preserve the speed of curves. Text, Page 26 


(iii) ^ Isometries preserve the Frenet apparatus of unit- 
speed curves, except that orientation-reversing iso- 
metries change the sign of the torsion and reverse 
the direction of the binormal: 


K=K T= F,(T) 
Т= рп Ет N= F,(N) 
B = sgn ЕЕ, (В) Page 114, Theorem 4.2 


(iv) А similar result for arbitrary-speed curves: if 
B = F(a), then Kg = Ка and Tg = sen Ет. Text, Page 26 


Techniques 
(i) Applying Result (i) to find the derivatives of vector 
fields of the form F,(Y) on a curve F(a). Page 113, Corollary 4.1 


(ii) Using Result (iii) to find the Frenet apparatus of 
curves of the form F(a). Page 114, Theorem 4.2 
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Exercises 


Technique (1) 


2. Page 115, Exercise 2. (Remember that, because С is orthogonal, C, has the 
same matrix as C.) 


Technique (ii) 


3. Page 115, Exercise 1. 


Solutions 


1. We have seen that œ and f have the same speed, and consequently a and f 
have the same arc-length function s. Now 


B (s) = (Е(а))(5) = F(a (5)) = F(a) = 8 


and so В is a unit-speed reparametrization of f in the sense of Theorem 
IL2.1. 


Hence 

Kg = Kg(s) Tg = ais) 
by the definition of the curvature and torsion of an arbitrary-speed curve. 
Similarly 

Ka = Ka (s) Ta = Ta (5). 


However, & is unit-speed and ĝ =F(&) and so Theorem III.4.2. gives 


KB ка ig sen F Top 
Hence 
кв = Ka(s) = Kos) = Ky 
and 
797 т\з) = sgn F rg (s) = sgn F Тү. 
2. Page 115, Exercise 2. 
-1 0 0 cost 
1 1 


-cost 
Ре 
= garint - 2t) 
—(sint + 2t) 


1/2 
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Y(t) - C,(Y(t): since C is itself an orthogonal transformation C, has the 
same matrix as C and so 


1 0 0 t 
c,v()s| o -+ -ll 1-2 
(YW) J3 -A t 
1 1 2 
0 V2 V2 l+t 
-t 
=| -y2t? 
/2 
That is, | 
Y(t) = (-t, -\//21?, V2). 
Thus 
Y'(t) = (- 1, -2/2t, 0). 
Now 
Y'(t) = (1, -2t, 2t) 
and so 
1 0 0 1 
C.(Y'() = 1 1 
«(Y (0) = | 0 Js ya -2t 
blo wh 
0 J2 J2 2t 
-1 
= | -2/2t 
0 


Thus Y'(t) = C,(Y '(%)) for all t, and so Y' = С„(Ү”). 
a'(t) = (sint, cost, 2), 
a" (t) = (-cos t, -sin t, 0) 
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so 
-1 0 0 -cost 
Cee") =| 0 yz ӯ || "sint 
^ vs ve[| " 
cost 
- -75 sin 1 
= уви 
whereas 


a (t) = [in t, 7g cos t2), 300s t + 2) 


sint sin j 


a" (t) = = у= V2? = J2 
and so C, (o (t)) = @ (t) for all t; that is, C, (o^) = a". 
We have already computed Y', а", Y', à : from this we see that 
(Y'-a")(t) = (1, -2t, 2t)-(-cos t, -sin t, 0) 


=-cost + 2tsint 


-sint -sint 


Ve? 8 


(Y'-a")(t) = (- 1, -2/2t, 0)-|cos t, 


= —cost + 2t sint 
so 


Y'a n = Y'a". 


Page 115, Exercise 1. 


Since В has unit speed, Т = 8’, and so if f is a cylindrical helix then there is a 
constant unit vector u and a constant angle 9 such 6'-и = cos 9. Let 
u = F,(u). Then 


[fall = Е) = [full = 1 
and so Ñ is a constant unit vector. Moreover, F(f) also has unit speed ; that is, 
T = F(0)', and so 


T-u = (F(f))-u 
= (F(6))'-F.(u) 
= F,(6’)-F,(u), by Theorem I.7.8, 
= f'-u, because F „preserves dot products, 
= cos 9, 


and so F(f)) is also a cylindrical helix. 
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(b) 


Let ЕЙ) denote the spherical image of F(8), T the unit tangent vector field 
on F(f). Then F(6) is the curve whose points have coordinates given by T, 
while P is the curve whose points have coordinates given by T. In other 
words 


T(t) =B (tpfe) and T(t) = F(Ó(9r(e(o)- 


Omitting the t: 


т= в and Т = (В) ғ). 
By Theorem III.4.2, T = Е, (Т) 
and so F(B) F(p) = F (8g). 
Since F = TC, Theorem III.2.1 tells us that 
F (Bg) = C(8)r(g) 
and so 
F(5) F) = CEF) 


and so 
Cu 


F(8) = CB). 
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Ш.5 CONGRUENCE OF CURVES 


Introduction 


At last we reach the definition of congruence of curves promised in Section III.1 
This is the definition suggested in Section Ш.4 and, as the remarks there show, 
congruence is in fact an equivalence relation. Results from all the earlier sections of 
Chapter III are used to prove the main theorem that unit-speed curves are congruent 
if and only if their curvatures are the same and their torsions differ at most in sign. 
Using the definitions of Section II.4 we can widen this theorem to include arbitrary- 
speed regular curves. Finally we generalize the main theorem to non-Frenet frame 
fields, using the ideas of Section IL6. This last theorem (Theorem 11.5.7) is less 
important now but will be needed in Chapter VI: you are not expected to remember 
its details. 


Some of the proofs in this section are a little long and technical. Try to work 
through them, but if you get bogged down make sure that you at least understand 
the statements of the theorems: they are the whole purpose of this chapter. 


READ: Section III.5 (pages 116-121). 


Comments 


(i) Pages 117-118: proof of Theorem 5.3 Notice the structure of the 
proof. If F is to carry o to f then certainly F(a(t)) = (t) for all t, so our first 
requirement is that Е(о (0)) = (0). Secondly, we know from Theorem 
Ш.4.2 that F, must take the Frenet frame of a at a (0) to the Frenet of f at 
B(0), reversing the direction of the binormal if Tg =-тр, so we require that 
F, have this effect on To(0), № (0), Bg (0). These two conditions specify F 
uniquely, so the final stage is to check that F(a ) is actually equal to f. 


Notice also the beauty and economy of the last stage of the proof. We know 
that T-T<1 because 


T-T = [fT {т{ cos 9, 


where 9 is the angle between T and T, and cos 9 = 1 if and only if д is a 
multiple of 27, that is if and only if T and T are equal. Thus we can show 
that T = T by showing that T-T is always 1. However, because the same 
remarks apply to N and N, B and B, we can show that all three pairs are 
equal by the single step of showing that 


ғ= Т-Т + М.М + В.В = 3. 
This is shown by a technique we have noted before, that of proving Ғ = 0 to 


show f is constant and noting the (0) has the correct value. 


(ii) Page 119: Corollary 5.5 When O'Neil uses the word "helix" 
unqualified, he means not a general cylindrical helix, but a circular helix, 
that is a cylindrical helix whose cross-section curve is (part of) a circle (see 
Exercises П.4.8 and II.4.10), as he remarks in Example 1.4.2(2). An equiva- 
lent definition of circular helix is as a curve congruent to a reparametrization 
of the helix 


t к—э (a cost, a sin t, bt) 


given in Example 1.4.2(2), and it is this definition O'Neill uses in the proof 
here. 
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Supplementary Comments 


(i) 


(à) 


(iii) 


(iv) 


(v) 


Page 117: line -9 F is orientation-preserving because it carries one 
Frenet frame into another, and Frenet frames are always positively oriented. 


Page 117: line -2 


K = ко by Theorem III.4.2, 
= Kg, by the hypotheses of the theorem. 


Page 119: Example 5.4 The “a” used here is simply a shorthand for 
14/2 =-1/c: it is not the same “а” as in Example 11.3.3. 


Page 120: first two lines of proof à and f must be based at the same 
value of t so that a and f have the same arc-length function s, for if à is 
based at t, and В at t; then 


t 
sa (t) -f va (u)du 


ty 


t 
= \ vg(u)du, because vy = Ye 
1 


tz t 
| vg(u)du * | vg(u)du 
1 2 
= sot sg(t), 
and the constant 50 is zero if and only if t, = t2. 


Page 121: Theorem 5.7, hypotheses (1) and (2) These are just natural 
extensions of the hypotheses in Corollary 5.6, for if (E;) and {Fj}.are the 
Frenet frame fields on a, f respectively then condition (1) becomes 
simply vy= vg and condition (2) becomes Ky = к p Ta 7g 


Page 121: lines 7; 8 of proof Since F carries the Е; frame at a (0) to the 
Е; frame at (0), the two left-hand equations are straightforward. For the 
other two: 


a Ej = (F(a))'-F,(E;), by definition, 


= Е,(о')-Е,(Е;), because F , preserves velocities, 
=a'-Ej, because F , preserves dot products, 
= p'-Fi, by hypothesis (1); 


also 


ЕЕ; = (Е „(Е;))'-Е „(Е,), by definition, 


=F x (Ei) FA(E;), because F, preserves derivatives of 
vector fields, 


= Ej -Ej, because F , preserves dot products, 


= Е-Е, by hypothesis (2). 
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(vii) Раве 121: a 9 of eer Since {Ej} is a frame, Е; has an orthonormal 
expansion => ajE jp where ај = Е; Ej (theorem 11.1.5). Similarly, 
F;-Z a where bij = Fi "Fj. We have just shown that Fi түт Ej'-E Ej, so 
bij = ajj and we can write Е; = zat 
(viii) Page 121: lines 10, 11 of proof ЕРЕ; = bij => (Ej-E;)' =0 
=> Ej -Ej + Ej-Ej’ = 0==> aij + aji = 0 
(ix) Page 121: line 13 of proof 
f = (Ej -Fj + ЕЕ) 
i 
E (aijEj-Fi + ajiEj-Fi) 
xx (aij + aj) Ej F; 
(x) Page 121: line 14 of proof For i= 1, 2, 3, since E;(t) and F;(t) are unit 
vectors, E:(t)-F;(t) € 1 with equality if and only if E;(t) and Fj(t) are equal. 
Thus f(t) = È E;(t)-F;(t) < 3 with equality if and only if each E;(t) is equal 
to the corresponding Fi(t). We have shown that Ё is the zero ЕХ 50 Ё 
itself is a constant function. However, (0) = 3 (because Е;(0) = Е;(0) for 
each i) and so f(t) = 3 for all t, that is E;(t) is equal to F;(t) for all t. 
Summary 
Definitions 
(i) Congruent curves Page 116, Definition 5.1 
(ii) Parallel curves Page 116, line - 1 
Results 


(i) 


If a'(s) and f'(s) are parallel for each s, а and в are 
parallel. 


If а and f) are parallel and «(5 ) = B(s 50) for some 
Sg then a = $. 


Unit-speed curves &, аге congruent if and only if 
Ky" Ка and ту = Ets 


B 


Arbitrary-speed regular curves o, 8 are congruent if 
and only if 


Ky 7 Kg Ty = t Te. 
Se В 


Va = vg 


Page 117, Lemma 5.2 


Page 117, Lemma 5.2 
Page 117, Theorem 5.3 and 


Page 114, Theorem 4.2 


Page 120, Corollary 5.6 and 
Text, page 26 © 
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(у) If a, В are arbitrary curves and (Ej), {Fj} are 
frame fields on each such that 


a’ -Ei = BF; 

and Ej -E; =: F;-Fi, 

then a and f are congruent. Page 121, Theorem 5.7 
Techniques 
(i) Recognition of congruent curves. Page 116, Definition 5.1 
(ii) Finding an isometry establishing the congruence of 

two curves. Page 117, proof of 

Theorem 5.3 

Exercises 
Techniques (i) and (й) 
1. Page 122, Exercise 6. 
Theory Exercise 


2. Page 122, Exercise 5. 


Solutions 


1. Page 122, Exercise 6. 
a(t) = 0/25, t?, 0) 
a’ (t) = 0/2, 2t, 0) 
valt) =/2(1 + 212)? 
o" (t) = (0, 2, 0) 
We use the formulas of Theorem II.4.3. 
o' (t) X a" (t) = (0,0, 2/2) 


di 2/2 1 
a’"(t)=0 so T(t) = 0. 
b(t) = Ct, t, t?) 
B'(t) = (1, 1, 2t) 
vg(t) = (2 + 42)? = 4/2(1 + 202} = valt) 
B"(t) = (0, 0, 2) 
B'(t) x B” (t) = (2, 2, 0) 


LN? l 
2/20 4206 (1+ 202) Kalt). 


В'"()=0 so g(t) = 0 = Talt). 


K a(t) = 
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Thus œ and f have the same speed, curvature and torsion and so they are 
congruent. | 


a'(0)=(/2,0,0) so Tg(0)=(1, 0, 0); 

o' (0) X a" (0) = (0, 0, 2/2) so Bg(0) = (0, 0, 1); 
№(0) = Bo(0) X T&(0) = (0, 1, 0): 

8'(0)=(-1,1,0) so Tg(0) = [vm Jm jj 

B'(0) x 8(0) = (2,2,0) so Bg(0) Us J o} 
Ng(0) = Bg(0) X Tg(0) = (0, 0, 1). 


Since Ty = Tg we want to find the isometry F carrying the a Frenet frame to 
the В Frenet frame: such an isometry has orthogonal part with matrix 


1 1 1 1 
72 0 WE 1 0 0 72 0 72 
=| d. ка d. 
0 1 0 0 0 1 0 1 0 
transpose of attitude | attitude matrix of & 
matrix of p frame frame 


Since a(0) = (0) = 0, C(a(0)) = B(0) and so the translation part of the F is 
just the identity. 


Checking: 


"Js 0 Jz 2t -t 
-l. ы. 
V2 /2 


Alternatively, since Tg =-7Tg also, we could choose F to take the a Frenet 
frame to the frame Tg(0), Ng(0), - Bg(0). This gives 


and again the translation part of F is the identity. 
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2. 


Page 122, Exercise 5. 


If o and В are congruent, then Kqg=Kg=K and Ty=+7g=T. Suppose F 
is an isometry such that F(a) = f. Then, as noted in the Additional Text (1), 


we must have 
F(o(0)) = 8(0) 
F,(To(0)) = Tg(0) 
F4(No(0)) = Ng(0) 
F,(Bo(0)) = sgn F Bg(O)  (*) 
by Theorem III.4.2. This theorem also tells us that 


Tg = sgn F то. 
If т5 0, this equation tells us that sgn F=1 if Ty 7 Tg. sgn F 7 - 1 if 
Ty = -Tg. Thus the four equations (*) determine the isometry F uniquely, 
and the proof of Theorem Ш.5.3 shows that in fact F(a) = f. 


If r= 0 then there is no constraint on sgn F, so we can have sgn Е = 1 or 
sgn F 7-1. In each of these two cases the equations (*) give a unique iso- 
metry F. Moreover, since тұ =Tg and Tg = e the proof of 
Theorem III.5.3 shows that both of these isometries satisfy F(a) = f. 
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FURTHER EXERCISES AND SOLUTIONS 


Section III.1 


Technique Exercises 


Page 103, Exercises 5(b), (c). 


Solutions 


5(b). 


5(c). 


(52, -5, 4/2) 
(-/2, 1, 5/2). 


Section III.2 


Technique Exercise 


Page 107, Exercise 4(b). (HINT: (0, 1, 0) has the same length as (1, 0, -1)A/2.) 


Other Recommended Exercise 


Page 106, Exercise 3. This proves the result given at the end of page 106 in an 
alternative way. 


Solutions 


4(b). 


There are many possible solutions, each of which is obtained by putting a 
particular value of 9 in the following. 


sin 0 1 cos 9 


C= cos 9 0 sin 3 


sin 3 cos 3 


м? Ur 2 V2 
and T is translation through 


sin 2, 1 cos 9 1 sin 3 1 


MI Уг 009079 В 


The translation part of F carries C(0) = 0 to p, so is Tp- 


1+ zac 


The orthogonal part Bt F carries U;(0) to ej, so has the coordinates of the ej 
as its columns, so it is tA. 


M334 Ш 39 


3(b) The e-frame at р is taken to the natural frame at 0 by 
“1)-1 = -= 
(ТРА! = АТ! = ТА(-р)А. 
The natural frame at 0 is taken to the f-frame at q by TgB". 
(TgB"')(T A(-p p^ takes the e-frame at p to the f-frame at q and has ortho- 
Zonal part B'A 
Section Ш.3 


Recommended Exercises 


Page 111, Exercise 4. This shows that orthogonal transformations with determinant 
+1 can be realized as rotations of E?. 


Page 111, Exercise 6. Some more group theory. 


Page 111, Exercise 7. This looks at isometries of E! and E?, which are defined. in 
the obvious way. 


Solutions 


4. 


Put e3 = (p/ |Р). Choose е, апа е, to be orthogonal unit vectors spanning 
the subspace of E? orthogonal to ез. ce) i is also orthogonal to ез and has 
unit length, so 


C(e,) = cos 9 e, + sin 9 e; 
for some 9. If 
C(e;) = sin 9 е; – cos 9 е», 
replace 9 and e; by their negatives. 
For both parts: det (AB) = det A det B 
det A`! = (det A)! 


det I= +1. 
Е!: F(x) ex ta 
cos 3 € sin 3 
Е?: Е=ТС,С= 
-sin 9 € cos $ 


In each case, orientation-preserving if € = +1. 


Section III.4 


Technique Exercise 


Page 116, Exercise 3. 
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Solution 


3. 


3 4 

5 5 

x 4 3 
5 5 


Section III.5 


Technique Exercises 


Page 122, Exercises 2,4. (HINT for Exercise 2: The Frenet apparatus is not needed 
— look for an isometry first.) | 


Other Recommended Exercises 


Page 121, Exercise 1. This gives another characterization of congruence of curves. ` 
Page 122, Exercise 3. This uses Theorem III.5.7 and the connection forms. 


Page 122, Exercise 11. This proves a theorem equivalent to Theorem 1.4.2 and 
Theorem Ш.5.3 for curves in the plane. 
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Solutions 


2. There are eight possible solutions. Each of є, 6, n may be +1 in the follow- 
ing. 


y(t) = (e3 2t, 5312, m/2t?) 


€ 0 E 
\/2 V2 
F= 0 ô 0 


4 k-Lr--i 
a=2,b=2 
F= 1 0 0 
1. If F = TyC, where C(u;) = ej, then F(a) = f. 


3. The frame field on а is {E;(a)}, that on f is {Е;(8)). 
a! -E; (a) = 6;(a’). 
(Ej(@))'-Ej(@) = (Vo'Ei)-Ej(o) = cij(o'). 
11. If: let F be the isometry taking 
a(0) to B(0) 
То(0) to Tg(0) 
№(0) to eNg(0) where Kg = Kg. 
Follow the proof of Theorem III.5.3. 
Only if: follow the proof of Theorem III.4.2. 
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Set Book 
Barrett O’Neill: Elementary Differential Geometry (Academic Press, 1966). It is 


essential to have this book: the course is based on it and will not make sense without ` 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). m 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). | 
M. Spivak: Calculus, paperback edition (W.A. Benjamin/ Addison-Wesley, 1973). 
R.C. Smith and P. Smith: Mechanics, SI Edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 


Unreferenced pages and sections denote the set book. Otherwise 
O'Neill denotes the set book; 
Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, К.С. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by К.С. Smith and P.Smith. 


Reference to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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INTRODUCTION 


This chapter uses the differential and vector calculus developed in Sections I.1 to 
II.1. 


It introduces the second major theme of this course, surfaces. The surfaces in which 
we shall be interested are subsets of E? that locally look like some open region of 
E?. You have already met some of these, such as planes, spheres and cylinders. 


After discussing several ways of describing a surface we extend the definitions of 
tangent vector, differential form and mapping to apply to them. 


Finally we use differential forms to describe orientability of a surface. 
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IV.1 SURFACES IN E? 


Introduction 


This section follows on from Sections 1.2, I.4, 1.5, I.7 and П.1. 


We shall be using implicitly defined curves in the plane. You first met these in 
Section 1.4. Typical examples are: = 


(a) С,:у- х? = 0 (b) С: х? +у2 = 1 


In general a curve is defined as a subset С: р = с, where р is a differentiable function 
and c is a constant. We shall always assume that, for each point (xo, yo) in C, either 
(де/дх) (xo, yo) = 0 or (dg/dy) (хо, yo) = 0, and that if C has more than one 
component then we are restricting attention to just one of them. With these restric- 
tions the only curves that we obtain are similar to С; and C5. 


(a) Given a curve like C, we can parametrize it by a regular differentiable 
function a from R to E? that is one-to-one and whose inverse map о! from 
C, to R is continuous. In our example of C, such a parametrization is given 
by a(t) = (t, 12). This has inverse a`! (x, у) = х for points in C,. 


(b) Given a curve like C; we can parametrize it by a periodic regular differenti- 
able function В from R to E?. We can also demand that if we restrict 
attention to small enough open subsets of C, they will be the one-to-one 
images of small intervals of R and the inverse functions between these small 
subsets will be continuous. In our example of C; such a parametrization is 
given by f (t) = (cos t, sin t). A typical ‘local’ inverse for this function is given 
by f! (x, y) = cos! x for all those points p in C; with y(p) > 0. 


We shall need the implicit function theorem, a two dimensional form of which was 
dealt with in an appendix to Unit M231, Applications of the Derivative, Section 8. 


As an example of an implicitly defined curve in E? we can consider again the unit 
circle 


C: f(x, y) =x? ty? =1. 
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(x, у): x? ty? = 1) 


We can use the implicit function theorem to describe the local behaviour of this 
curve. The implicit function theorem states: 


Theorem IV.1.A 


If the point (xo, yo) belongs to C and if (д#/ду) (xo, yo) #0 then there exists: 
(1) a neighbourhood U of хе in the real line; 
(ii) a unique differentiable function g : U——>R; and 


(iii) a neighbourhood N of (Xo, yo) in the plane; such that 
NOC= {(t, g(t)) : t€ U}. 


8(хо) (хо, Yo) 


NnC 


That is, locally the curve C can be described as the graph of a mapping g : U—>R. 
Similarly we can describe C equally well in terms of y near (xo, yo) if 


(дї/дх) (xo, уо) # 0. 


8 M334 IV.1 


In our example, if хо = 1 we can choose for U the open interval (4,2) and then g is 


the function 
1 

g:tr—>(1- t?)?. 

For a suitably chosen N we have that 
1. 

NNC= {(t, (1-12)2):45<1<4); 
that is, N N Cis the graph of g. 
In this section we shall apply an extension of the implicit function theorem to 


implicitly defined subspaces of ЕЗ. For instance, near a point (Xo, уо, zo) on the 
unit sphere 


У: f(x, y, z) = х2 ty? +2? = 
for which 


(8f/0z) (хо, уо, zo) = 2zo 


is nonzero, the -sphere can be described as the graph of a function g, where 
g(x, у) =2=(1- x - yy. 


1 


(хо, уо, (1 - хо? Е yo?) 


(хо, Уо› 0) 


READ: Section IV.1 (pages 124 - 131). 


Comments 


(i) The plane E? When we use E?, or some open set D in E? , as the domain 
for a patch x we write u and v for the natural coordinate functions rather 
than x and y or x, and x5. Consequently when we want to refer to a variable 
point in E? we write (u, v), though strictly speaking this is the identity 
function from E? to itself. Whichever interpretation you adopt it is unlikely 
that any ambiguity will arise. When we have to use the partial derivatives of a 
function f whose domain is in E? we write them as 0f/du and ðf/ðv. 
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(ii) Page 124: Proper patches The conditions in the definition of a proper 
patch are there to rule out certain pathological possibilities. The condition 
that the mapping x is regular means that its derivative x, is one-to-one and 
hence no nonzero tangent vector is mapped to a zero tangent vector. Since 
derivatives preserve velocities, each curve with nonzero velocity will be 
mapped to another curve with nonzero velocity. As we saw in Section I.4 
this means that x does not introduce any kinks into the patch. The image of 
a patch cannot look like the following diagram. 


The condition that x is one-to-one rules out the possibility that the patch 
might intersect itself, as in the following diagram. 


The condition that x^! is continuous rules out the possibility that the patch 
might approach itself arbitrarily closely, as in the following diagram. 


10 
(iii) 
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Page 125: Definition 1.2 To prove that a subset of E? is not a surface 
we need to find only one point that does not have any neighbourhoods that 
are like smooth open discs. One way to do this is to look at the boundaries 
of suitably small neighbourhoods to see if they are like circles. For instance 
in the second example of Comment (ii) the boundary of a typical small 
neighbourhood of a point on the line of self-intersection is shown in the 
following diagram. 


We shall assume that our intuition does enable us to distinguish this from a 
circle. 


Page 129: Curves and surfaces The curves used in both Example 1.5 and 
Example 1.6 are defined implicitly. As in Section 1.4 this rules out the 
possibility that they may be of any of the following forms. 


(a) (b) (c) 


This in turn ensures that the surfaces derived from them, as in Examples 1.5 
and 1.6, are not pathological in any of the ways mentioned in Comment (ii). 
In fact the implicit function theorem discussed in the introduction proves 
that the above types of curve cannot occur. Curves (b) and (c) cannot be 
expressed locally as graphs and curve (a) cannot be expressed as the graph of 
a differentiable function. | 


When dealing with implicitly defined curves we shall always restrict ourselves 
to one component at a time. In Example 1.6 this enables us to assume that 
the curve is in the upper half plane. If we did not have this restriction we 
would have to consider curves like the following hyperbola. 


M334 IV.1 
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When this is revolved about the x axis the spaces traced out by the two 
components intersect and the result is not a surface. 


As mentioned in the introduction this restriction limits us to two types of 
curve. The following are typical examples. We can revolve them about any 
line that does not intersect them. 


у 


С, 


(b) С,:х?+у? = 


For curves like C, we shall use only one-to-one parametrizations and with 


curves like С, we shall use only periodic parametrizations. As usual all 
parametrizations of implicitly defined curves will be regular. 
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Supplementary Comments 


(i) Page 129: Example 1.6 Rotating about the x axis we keep the x co- 
ordinate fixed. 


(91, q2 cos v, qz sin v) 


Hence д» gives the radius of the circle that the point (q,, q2, 0) traces out as 
it is revolved. When it has been revolved through an angle v its new coordi- 
nates are (д1, 42 COS v, 42510 v). 

If the point. p = (pi, p2, p3) is revolved about the x axis, its x coordinate 
remains unchanged and its distance from the x axis remain unchanged. This 
distance is (р2 + p3)^. Hence when it has been swung round into the upper 
half of the xy plane it reaches the point p = (ру, (р? + pi? , 0). The point p 
is on the surface of revolution if and only if this point is on the original 
curve. So (pi, рг, pa) belongs to M if and only if f(p,, (р2 +.p3 y) = c. That 


is, М is given by М: g = c where g(x, у, 2) = f(x, (y? + 22 y^. 


How do we use the chain rule to prove that dg is never zero? Firstly, since g 
is a mapping from E? to R 


ав) = vial = 3. (slp *t9)| o7 Be) 


for any tangent vector v to E? at p. Similarly for any tangent vector w to E? 
at q then i : 


df(w) = f,(w), 
where f is a function from E? to R and the differential df is defined by 
analogy with the definition for mappings from E? to R. Now g is the com- 
posite mapping fo F where 


‚ Fa (pi, рг, Ps )) 


). 


F(pi; рг, рз) = (Е, (Pi> рг, Pa 


юе М.У 


= (pi, (Pf + p3) 
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Hence by the chain rule 
dg(v) = g«(v) = Ё„(Е„(у)) = df(F4(v)). 


Now the Jacobian matrix for F is 


дЕ, дЕ, дЕ, 1 0 0 
óx ду əz 

F,- | - 
дЕ, дЕ, OF, ó y 2. 
х ду dz (my (yz) 


Hence at points of M the mapping F, is onto, has rank 2, since either y orz 
is nonzero as M does not intersect the x axis. 


Assume dg is zero at p on M; then dg(v) = 0 for all vectors v tangent to M at 
p. Now if w is tangent vector to E? at F(p): then, since F, is onto, 


w = Е, (у) for some tangent vector v to E? at p. Hence 
df(w) = df(F,(v)) = dg(v) = 0, 
by assumption, and so df is zero at F(p). Now for mappings from E? to К 
the analogue of Corollary 1.5.5 gives 
PENES 
df = 3u du + 3v dv. 
Hence 0f/du and ðf/ðv are both zero at F(p). But 


1 
F(p) = (pi, (p? +рз^)*) 
is a point of the profile curve C and so by the definition of an implicitly 
defined curve ðf/ðu and дї/ду cannot both be zero. This contradiction 
tells us that our original assumption that dg was zero at p is false; dg is never 
zero on M. 


Summary 

Notation 

x Page 124, Definition 1.1 
M Page 125, Definition 1.2 
> Page 125, line -6 

M : z= f(x, y) Page 127, Example 1.3 
M:g=c Page 127, line - 11 
Definitions 

(i) Coordinate patch х: D—9E? . Page 124, Definition 1.1 
(ii) ^ Proper patch х: D—> E? Page 124, line -2 

(iii) ^ Surface M | Page 125, Definition 1.2 
(iv) Monge patch x(u, v) = (u, v, f(u, v)) Page 127, line 8 

(v) Simple surface M = x(D) . Page 127, line 11 

(vi) Graph of a function М: z = f(x, y) Page 127, Example 1.8 
(vii) Implicitly defined surface M : g = c Page 127, line -11 

(мш) Cylinder Page 129, Example 1.5 
(ix) Surface of revolution Page 129, Example 1.6 
(x) Parallel Page 130, line 8 

(xi) Meridian | | Page 130, line 9 
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Examples 


(i) Unit sphere У 

(ii) Hemispherical patches on the sphere, 
x(u, v) = (u, v, £(1-u?- v? y 

(iii) ^ Sphere 

(iv) Circular cylinder, 


M: x? +у2 =r? in ЕЗ 


Results 


(i) Graphs are surfaces. 


(ii) An implicitly defined subset M : g = cis a 
surface if the differential dg is never zero 
at any point of M. 


(iii) Cylinders are surfaces. 


(iv) Surfaces of revolution are surfaces. 


Techniques 


(i) Recognizing a (proper) patch. 


(ii) Determining whether subsets of E? are surfaces by 


looking for proper patches. 


(iii) ^ Recognizing that a subset of E? is a surface since 
it is a graph, a cylinder or a surface of revolution. 


(iv) Determining whether an implicitly defined subset 
of Е, M : g = c, is a surface by evaluating the 


differential dg. 


(v) Sketching surfaces. 


Exercises 


Technique (1) 


l. Page 132, Exercise 4. 


Techniques (11) and (їй) 
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Page 125, line - 3 


Page 126, line 7 
Page 128, line -2 


Page 129, line - 13 


Page 127, Example 1.3. 


Page 127, Theorem 1.4 
Page 129, Example 1.5 
Page 129, Example 1.6 


Page 124, Definition 1.1 (and 
Page 124, line -2) 


Page 125, Definition 1.2 


Page 127, Example 1.3, 
Page 129, Example 1.5, 
Page 129, Example 1.6 


Page 127, Theorem 1.4 


2. Page 131, Exercise 1. Deleting as few points as possible from each subset 


construct a surface. Explain why it is a surface. 
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Technique (tv) 


3. Page 132, Exercise 5. 


Technique (v) 


4. Page 132, Exercise 6. 


Solutions 


1. Page 132, Exercise 4. 


The Jacobian matrix for the mapping x = (ху, хз, хз) : E/—9E? is 


Ox, Ox, 
ju ðv 
OX, 0x, 
du ду 
0x3 0x3 

‘du ду 

(а) The Jacobian matrix is 

1 0 
v u 
0 1 


This always has rank 2 and so x is regular. 
Now if 
x(u, v) = x(u’, v’) 
then 
(u, uv, v) = (u’, u’ v’, v’) 
and so 


—,,!/ _ 
и=ц,у=у, 


Непсе х 15 опе-їо-опе. 


Since x is one-to-one and regular it is a patch. 


(b) The Jacobian matrix is 
2u 0 
3u? 0 
|o 1 


When и = 0 this matrix has rank 1. Hence x is not regular and so is 
not a patch. 
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(c) The Jacobian matrix is 
1 0 
2u 0 
0 1 + 3v? 


and since v? > 0 it has rank 2. Hence x is regular. 
Suppose x(u, v) = x(u’, v’). 
Then 
(u, u?, v +v?) = (u', u’, у + v). 
Hence 
u-u and (у-у) + (у –- уЗ) = 0. 


It follows that 


fy- v') (1 +(v? +уу' +у2)) = 0 


and hence 
ГА 


(v- v) (1 + (у ++)? +3 v2) = 0. 


[Д 
i у А : 
Since 1 + (v + 2). toy? > 0 it follows that у = v' also and hence x is 
one-to-one. Since x is one-to-one and regular it is a patch, 


(d) . If x(u, v) = x(u’, v) then 
cos 2Tu = cos ти’, sin2mu=sin2mu’ and v=v. 


These conditions are satisfied whenever и = u' + n, for any integer n, 
and v = v'. Hence the mapping is not one-to-one and x is not a patch. 


2. Page 131, Exercise 1. 
(a) We can write Mas М : g = 0, where g(x, y, 2) = z?-x?-y’. 
By Corollary 1.5.5 the differential of g is 
dg = -2x dx-2y dy + 2z dz 


and this is zero only at the origin. Hence, by Theorem IV.1.4, the 
cone minus its apex is a surface. 


Since the boundary of a small neighbourhood of the origin is two 
circles we cannot include the origin if we require a surface. 
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(b) 


(c) 
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Points not on the boundary of the closed disc have the same small 
neighbourhoods as if they were considered as points of the plane 
P:z=0. Since the differential dz is nonzero it follows from 
Theorem IV.1.4 that the disc minus its boundary is a surface. 


If we try to map a small open disc continuously to the closed disc in 
such a way that the centre of the open disc is mapped to a point on 
the boundary of the closed disc we find that we have to fold it over. 
Hence the map cannot be one-to-one and so the boundary points 
cannot be included in the surface. 


— —A 


== 


2. 


а 


The region М: xy = 0, x 2 0, у > 0 can be written as the union of two 
half planes M; : x = 0, y #0 апам, : y = 0, x > 0. For any point p, 
in the interior of either of these planes it is easy to find a rectangular 
coordinate patch. Thus the subset of M obtained by deleting the z 
axis is a surface. However, for any point p; on the z axis, the inter- 
section of these two half planes, it is impossible to find such a patch. 
Any neighbourhood of p; has a right angle bend in it and so no 
mapping x : D—>E? onto a neighbourhood of p; will be differenti- 
able and regular at p2. 
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3. Page 132, Exercise 5. 


(a) By Theorem IV.1.4, M : (x? + у?)? + 322 = 1 is a surface if dg is 
never zero on M, where g(x, y, z) = (x? + y?)? + 322. Now 


д д д 
dg = =~ dx + 2 dy + = dz, by Corollary 1.5.5, 
and hence 


dg = 2(x? + y?) 2x dx + 2(x? + y?) 2y dy + 6z dz 
7 4(x? * y?) (x dx * y dy) * 6z dz. 
Hence dg is zero only at the origin and since this is not a point of M 
it follows that M is a surface. 


(b) By Theorem IV.1.4, M : z(z- 2) + xy = c is a surface if dg is never 
zero on M, where g(x, y, z) = z(z - 2) + xy. 


Now 

dg-2(z- l)dz*xdy-*y dx 
and hence dg is zero only at the point (0, 0, 1). 
The point (0, 0, 1) belongs to M if and only if 


(z(z- 2) * xy) (0,0, 1) 2 c 
1(1- 2)+0.0=c 


c=-l. 


Hence M is a surface except possibly when c = - 1. 


When c = -1, the set M is given by М : z(z- 2) + xy = -1 or, on 
rearranging, M : (z- 1)? + xy = 0. A sketch of the set M near the 
point (0, 0, 1) shows that it is a ‘double’ cone. In Solution 2, above, 
we saw that this is not a surface. 


4. Page 132, Exercise 6. 
M :z= y? - Зух? 
The intersection of M with the xy plane is given by 


S:0=y? - 3yx?,z=0. 
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Now if 

0 = y? - Зух? 
then 

0 = (у? - 3x*)y 

= (y - V3x)(y */3x)y- 

The intersection consists of three lines in the xy plane. The lines are y = 0, 
y - /3x = 0 and y + y 3x = 0. 


These lines make angles of 5 with each other. 


у =\/3х 


As a corollary to the intermediate value theorem, we сап deduce that 
throughout each of the six resulting regions of the plane the function f(x, y) 
= y? - 3yx? is always positive or always negative. All we need to do is to 
evaluate f at one point of each region. The values are alternately positive and 
negative. Hence the surface M is alternately above and below the plane. This 
surface is illustrated in Figure 5.22 on page 205. 
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IV.2 PATCH COMPUTATIONS 


Introduction 


This section follows on directly from Section IV.1 and assumes familiarity with 
curves, dealt with in Section L.4, and the dot and cross product, dealt with in 
Section II.1. It is also useful to bear in mind the definition of the derivative of a 
mapping, given in Section I.7. 


Choosing patches enables us to describe surfaces in terms of regions of the plane E?. 
In this section we begin to see how we can use the geometry of E? to study surfaces. 


This section contains many important examples, which will be used again and again 
throughout the remainder of the course. 


READ: Section IV.2 (pages 133 - 140). 


Comment 
(1) Раїсһе$ Through each point (uo, уо) in the plane E? there are two 
curves 


t ——»(t, Vo ) 
and | t——»(us, t), 
that are parallel to the coordinate axes. 


These are unit-speed curves and their velocities at the point (цо, vo) are 
U; (uo, vo) and О, (цо, vo). 


t —2»(ug, t) 


The images of these curves under the mapping x are the u- and v- parameter 
curves, v = Vo and и = ug respectively. These parameter curves depend on the 
choice of coordinate patch x. 


Since regular mappings preserve velocity vectors, the partial velocities (the 
velocities of the parameter curves) are given by 


Xu(uo, Vo) = х„(О; (Uo, Vo )) 


Xy(uo, Vo) = x4(Uz (uo, Vo ))- 
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Hence x, and x, are the composite mappings x,(U,) and x, (U2 ). To 
remind ourselves that x, and xy are functions on E? we sometimes write 
them as x, (u, v) and x, (u, v). To calculate these explictly we look at the 
parameter curves. The u- parameter curve v = vo is given by 


a : t—ox(t, Vo) = (x, (t, vo), х2 (t, vo), хз (t, vo)). 


Hence 
da 
Xy(Uo, Vo) = dt (ug) at x(uo, Vo) 


Ox, дх, 


дх 
=( 3ü. (uo, Vo); Su. (uo, Vo ), Ll (uo, Vo)) at X(Uo, Vo ). 


Since x is regular, the derivate x, is one-to-one and hence it carries linearly 
independent vectors into linearly independent vectors. The tangent vectors 
U, (uo, vo) and О, (ug, уо) are linearly independent in E? and so x, (uo, vo) 
and x,(ue, vo) are linearly independent іп E°. In Section П.1 we saw that 
this is equivalent to the condition 


Xu (uo; Vo) X xy(ug, Vo) £ 0. 


That is, xy, X x, is never zero. 


In fact this condition that x, X xy is never zero is enough to ensure that x is 
regular. The condition ensures that the images of О, (uo, уо) and U (uo, vo) 
under x, are linearly independent and this implies that x, is one-to-one at 
each point. 


When O'Neill comes to calculate хуу X xy he obtains the equation 


О, U, Us 
кын OM ош 
z ч du du du 

бо па ш 

ду ду ду 


Here U,, U2, U3 are vector valued functions with domain E? while all the 
other functions have domain E? and hence the equation is not technically 
correct. However it is very convenient to use such expressions as long as you 
are always aware of how they could be made rigorous. To make it rigorous 
we could replace U,, U,, U3 by the composite functions О, ох, О, o x and 
U3 ох, ог state that if the functions with the domain E? are evaluated at the 
point (ug, уо) then those with domain E? are evaluated at the point 
р = х(цо, vo). 


22 


M334 IV.2 


Supplementary Comments 


(i) 


(ii) 


Page 136: line - 1 


U, U, U, 
r? xy X Xy =| -cos v sin u cos У cos u 0 
—S$gin v cos u -sin v sinu COS V 


=  cos?v cos u U, - cos v (-cos v sin u) U, 


*((7 cos v sin и) (- sin v sinu) - (-sin v cos u)(cos v cos u)) Us 


2 


= cos?v cosu U, + cos?v sinu U, + созу sin v О; 


since cos?u + sin? u = 1. 


Page 139: line 2, хуу and xy are linearly independent 


Here 
X(u, v) = (g'(u), h'(u) cos v, h'(u) sin v) 
xy(u, v) = (0, - h(u) sin v, h(u) cos v) 

and hence 


xy(u, v) X xy(u, v) = (h(u) h'(u), -h(u)g'(u) cos v, -h(u)g (и) sin v). 
If x, (u, v) and x,(u, v) are linearly dependent at x(uo, уо) then 


хц(чо, vo) X xy(uo, vo) = 0. 


But since h(ug) > 0 and cos v, and sin уо cannot simultaneously be zero, we 
would have h'(ug) = р (це) = 0. This is impossible since by the definition (on 
page 21) a parametrization is a regular curve. Hence x,,(u, v) X x,(u, v) is 
never zero and the partial velocities x,(u,v) and x,(u,v) are linearly 
independent. 


Additional Text 


There are two important classes of surfaces defined in the Exercises at the end of 
Section IV.2. | 


(i) 


Ruled Surfaces 


READ _ the definition on page 140 between Exercises 3 and 4 and look at the 


examples in Exercises 5 and 6. 


Comment В(и) gives the position along the base curve, 5(u) gives the ‘direction’ of 
the line L and v gives the ‘distance’ along this line from the base curve. 
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origin 


5(u) need not be the same length and direction for each u. 


(ii) Quadric surfaces 


READ the definition on page 142, between Exercises 9 and 10, and browse 
through the examples in Exercises 10 to 11. 


Summary 

Notation 

Xy (uo, vo) and xy(Uo Vo) Page 134, Definition 2.1 
xy and x, Page 134, line 12 
Definitions 

(i) u- and v- parameter curves, v = Vo and u = ug Page 133, line -9 

(ii) Partial velocities, x (uo ,vo) and xy(uo vo) Page 134, Definition 2.1 
(iii) ^ Parametrization Page 135, Definition 2.3 
(iv) ^ Cross-sectional curve of a cylinder Page 138, line 9 

(v) Rulings of a cylinder Page 138, line 11 


(vi) Ruled surface 
(vii) Rulings 


(viii) Ruled form Page 140, lines - 16 to - 8 
(ix) ^ Base curve 
(x) Director curve 


(xi) Quadric surface Page 142, line 16 
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Examples 


(i) The geographical patch on the sphere: 
x(u, v) = (r cos v cos u, r cos v sin u, rsin v), 


where 
TT 


иЄ (77, т), у Є C» 9) 
Parametrization of a cylinder: 


x(u, v) = (оц (u), œz (и), v) 


Parametrization of a surface of revolution: 


(ii) 


(ш) 
x(u, у) = (g(u), һ(и) соз у, h(u) sin у) 
Parametrization of a torus of revolution: 


x(u, у) = ((R + г cos и) созу, | 
(R + г cos и) sin v, r sin u) 


Parametrization of a ruled surface in ruled form: 


x(u, v) = (и) + vô(u) 


(ài) . Helicoid: 
x(u, v) = (и cos v, и sin v, bv) 
Results 
(i) х: D—9E? is regular if and only if xy X x,y is 
never zero. | | 
(ii) The partial velocities are the images of the standard 
basis vectors under the derivative mapping ху: 
x,(Ui)7 xy Xx4,(U2)-7 ҳу. 
Techniques 
(i) Description of the parameter curves. 
(ii) Evaluation of partial velocities. 
(iii) ^ Testing regularity of a parametrization. 
(iv) Use of standard parametrization of cylinders and 


surfaces of revolution. 


(v) 


Finding the ruled form of a surface, in certain 
simple examples. 


Familiarity with the shapes and equations of 
quadric surfaces. 


(vi) 
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Page 135, line 3 


Page 137, Example 2.4 


Page 138, Example 2.5 


` Page 139, Example 2.6 


Page 140, line - 12 


Page 141, Exercise 7 


Page 136, line 6 


Text, page 20 


Page 133, line -9 
Page 134, line -7 
Page 136, line 6 


Page 137, Example 2.4, 
Page 138, Example 2.5 


Page 140, line - 16 


Page 142, line 16 
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Exercises 
Techniques (i), (11) and (їй) 
l: Page 141, Exercise 7. 
Technique (iii) 
2. Page 140, Exercise 2. 
Technique (iv) 
3. Page 141, Exercise 6. 
4. Page 140, Exercise 1. 
Technique (v) 
5. Page 140, Exercise 4. 
Technique (vi) 
6. Page 142, Exercises 10 and 11. Only sketch the surfaces. 
7. Page 142, Exercise 12(a) and (Ь). 
Solutions 
1. Page 141, Exercise 7. 
(a) To check that x is a patch we must show that it is one-to-one and 
regular. If x(u, v) = x(u’, v’) then 
ucosv=u'cosv, usinv-u'sinv and у=у. 

Since v = v' and the cosine and sine functions cannot be simul- 

taneously zero it follows that и = u'. Hence x is one-to-one. 

Now 

U, U, | Оз 
Xu X ху = COS V sin v 0 
-u sin v u COS V b 
= (b sin v,- b cos v, u). 
Hence ||xy X xy||? = b? + u? > 0, and so x, X x, Æ 0. Thus х is 
regular and therefore a patch. 
(b) The u- parameter curve v = vg is 


ti—»x(t, vo) = (t cos vo, t sin vo, bvo) 


(0, 0, bvo ) + t(cos vo, sin vo, 0), 


which is a straight line parallel to the line in the xy plane making an 


angle vg with the x axis. 
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The v-parameter curve u = Ug is 
tr-—»x(Ug, t) = (цо cos t, цо sin t, bt). 


As t increases by 27 the curve goes once round the z axis, in a circle 
of radius ug, and rises 27b. The v- parameter curves are helices about 
the z axis. 


In order to express the helicoid in implicit form we must find some 
function g and constant c such that g(p) = c if and only if p = 
x(uo, Vo) for some (Up, уо). 


If p = x(uo, vo) then 
рз = буо, vo =p3/b 
апа 


pi =ugcos(p3/b), p2 = Ug sin(p3 /b). 
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Hence for each point p of the helicoid 
pı sin (p3/b) = р» cos (p3/b) 


so if a point belongs to the helicoid it also belongs to the implicitly 
defined surface 


M : xsin(z/b) - y cos(z/b) = 0. 


We need to show conversely that any point of M belongs to the 
helicoid. Suppose p satisfies the above relationship. Then since b # 0 
we can set Vg = p3/b and we obtain 


pı sin vo = p2 cos Vo. 


For any value of уо at least one of cos vo, sin vo must be nonzero. 
Suppose соѕ уо #0. Then we can find цо —-pi/cos уо. Now 
р; COS Vo = ру SiN Vo = ug cos vo sin уо and so, since cos vo z 0, 
рг = цо sin vg. Hence we can write p in the form (uo cos vg, цо sin vo, 
bvo ) and so it belongs to the helicoid. 


A similar argument works when sin v, % 0. 
Hence the helicoid is the surface 


М: xsin(z/b)- y cos(z/b) = 0. 


2. Page 140, Exercise 2. 
By Lemma II.1.8, 


|xu X |2 = (xu * xu) (xy * xy) - (xu * ху)? 
= EG - F?. 
Now x is regular if and only if xy X xy #0. But xy X xy is never zero if and 


only if Ixy X ху is never zero, which is true if and only if EG - F? is never 
zero. 


3. Page 141, Exercise 6. 
x(u, v) = f(u) + vq. 
Hence x, = f 
and x,=q: 
Xu X uy 7 f X q, 
and so x is regular if and only if f' X q is never zero. 


In Example 2.4 the curve В is in the xy plane and q = (0, 0, 1). 


4. Page 140, Exercise 1. 


(a) A parametrization of the profile curve is u—»(u, cosh u, 0). 
A parametrization of the catenoid is 


X : (u, v) —9»(u, cosh u cos v, cosh u sin v) 


since rotation about the x axis keeps the x coordinate fixed. 
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0) 


x(u, v) = (и, cosh и cos v, cosh и sin v) 


(b) С: (2- 2)? + y? = lisa circle in the yz plane of radius one and 
centre (0, 2). A possible parametrization is 


u ——9(0, sin u, 2 + cos u). 
A parametrization of the torus is 
x : (u, v) —9 ((2 + cos и) sin v, sin u, (2 + cos u) cos v), 


since rotation about the y axis keeps the y coordinate fixed. 


c 


((2 * cos u) sin v, sin u, (2 * cos u) cos v) 


М (0, sin u, 2 + cos и) 


(c) We cannot follow the same procedure as in parts (a) and (b) since the 
profile curve cuts the axis of rotation and hence the standard 
‘parametrization’ will not be regular. However we can describe the 
surface in terms of a Monge patch. 
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p= (pi; P2: pa) 


4 (Pi, P2» 0) 


A point is on the paraboloid M if the square of its distance from the 

z axis is equal to its height above the xy plane. Thus p = (pi, p2, p3) 

belongs to M if and only if p? + p2 = p3. Hence M : z= x? + y? and 

we can parametrize it by mapping each point in the xy plane to the 
. unique point on the surface above it. This gives the single patch 


x : (u, v)— (u, v, u? + v?). 


5. Page 140, Exercise 4. 


Look at the intersection of M with the plane x c, for some constant c. This 
is the straight line z = cy in the plane x = c. It passes through the points 
(c, 0, 0) and (c, 1, c). We can write it as 


v —9(c, 0, 0) + v(0, 1, c). 


Letting the point (с, 0, 0) vary along the x axis we obtain the para- 
metrization 


(u, v)+—>(u, 0, 0) + v(0, 1, u), 


which is in ruled form. 


Similarly looking at the intersection of M with planes of the form y = c we 
find the parametrization | 


(u, v) —^(0, v, 0) + u(1, 0, v). 
Alternatively, since M : z = xy, M is described by the Monge patch 
x : (u, v) —9(u, v, uv), 


from which the above two ruled forms follow. 
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Page 142, Exercises 10 and 11. 
10(a). Ellipsoid 


10(b). Elliptic hyperboloid 


M334 IV.2 


10(c). Elliptic hyperboloid (two sheets) 


-—— — a— a 


11. Elliptic paraboloid 
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Page 142, Exercise 12. 
(a) The mapping x : E? —> E? does map into M since 
(а(и + v))? _ (b(u- у)? 
4uv Ls “ooa = 7 12 * 
a b 
We need to show further that it maps onto M. For any point p 
belonging to M we need to solve the equations 
pı = a(uo + vo) 
рг = b(uo - vo) 
рз = 400 Уо. 
We can solve the first two, obtaining 
-P1 P2 „P1 Da 


» Vo 
2a 2b 2a 2b 


and since p belongs to M the third equation is also satisfied. 


чо 


Next we need to check that x is one-to-one. Suppose 
x(u, v) = x(u’, v’): 
then 
и+у=ц' +v 
! t 
u-v=u-v 
and hence и = u’, у = v'. The mapping x is one-to-one. 


Now we need to check that x is regular: we use the usual method. 


U, U, U3 
Xu X X= |a b 4v 
|a -b 4u 


= (4b(u + v), 4a(v - u), -2ab). 


Now, for the definition of the hyperbolic paraboloid to be meaning- 
ful we need a,b > 0. Hence - 2ab #0 and so x, X xy is never zero. 
This in turn proves that xy and x, are linearly independent and 
hence x is regular. 

Thus x is indeed a patch and to complete the proof we need only 
prove that x is proper. To prove that x is proper we have to show 


that the inverse function x^! : M.—9E? is continuous. Since x^! is 
given by the formula 
x y x y 


— + —, —- = 
2a 2b 2a 2b 
continuity follows from standard results in analysis. 
(b) We can write x in ruled form as follows 
(i) х (u, v) = (au, bu, 0) + v(a, - b, 4u) 


and 
(ii) x (u, v) = (av, - bv, 0) + u(a, b, 4v). 
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IV.3 DIFFERENTIABLE FUNCTIONS AND TANGENT VECTORS 


Introduction 


This section follows on from the previous section, IV.2, and follows the develop- 
ment of Chapter I, Sections 1 to 4. You will also need the chain rule dealt with in 
Section 1.7. 


The section begins with certain rather technical but intuitively obvious definitions 
and results. Mappings that you would expect to be differentiable turn out to be 
differentiable, and, given a coordinate patch, we can use it to give explicit descrip- 
tions of curves in a surface. Do not worry about the technicalities. 


We then show that the partial velocities, for a given patch, do tell us something 
independent of the choice of patch. The tangents to any curve in the surface can be 
written as a linear combination of them. These tangents form the tangent planes to 
the surface. We use them to define a directional derivative for functions defined only 
on the surface, and not on the whole of ЕЗ. 


READ: Section IV.3 (pages 143- 149). Do not spend much time on pages 
143 - 145. Just try to understand the results. 


Comments 


(i) Differentiation on М and on ЕЗ We have now met several different defini- 
tions of differentiation with domain or codomain either E? or some surface 
M. If we are dealing with a function F : E” —+E™ between Euclidean spaces 
and we are using the definition of differentiability given in Section I.7 we 
say that F is Euclidean differentiable. If we are using either of the definitions 
of this section for functions with domain or codomain some surface M we 
indicate it by saying that С: M—OEP is differentiable or F : E”—>M is 
differentiable. We need to compare these definitions of differentiability with 
the Euclidean definition. 


Directly from the definitions we have that С: M—>E? or F : ЕП —»М are 
differentiable if their respective coordinate expressions are Euclidean 
differentiable. 


Suppose we have a function F : ЕП —»М. Then we can also consider it as а 
function Е: EP —9E?. If we know that F is differentiable as a function 
from EP to M then we would hope that F is also Euclidean differentiable. It 
is. Since Е: ЕЗ —+М is differentiable it follows, by definition, that 
x lo Е: EP—9E? is Euclidean differentiable, for each patch x. But by the 
definition of a patch, each patch х: D—9E? is Euclidean differentiable. 
Consequently the composite mappings x o х! o F : E? —2ÀE? are Euclidean 
differentiable. But each of these mappings is just the restriction of F to those 
points whose image under F is in x(D). Since the patches cover M we can 
choose enough "x"s to deal with F at every point. Hence F : ЕП —»ÓE? is 
Euclidean differentiable. 


Theorem 3.2 gives us the converse of this result. If Е: E —5E? is a 
Euclidean differentiable mapping whose image lies in M then it is also 
differentiable considered as a function F : ЕП —>M. 
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The corollaries are proved as follows. 


Corollary 3.3 Since y is a patch it is a differentiable function у : D—9E? 
whose image lies in M. Hence, by Theorem 3.2, it is also differentiable 
considered as a function у: D—9M. By definition this just means that 
X о у is a Euclidean differentiable mapping between suitable subsets of E?. 


Corollary 3.4 Since x ! y is Euclidean differentiable 
x ly(u, v) = (u(u, v), v(u, v)), 
where the Euclidean coordinate functions u, v are differentiable. Applying 


the mapping x to each side gives the result. The mapping х! y = (0, v) gives 
us a coordinate transformation. 


Theorem 3.2 can also be used to give a converse of Lemma 3.1. Suppose a 
function a : I —>M is such that 


a(t) = x(a: (1), аг (t)) 
for differentiable functions ау and аз. Then the composite x(a;,a;) is a 


Euclidean differentiable mapping into E?, whose image lies in M. Hence by 
Theorem 3.2 its restriction а : I ——>M is differentiable; that is, a is a curve. 


As a corollary to this we find that the parameter ‘curves’ are in fact curves in 
M since they can be written as 


tr—>x(t, уо) 
tr—>x(uo, t), 
where the functions given by t-—>t, tvo, 1—00 are all differentiable. 


When no confusion can arise we omit the word ‘Euclidean’ from the 
expression ‘Euclidean differentiable’. 


Page 147: line 1 We have two mappings F and x with the following 
Euclidean coordinate functions: 


F= (aj, a2) and x=(x,, X2, хз). 
The composite mapping х о F is a. The composite (chain) rule gives 
a, = Xg (Е) » Fy. 


In terms of Jacobian matrices this becomes 


P Ox, OX, i 

: ЕТ ду А 

' 0x, 0x? a 

= TR -= t 

12 du àv 
ай t 0X3 0X3 

3 ди ду 

F(t) 


Multiplying out we obtain 


al (t) = xy(F(t))ai(t) + xy(F(t))a4(t) 
= xy (as (t), az (ї))а! (t) + хуба (0), а; (0))а (0). 
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(iii) ^ Page 147: vector fields Since x,,(Uo, уо) and x,(uo, vo) are tangent 
vectors at x(ug, уо) we can consider x, and x, as tangent vector fields on 
x(D). Since x, X xy is orthogonal to both x, and xy we can consider it as a 
nonvanishing normal vector field on x(D). It may be impossible to extend 
this to a nonvanishing normal vector field on the whole of M. 


(iv) | Page 148: the proof of Lemma 3.8 It is possible to have implicitly 
defined subsets M : g= c in E? that are surfaces but for which dg and hence 
the derivatives 0g/0x; are zero. An example of such a subset is M : x? = 
The only nontrivial derivative is др/дх = 2x, which is identically zero on M. 
Hence the converse of Theorem IV.1.4 is false. In this lemma we need to add 


the restriction that dg is nonzero on M. 


The form of the composite (chain) rule used is as follows. We have 


о: t— (a (t), œ (t), оз (t) 
8: (Pi, р» Рз)» (р), 


and ga: t+—+c (constant). 


Hence 
' og Og Og | 
0- t)2|——, —, — a 
(ва) (t) 25 Ox, 0x3 a(t) ; 
o 
œ | + 


which gives the required result. 


(v) Page 149: Definition 3.10 We have defined the directional derivative, 
v[f], of a function f on M as the common value of (d(fo)/dt) (0) for all 
curves & in M with initial velocity v. 


It is not at all obvious that this directional derivative is well defined. Given 
any vector v tangent to M we first of all have to assure ourselves that there is 

a curve & with initial velocity v and then we have to assure ourselves that the ` 
value of (d(fa)/dt) (0) is independent of which curve а we choose. The first 
point is easily settled. Since v is a tangent to M, by Definition 3.5 it is the 
velocity vector of some curve in M and by suitably shifting the para- 
metrization of the curve we can ensure that it is the initial velocity of a curve 
ain M. 


The second point is rather more complicated. To apply Theorem I.4.6 we 
need to extend f to a differentiable function F defined on some neigh- 
bourhood N of p in ЕЗ. 


If q is in the in- 
tersection of N 


and M then f(q) = 
F(q). 
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It is always possible to extend the function f in this way and then we can 
apply results on directional derivatives in E? to the function F. Of course, 
we need to be even more careful since it is possible to choose F in many 
distinct ways. At this stage we can use Theorem 1.4.6. It tells us that 


d(F 
vIr] = &'(o)r] = 20 (о), 
for any curve В with initial velocity v. Hence 
_ d(Fa) 
v[F] == (0) 


for any curve а in M with initial velocity v. Now since F is an extension of f 
we find that 


е] = 290 (о) 


for any curve а in M with initial velocity v. Looking at the left hand 
expression we see that it does not mention any curve & and so is independent 
of that choice. Looking at the right hand expression we see that it does not 
mention any extension F and so is independent of that choice. Since the left 
hand expression equals the right hand expression and one is independent of 
the choice of « and the other is independent of the choice of F it follows 
that they are both independent of the choice of either а or F. Hence the 
expressions (d(fa)/dt) (0) do have a common value and we can define 


v[f] = “ (0). 


This argument also suggests an alternative method of evaluating v[f]. We 


have seen that 


ма = SC) o) = SE (оу = vtr] 


for any suitable extension F. Hence if we can extend f, and in most cases this 
is automatic, we can evaluate v[f] as v[F] and use all the techniques devel- 
oped in Section 1.3. 


It follows that this new directional derivative satisfies the usual linear and 
Leibnizian properties (Theorem 1.3.3) when we restrict attention to 
functions on M and vectors tangent to M. 


We shall need to find directional derivatives with respect to the partial 
velocities xy (uo, Vo) and xy(uo, vo). Now xy(Uo, Vo) is the initial velocity of 
the curve a(t) = x(ug + t, vo) and so 


d(fx(ug * t, vo 
x, (uo, vo)[t] = 2902 600) (оу = 909) (u,, vo). 


Similarly 


д(їх 
Xy(uo, Vo)[f] = z ) (uo, vo). 
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Letting the point (uo, vo) vary throughout the domain of the patch x we 


find that 
д(їх д(їх 
Xulfl = >и) and x,[f] = "00 


In the usual pointwise manner we can extend the definition of the direction- 
al derivatives to apply to any tangent vector field V on M. For any real 
differentiable function f on M we define a new differentiable function V[f] 


as follows: 


V[f] (р) = V(p)[f] , 


for any point p in М. 


Summary 
Notation 


a(t) = х(а (t), a2 ())) 


a= х(а;, az) 


Definitions 
(i) Coordinate expression f(x) or x^! (Е) 
(ii) Differentiable functions on or to M 


(iii) Curve in a surface 

(iv) Coordinate expressions for a curve in a surface: 
a(t) = х(а (t), аз (t)) or 
a= x(a; , аз) 

(у) Coordinate transformation, 
x ly = (u, v) 

(vi) Tangent to Mat p 

(vii) Tangent plane Т(М) 

(viii) Euclidean vector field on M 

(ix) ^ Tangent vector field on M 

(x) Vector normal to M 

(xi) | Normal vector field on M 

(xii) Gradient Vg 

(xiii) Directional derivative (v[f]) of a function on M 


Example 


(1) Xx,Uj is a normal vector field on the sphere 


2s g-7Zxi-r?. 


Page 144, Lemma 3.1 


Page 146, line 15 


Page 148, Lemma 3.8 
Page 149, Definition 3.10 


Page 143, line -9 and 
Page 143, line -5 
Page 143, line 8 and 
Page 143, line -3 
Page 144, line 3 


Page 144, Lemma 3.1 


Text, page 34, line 9 


Page 146, Definition 3.5 
Page 146, line 14 

Page 147, Definition 8.7 
Page 147, line - 10 

Page 147, line - 6 

Page 147, line - 4 

Page 148, Lemma 3.8 
Page 149, Definition 3.10 


Page 148, Example 3.9 
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Results 


(i) 


(viii) 


(ix) 


Any curve о in M whose image lies in x(D) can be 
expressed as a(t) = x(a, (t), а, (t)). 


If F : EP”—>E? is differentiable and its image is in 
M then F : E? —2M is differentiable. 


If x, y are patches then x !y and y !x are 
differentiable. 


Ifx, y are overlapping patches there are differ- 
entiable functions (u, v) such that 


y(u, v) = x(ü(u, v), v(u, v)). 


v is a tangent vector to M at p = х(ио, vo) if and 
only if v is a linear combination of xq (uo, vo) and 


Xy(Uo, Vo). 
If o is a curve in M such that а = x(a; , аз), then 
а = Xu(a1; аз )а, ' + Xy(a1, d Jag '. 


If М: g = с is a surface and dg is never zero on M 
then the gradient Vg is a nonvanishing normal 
vector field. 


Xy X xy is a normal vector field on x(D). 
For any patch x: 
д 
xu [f] = au (fx) and 


xy[f] = 2 (fx). 


Techniques 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


Deciding whether a function to or from M is 
differentiable by finding its coordinate expressions. 


Finding coordinate transformations between 


patches. 

Determining whether a vector is a tangent to Mat 
р = х(ио, уо) by checking whether. it is a linear 
combination of x, (uo, Vo) and xy(uo, vo). 


Finding normal vector fields on M, x, X x, or Vg, 
and using them to find vectors tangent to M. 


Evaluating the directional derivatives of a function 
on a surface either from first principles, or by using 
the linear and Leibnizian properties, or by extend- 
ing the function to some neighbourhood of the 
surface in E? and then applying standard tech- 
niques, or by using the formulas of Result (ix) . 
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Page 144, Lemma 3.1 
Page 145, Theorem 3.2 


Page 145, Corollary 3.8 


Page 145, Corollary 3.4 


Page 146, Lemma 3.6 


Page 147,line 1 


Page 148, Lemma 3.8 
Text, page 35, line 3 


Text, page 37, line 3 


Page 143, line -9, 
Page 143, line - 5, апа 
Page 144, Lemma 3.1 


Page 145, Corollary 3.4 


Page 146, Lemma 3.6 


Page 148, Lemma 3.8 and 
Text, page 35, line 3 


Page 149, Definition 3.10, 
Text, page 36, and 
Text, page 37 
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Exercises 


Technique (1) 


1. Page 149, Exercise 1. 
2. Page 149, Exercise 2. 


Technique (ii) 

3. Page 150, Exercise 6. 
Technique (iii) 

4. Page 150, Exercise 8(a). 
Technique (iv) 

5. Page 150, Exercise 5. 


Technique (v) 


6. Calculate x,[f] where f(x, y, 2) = 2 and x is the geographical patch in the 
sphere. 
Solutions 


l. Page 149, Exercise 1. 
The geographical patch is 
x(u, v) = (г cos v cos u, r cos v sin u, r sin v). 


(a) If f(p) = p? + p2 then the coordinate expression is given by the composite 


2 2 


cos? v cos? u + r? cos? 


(u, v)  x(u, v) p v sin? u = r? cos? v. 


(b). If f(p) = (pı - рз)? + p? then the coordinate expression is 


2 2 


(u, v). —9 x(u, v) эт? cos? v(cos u - sin u)? + r?sin?v 
= r? cos? v(1 — 2cos u sin u) + r?sin?v 
7 r? (1 - 2cos?v cos u sin u) 


7 г? (1 - cos?v sin 2u). 


2; Page 149, Exercise 2. 
The parametrization of the torus is 
x(u, v) = ((R + r cos u)cos v, (R + r cos u)sin v, r sin u). 


(a) We are given the coordinate functions for the curve a. They are 
a, (t) = a; (t) 7 t. 


Hence 


a(t) 


x(a; (t), a2 (t)) = x(t, t) 


((R + г cos t) cos t, (К + г cos t) sin t, r sin t). 
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(b) 
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If a(t) = a(t’) then sint-sint'. If as well sin t= sin t' #0 then 
R+rcos t -R*rcost' and hence cos t= cos t'. If on the contrary 
sin t = sint' = 0 then cost, cos t' = * 1. Since (R + т cos t) cost= 
(R + г cos t") cos t' and г< К it follows that either cos t = 1 = cos t' 
or cost - - 1 = cos t'. In any case both sin t = sin t' and cos t = cos t' 
and so t - t' = 27m for some integer n. | 


Conversely, if t- t' = 27n then a(t) = a(t’) since the trigonometric 
functions are periodic with period 27. 


Hence a(t) = a(t’) if and only if t- t' = 27n for some integer n; that 
is, & is periodic with period 27. 


Page 150, Exercise 6. 
(a) 


x(u, у) = (u, v, (1-u?- v?) 2) 
and 
y(u, v) = (v, (1- u?- y? }? ju). 


The first patch covers the northern hemisphere of the sphere, that is 
the hemisphere of points with strictly positive z coordinate. Similarly 
the second patch covers the hemisphere of points with strictly 
positive y coordinate. The intersection of these hemispheres is the 
region on, the sphere for which both the z and y coordinates are 
strictly positive. These regions are shown in the following diagrams. 


Region 2 Region 3 


у !x is defined on points (u, v) belonging to D such that x(u, v) 
belongs to region 2 or equivalently region 3. For this x(u, v) must 
have positive y coordinate. 


This happens when v > 0. 
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On this domain a А 


1 
y !x: (u, v) (и, у, (1-u?- v? )?) у, ((1-u?-v?)?, u). 


(с) А similar argument to that in (b) shows that x^! y is defined on 
points in D for which y(u, v) has positive z coordinate. This happens 


ifu > 0. 
Iu 


--7, 


@ 


- u 


4T 
L 
/ 
/ 


Оп this domain 
2) 


. 


x !y : (u, v)g (v, (1-v?- v?) 


4. Page 150, Exercise 8(a). 
By Result (vi), if & = x(a,, a; ) is a curve in a surface then 
o = xy(a1, a2)a1' + xy(a1, аз)аз E 


In this exercise a,(t)=./2t, а, (t) = et and hence 
a(t) 7/2 xyb/2t, et) + ef x (2t, et). 


5. Page 150, Exercise 5. 
(a) M can be defined implicitly as 
M: g(x, у, 2) =z- f(x, y) = 0. 
Hence by Lemma IV.3.8 we know that 


is a normal vector field on M. 
Hence a tangent vector v at p is a tangent vector to M at p if and only 
if 

0 -Vg(p):v 


дї дї | 
(ах (Pi, P2). - ду РР? 1). (у›уз› Уз) 


of of 
TUUM) 3x P; P2) - У2 ду РР?) + уз, 
which is the required condition. 


(b) Since the vector x,(U9, Vo) X xy(uo, vo) is nonzero and normal to M 
at p = х(цо, уо), the vector v at р is tangent to M if and only if 


V * (Xy(Uo, Vo) X xy(uo, Vo )) = 0. 
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By Result (ix) we know that 
д 
xy[f] x (fx). 


Now 

(fx)(u, v) = r sin v 
and hence 

xy [f] = r cos v. 


That is, 


Xy(uo, vo)[f] = r cos vo. 
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IV.4 DIFFERENTIAL FORMS ON A SURFACE 


Introduction 


This section follows on from Section IV.3 and is closely related to Section 1.6. 


In Section 1.6 we described differential forms on E? in terms of coordinates. In this 
section we shall describe differential forms on a surface in a coordinate independent 
way. The results that we shall obtain parallel those of Section 1.6. 


READ: Section IV.4 (pages 152- 157) omitting the proof of Lemma 4.5. 


Comments 


(i) 


Differential Forms A 2-form 7 operates only on pairs of tangent vectors 
with the same point of application. If v5, Wp are vectors tangent to M at p 
then the real number 7(vp, wp) is defined. 


Condition (1), of Definition 4.1, says that т restricted to any one tangent 
space Tp (M) is a bilinear form, and condition (2) says that it is anti- 
symmetric. If u, v, w are tangent vectors to M at p and a, b, are real numbers 
then condition (1) is equivalent to 

n(au + bv, w) = an(u, w) + bn(v, w) 
and 

n(u, av + bw) = an(u, v) + bn(u, w). 


As well as using the pointwise principle to define addition of forms we can 
use it to define the multiplication of a form by a real valued function f on M. 
If ф is a 1-form and 7 a 2-form on M and v, w are tangent vectors to M at p 
then we can define forms f$ and fm as follows: 


(fo)v) = Ер) ф(у) 


and 


(fn)(v, м) = f(p) n(v, м). 


We can also use the pointwise principle to define the effect of forms on 
tangent vector fields. If V, W are tangent vector fields on М and ф is a 1-form 
and 7 a 2-form then the real valued functions, ¢(V) and n(V, W), on M are 
defined as follows: 


(Ф(У))(р) = Ф(У(р)) 


апа 


(n(V, W))(p) = n(V(p), W(p)). 
for each point p belonging to M. 


Since хуу(чо, уо) and xy,(uo, vo) are a basis for the tangent vectors at the 
point p = x(uo, vo), the 1-form ф and 2-form m are determined at р by the 


values of ф(х. (ио, vo)), é(x,(ug, vo)) and m(xyq(uo, vo), xy(uo, vo)) res- 
pectively. 


We use the notation xy and x, to stand for the vector fields, on the image of 
the patch x, that take the values of x, (uo, vo) and x,(ug, Vo) at the point p = 
x(uo, vo). Hence on the image of the patch x the forms ф and 7 are deter- 
mined by the real valued functions $(x,), ф(х) and (xy, Xy). 
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We have defined 0-, 1-, and 2-forms on a surface but we do not yet know if 
they ever exist. In fact it is easy to construct examples. Since 0-forms are 
just differentiable functions on the surface they certainly exist. We can 
always at least choose constant functions. | 


Suppose we are dealing with a simple surface M=x(D). We can define а 
1-form ф as follows: 


@ : у-у • xy(uo, vo), 
where v is a vector tangent to M at p = x(uo, Vo). 
Similarly we can define a 2-form 7 as follows: 

n : v, w—Ó(v X w) © (xy(Uo, vo) X xy(uo, уо), 


where v, w are vectors tangent to M at p = x(ug, уо). It is not difficult to see 
that ф and m, defined above, are non-trivial forms on M = x(D). 


(ii) The wedge product When we form the wedge product of two differenti- 
als we omit the wedge symbol. For instance we write du, du, rather than 
du, ^ duz. 


Supplementary Comments 


(i) Page 153: after Definition 4.3 We need to check that ф ^ y defined in 
this way really is a 2-form (an antisymmetric bilinear form on each tangent 
space). This is straightforward. For instance condition (2) is verified as 
follows. For any tangent vectors v, w at p, 


(6 ^ W)(v, м) = ф(у) V(w) - Ф(м) (v), ^ Ьу Definition 4.3, 
=-~ (6(w) v(v) - ф(у) v(w)) 
=- ((ф ^ v)(w, v)), by Definition 4.3. 
(ii) Page 154: line 2 For any pair of tangent vectors v, w at p, 
(6 ^ №) (v, м) = 6(v) v(w) - Ф(м) у(у), by Definition 4.3, 
=- (V(v) Ф(м) - v(w) ф(у)) 


=- ((WA ф)(у, м)), by Definition 4.3, 
= (C(v ^ ф))(у, w). 


Since this is true for all pairs v, w it follows that 


флу=- ^^. 
Summary 
Definitions 
(1) 0-form on М : f,g... Page 152, line 14 of the section 
(ii) l-form оп М : ф, yp... Page 152, line 15 of the section 
(iii) 2-formonM:m,£... Page 152, Definition 4.1 
(iv) Pointwise addition of forms on M Page 152, line -2 
(v) Pointwise multiplication of forms and functions on 
M Text, page 43 
(vi) Pointwise effect of forms on tangent vector fields 
оп М | Text, page 43 
(vii) The wedge product of 1-forms on M Page 153, Definition 4.3 


(viii) The exterior derivative of a 0-form (function) on M Page 154, line 4 
(ix) The exterior derivative of a 1-form on M Page 154, Definition 4.4 
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Results 


For any 2-form 7 on M and any vector v tangent to 
M then n(v, у) = 0. 


If v, w are (linearly independent) vectors tangent 
to M at p and m is a 2-form on M then 


ab 
cd 
Іф, у are 1-forms on M then $ ^ y == yao. 


n(av + bw, cv + dw) = n(v, w). 


The definition of the exterior derivative of a 
l-form on M is independent of the choice of 
patches. 


The exterior derivative of a wedge product satisfies 
the linear and Leibnizian properties. 
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Page 153, line 6 


Page 153, Lemma 4.2 


Page 154, line 2 


Page 154, Lemma 4.5 


Page 155, line 20 


(vi) If f is a differentiable function on M then | 

d(df) = Page 155, Lemma 4.6 
(vii) l-forms that agree on x, and x, are equal on the 

patch x(D). Page 156, line 10 
(viii) 2-forms that agree on the pair (xy, xy) are equal on 

the patch x(D). Page 156, line 12 
Technique 
(i) The evaluation of linear combinations, wedge 

products and exterior derivatives of forms on a 

surface, using the above definitions and results. 
Exercise 
1. Page 156, Example 4.7 

There are three ways we can extend the exterior calculus to deal with E?. 

(a) We can treat it formally as in Section 1.6. 

(b) We can describe-1- and 2-forms as operating on tangent vectors and. 
pairs of tangent vectors in Е?. The wedge product is defined by 
analogy with Definition IV.4.3 and the exterior derivative by analogy 
with Definition IV.4.4 (replacing xy and x, by the natural frame | 
field U, and U3). 

(c) We can consider E? as a surface in E? given by the single patch 
x: E? —cE? 

(u, v) —+(u, v, 0). 
Check the results of Example IV.4.7 in each of these three cases. (In 
case (c) let u,, и, be the restrictions of the coordinate functions x, y 
to x(E?).) 
Solution 
1 (а) 


A l-form is an expression f,du, + f,du,, where f, and f, аге 
(differentiable) functions. 
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(2) 


(4) 


(5) 


(b) 
(1) 
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A 2- form is an expression gdu, du;. 


The wedge product is defined using linearity and the alternation rule 
SO 


$ ^ y = (f; du, + f2du;) ^ (в, ац, + gzdu;) 


(fig; - f2gi) du; duz. 
By analogy with Corollary 1.5.5 we define 


-ôf du, + OF 
df = du, 1 du, du,. 


We define the exterior derivative of a 1- form by finding the exterior 
derivative of its coordinate functions. 


That is 
аф = df, ^ du, + df, ^ du; 

дї, əf, | af, af, 

аше | K dup |—* dun ®——^ 

Es ui mu E mL D T Шы 
df, df; | 

=|—®- — | du, du. 

Es 2 c: 


A 1-form is a mapping on tangent vectors (and hence vector fields) 
that is linear on each tangent vector space. Hence two 1- forms ф and 
V are equal if they agree on the natural frame fields U, and U2. 


By analogy with Definition 1.5.2 we define the differential in terms 
of the directional derivative and hence 


duj(Uj) = Uj[u] = б; forij€ {1,2}. 
Let y = $(U, )du, + (0, )du;. Then 

W(U,) = Ф(0, )du, (Ui) + $6(U;)du; (U1 ) = 6(U; ) 
and 

V(U5) = Ф(0, )du, (U2) + $(U;)du; (U2) = (U2) 
and so 


ф= p= $(U,)du, + (0, )ач,. 


Two 2-forms are equal if they agree on the pair of vector fields 
(U,, U2), by analogy with Lemma IV.4.2. 


By analogy with Definition IV.4.3 we have 

du; du; (U,, U2) = du, (U; )du; (U2) - du, (О, )du, (Ui) = 1. 
Let £ = n(U,, О, )du; du;. Then 

# (Uy, Uz) = n(U;, U;)du; du; (U;, U2) = n(U1, U2) 
and so 


n = £ = п(0,, U2) du; duz. 


fig; du,du, + fi р. чач, + fg; duzdu; + fg; duz du; 
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(3) 


(4) 


(5) 


(c) 


(1) 


(2) 


(3) 
(4) 
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Since the wedge product satisfies the alternation rule this follows as 
in part (a) (3). 


By analogy with Definition I.5.2, 

df(U;) = U;[f] fori= 1, 2, 
But the directional derivative U; [f] is just 0f/duj;. 
By result (b) (1), 

df= df(U, )du, + df(U,)du, 


ой 
759; ul + ди, du,. 


By analogy with Definition IV.4.4 we define 


46(Us, Ur) = 2 (U2) - $- (001) 


f f 
- 2. 1 : by result(b) (1). 
i дм, ди 
Непсе 
of, of 
d$ =|—- on) du, аи», by result (b) (2). 
Qu, du, 


We consider E? as the surface in E? given by the single patch 
x: E? —+ 3 | 
(u, v)— (u, v, 0). 


Then x, = Uj, restricted to x(E?), and x, = U}, again restricted to 
х(Е?). We can also consider the Euclidean coordinate functions x 
and y restricted to х(Е?). We call these u; and и,. By analogy with 
Definition 1.5.2 and the definition of the directional derivative, 
Definition IV.3.10, we find from first principles that 


duj(Uj) = Ui[ui] = ój —forij €11,2]. 
Since two 1- forms on a surface are equal if they agree on x, and xy 
we find, on applying both sides of equation (1) to О, and U;, that 
ф = (0, )du; + 9(U;)du;, 
for any 1- form ф on x(D). 


Using the definition of the wedge product, Definition IV.4.8, and the 
result that two 2- forms are equal if they agree on the pair (U, , U;) 
we find as in (b) (2) that 


n = 1(U,, U2)du, du; 
This follows by the alternation property. 


We can evaluate the differential df on each of the partial velocities 
О, (uo, vo, 0) and О, (цо, vo, 0) at (uo, vo, 0) = x(ug, vo). We find 
that 


df(U; (uo, vo, 0)) = U; (uo, vo, O)[f] 


— (цо + 
dt ( (uo t, Vo 0)) t=0 
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mu ze OL | m 
We shall write this as ou (uo, Vo, 0) and df (U, (uo, vo, 0)) as Buy (Ho vo, 0). 


From (c) (1) 


df = df(U, )du, + df(U, )du; 


and hence 
_ of of 
df = 90. ди, + да, du,. 


Combining the arguments of parts (b) (5) and (c) (4) we find that for 


any 1-form ¢ on x(E?) 


; рь |, 
£ ðu; du, иеш, 


where fi = Ф(0,) апа f, = $(U, ). 
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IV.5 MAPPINGS OF SURFACES 


Introduction 


This section follows on from Section IV.4. 


Having defined surfaces and their differential calculus we next look at mappings 
between these structures. The mappings we choose are those that compose with the 
patches to give differentiable mappings. Given such a mapping F from M to N it is 
possible to take a tangent vector to M and map it to a tangent vector to N. By 
contrast a differential form on N can be mapped to a differential form on M. This 
allows us to relate the differential calculus on one surface with that on another in 
such a way that the various structures that we have defined are preserved. That is, 
the wedge product of two forms is mapped to the wedge product of the images of 
the forms, and the exterior derivative of a form is mapped to the exterior derivative 
of the image of the form. 


We introduce certain mappings that became of great interest during the 18th and 
19th centuries when mathematicians were interested in the problem of trying to 
make plane maps of our spherical globe. 


READ: Section IV.5 (pages 158 - 164). 


(1) The derivative map As usual we need to check that F, is well defined. 
That is, given any tangent vector v to M and any curve a in M with initial 
velocity v we need to check that the initial velocity of the curve F(o) in N 
depends only on v and not on the choice of a. 


We prove this in the same way that we proved that the directional derivative 
(Definition IV.3.10) was well defined. Suppose we extend F to a Euclidean 
differentiable function G defined on some neighbourhood in E? of the point 
in question. If o is a curve in M and f = F(a) = G(a) then, by Theorem 1.7.8, 
8' = С, (о). So the initial velocity В'(0) = G,(o'(0)) = С, (у), where v is the 
initial velocity of a Now G,(v) depends only on С and v and not on the 
choice of o while В = F(a) depends only on F and a and not on the extension 
С. Hence both sides of the equation are independent of the choice of curve a 
or extension С. Hence if we define Е, (у) = 8'(0) = (Fa)'(0) then it is well 
defined. 


Given any vector v tangent to M then by definition we can find a curve a of - 
which it is the initial velocity and so we do have a mapping F x taking Tp(M) 
to ТЕ p)(N ). Since we have seen that F ж can be defined using the derivative 
map G, of some extension and we saw in Section I.7 that such derivatives 
were linear it follows that the restriction F, must also be a linear trans- 
formation. It also follows that if F, is a mapping from M, to М, and Е, isa 
mapping from M; to M; then (F,°F,), = F; 9 F,,. 


(ii) F, and F* The positions of the stars on the symbols F, and F" are 
conventional. F is a map from M to N. Since tangent vectors are mapped in 
the same direction as F, from Tp(M) to Tr(p)(N), we use a lower star, F,. 
Since differential forms are mapped in the opposite direction to F, that is 
forms on N are taken to forms on M, we use an upper star, F P 


Since F, is a linear transformation it is compatible with the vector space 
structures on the corresponding tangent spaces. Theorem 5.7 tells us that F* 
is compatible with the operations of addition, wedge product and exterior 
derivative on the corresponding spaces of forms. 


29 M334 IV.5 


Supplementary Comments 


(i) Page 159: Example 5.2(1), line -8 The u- parameter measures the same 
angle for both the sphere and the cylinder. For the sphere the v- parameter 
measures the angle of elevation while for the cylinder it measures the height. 
Since F maps points radially onwards it preserves their height. A point on 
the sphere with v-parameter уо has height sin vo and so is mapped by F to a 

point on the cylinder with v- parameter sin vg. The formula follows. 


(ii) Page 160: line 8 


(р; » P2 ) 
= P(p) 
cc EE 
R 
EHE DNE | 
By similar triangles Ri (P) - T(P » P2) 

Summary 

Notation 

E Page 160, Definition 5.3 

Ер: Tp(M)— Tr(p)(N) Page 161, line 12 

Е* Page 163, Definition 5.6 
Definitions 

(i) Differentiable mapping between surfaces Page 159, Definition 5.1 
(ii) ^ Derivative map F, Page 160, Definition 5.3 
(iii) ^ Regular Page 161, line 11 

(iv) ^ Diffeomorphism " Page 161, line -8 | 

(у) Induced mapping of forms F Page 163, Definition 5.6 
Examples 
@) Horizontal projection of the sphere, minus poles, 

into the cylinder Page 159, Example 5.2(1) 

(ii) Stereographic projection of the sphere, minus the 


north pole, onto the plane Page 160, Example 5.2(2) 
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Results 


(i) 


(ii) 


(iii) 


(iv) 
(v) 


F, restricts to a linear transformation from 


Tp(M) to Tr(p)(N). 
The derivative map of a composite is the com- 
posite of the derivative maps; (G » Е), = G, о Fy 


If x is a parametrization and у = F(x) then 
Е,(хц) = уц апа F,(xy) = yy. 


If Е is a one-to-one, onto and regular mapping 
then it is a diffeomorphism. 


For any mapping F the mapping Е*, between 
forms, is compatible with the operations of 
addition, wedge product and exterior derivative. 


Techniques 


(i) 

(ii) 
(iii) 
(iv) 


Checking that a function is a mapping between sur- 
faces by examining coordinate expressions. 


Description of the derivative map in terms of 
partial velocities. 


Showing that F is a diffeomorphism by checking 
that it is one-to-one, onto and regular. 


Determination of the effect of F* on forms. 


Exercises 


Technique (i) 


1. 


l 
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Page 160, line - 7 


Page 160, line -2 


Page 161, line 7 


Page 162, line 1 


Page 163, Theorem 5.7 


Page 159, Definition 5.1 
Page 161, line 7 
Page 162, line 1 


Page 163, Definition 5.6, and 
Page 163, Theorem 5.7 


Describe the mapping of Exercise 2(a), page 164, in terms of the geo- 
graphical parametrization and hence describe its effect on meridians and 
parallels. (Restrict the domain of the parametrization to the region 


T T 
2: 9 «v <5) 


Technique (11) 


2. 


Describe the derivative of the mapping in Exercise 1 in terms of the partial 
velocities associated with the usual geographical parametrization. 


Technique (їй) 


3. 


Check that the mapping of surfaces P : E —> E? given in Example 5.5, page 
162, is a diffeomorphism. (Use a Monge patch to prove that P is regular at 


the south pole.) 


Technique (iv) 


4. 


Page 165, Exercise 5. Find А +, where y is given by 


Ү(Ур› Wp) = pa (vı w27 v2wi . 


Complete the proof of Theorem IV.5.7 
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Solutions 


1. Page 164, Exercise 2(а). 
F(p) =-р. 
The geographical parametrization is 
x(u, v) = r(cos v cos и, cos v sin и, sin v). 
Hence F(x(u, v)) 7 r(- cos v cos u, - cos v sin u, - sin v). 


We want to describe the righthand side of this equation as x(u’, у). Now 
sin(-v) = -sin v, cos(-v) = cos v and cos(u + п) = -cos u, sin(u + л) = -sin и. 
Hence F(x(u, v)) = x(u + 7, -v). 


Hence the parallel given by the u-parameter curve v = vo is mapped to the 
parallel given by v = - v9. A parallel in the northern hemisphere is mapped to 
the corresponding parallel in the southern hemisphere and vice versa. 


The meridian given by the v-parameter curve о = ug is mapped to the 
v- parameter curve u = цо + 7. That is, the meridians are rotated by 180°. 


2. We must find the images of the two partial velocities at some point p and 
express these images in terms of the partial velocities at F(p) = -p. The 
geographical parametrization is 


x(u, v) = r(cos v cos и, cos v sin и, sin v). 
The composite mapping y = Fx =-х and hence 
y(u, v) = -r(cos v cos u, cos v sin u, sin v) = x(u + т, - v). 
Suppose p is the point x(ug, vo), then according to the result on page 161, 
line 7, the derivative F, : Tp(Z)— TrF(p)(Z) is given by 
F,(xu(uo; vo)) = Уц(чо, vo) 
and 
F, (xv(uo, vo)) = yv(uo Уо). 


We want to express у. (ио, Vo) and y,(uo, уо) in terms of the partial velo- 
cities of the geographical parametrization at their point of action y(uo, vo) = 
x(ug + 7, -уо). That is, we want yy(uo,vo), yy(uo vo) in terms of 
xy(uo + T, - v9) and xy(ug + T, - vo). | 


Now 
уџ(Чо, Vo) = (r cos vosin ug,- r cos vocos ug, 0) 
= (-rcos(-vo)sin (ug + т), r cos(-vo)cos(ug + т), 0) 
= Xy(Uo + 7, - vo). 
Hence 


F, (xy (uo, Vo)) = Xy (uo + Tt, -vo) 


and a similar calculation shows that 
F, (x, (uo, Vo)) = - Xy(uo + m, - Vo). 


Draw a picture for yourself: it may help you to understand the difference in 
sign of the two cases. 
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3. 


By Theorem IV.5.4 we néed to check that P, is one-to-one. For points other 
than the south pole this follows if we can show that Yu уу, where у is given 
on page 162, are linearly independent. Now 


yu =|- 2cosvsmu 2cosv cosu 
(1 - sin v) P (1 - sin v) 
=  2cosv (- sinu, cosu), 
(1 - sin v) 
and 
уу = [a^ meg a = 2 (cos u, sin u). 
(l- sinv)’ (1- sin v) (1 - sin v) 


Since v € (- $» $) it follows that cos v Æ 0 and sin у Æ 1. Hence y,, and y, are 


well defined and nonzero. since the vectors (cos u, sin u) and (-sin u, cos u) 
are orthogonal y, and yy are linearly independent. 


At the origin we use the following Monge patch: 


г} 


x(u, у) = (u, у,1- (1 -~ u? - v? ^. 


By the formula on page 160, 
Px(u, v) - 2u j 2v = y(u, v). 
ПЕТЕ ЕВУ: 1+ (1-02 - у?) 
Differentiation yields | 
yu(0, 0) = (1, 0) 


уу(0, 0) = (0, 1), 


which are linearly independent. P is regular at the south pole and hence 
P: Xy, —E? is a diffeomorphism. 


Page 165, Exercise 5. 


and 


We have already proved, using the geographical patch, that 


A, (Xy(Uo, Vo )) = Xy (7 + uo, - vo) 
and 


A, (Xy(uo, Vo )) =- xy(T + uo, - vo). 


If Vp = Xu(uo, Vo) = (—т cos vosin Ug, г cos Vo cos ug, 0) then 


Xy (7 + ug, - Vo) = (r cos vgsin ug, -r cos vo cos ug, 0) = (-v)- p- 
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Similarly if vp = xy(uo, Vo) then -xy(T + цо, -vo) = (-v)- p: Since xy(uo, vo) 
and xy(uo, Vo) form a basis for the tangent vectors at p = x(ug, Vo) it follows 
that 


A,(Yp) = (-v)- p- 
This holds for each point p of the geographical patch. Since we can find 


similar patches to cover the remainder of Х it holds for all points р in È. 
Hence A, is one-to-one and A is a diffeomorphism. 


We can prove that A, (ур) -(- Ке; more simply by extending the mapping А 


to all of E?. Since A(p,, P2, P3) = (-р, -рг, -Рз) it follows that A, has 
Jacobian matrix 


s 0 0 
0 =l 0 
0 0 -1 


Hence А„(ур) = (-v)-p, for all tangent vectors to E? , and so restricting A to 
Z we still have 


А, (ур) = C V)- p- 
Now if a 2- form is defined on È by 
Y(Vp, Wp) = p3(vi W2 - V2W1) 
then A*y is given by 
A*y(vp, wp) = 7(А (ур), A«(wp)) 
= Y(Cv)- p. Cw)-p) 
= (-p3)((-vi )(-w2) - Cva)C wi) 


= -pa(Vi W2 - У №1 ) 


Hence A*y =-y. 
(1) The proofs are routine. For instance if Ё and n are 1-forms then for 
any vector v tangent to M 


(E+n)(F,v), by the definition of F*, 

= §(F,v) + n(F,v), by the definition of the 
addition of forms, 

(F*£)(v) + (F"n)(v) 

(F*E + F"n)(v), 

Е*# + Е*т. 


(Е*(# + т))(у) 


апа һепсе F'(E +1) 


(2) This result also follows automatically. For instance if Ё and 7 are 
l-forms then for any pair of vectors v, w tangent to M at the same 
point 


(F*(E ^ n)(v, w) = (EA n) (Fav, Faw) 
= §(F,v)n(F,w) - (Ем) n(F,v) 
Е* (у) F*n(w) - F'£(w)F"n(v) 
= (FE ^ F*n)(v, w) 


and hence Е*(# ^п) = Е*Е ^ F*q. 
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(3) 
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If f is a O-form and ф is a 1-form then for any tangent vector v at p 
(F'(fe))(v) = (f69)(F.(v) 
= £(F(p)) &(F,(v)) 
= (F"f)(p)(F"9)(v) 
= ((Е*)(Е*ф))(у) 


and hence F'(f$) = (F"f) (F"9). 
Since we have already proved this result for 1-forms we need to 
prove it only for a 0-form (differentiable function) g. We need to 
prove F* (dg) = d(F*(g)). 
For any vector v tangent to M we have 

(F *(dg))(v) dg(F,v), by the definition of F А, 
F,v{[gl, by the definition of dg, 


d 
кта) MEME 


where ĝ is any curve in N with initial velocity F „v. By the definition 
of F,v we can choose В to be F(a) for some curve а in M with 
initial velocity v. So 


d 
F*(d = —(goFoa(t 
(F'(dg)(v) = == (eeFe a(t) 6 
= v[gF], by the definition of the directional 
derivative, 


v[F*(g)], by the definition of F* of a 0-form, 


d(F*(g))(v), ^ by the definition of the differ- 
ential. 


Since this is true for all tangent vectors v it follows that 


F" (dg) = d(F" (g)). 
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IV.7 ORIENTABILITY 


Introduction 


For this section you need to recall the cross product from Section II.1, the gradient 
from Section IV.3 and differential forms from Section IV.4. 


This last section is rather different from those that have preceded it. We have given a 
description of surfaces and objects associated with them in terms of local patches. In 
this section we look at a global property of a surface that can be determined only by 
examining all of the surface and not just by looking at a single patch. The property 
of ortentability, one- or two-sidedness, is defined in terms of differential forms. This 
shows that these forms are not simply algebraic gadgets but do contain geometric 
information. 


READ: Section IV.7 from page 177 line - 6 to the end of page 178. 


Comments 


(1) The normal vector field In Definition 7.4 and Theorem 7.5 we are 
assuming that the nonvanishing “2-form and the nonvanishing normal vector 
field are both differentiable. We need to check that the vector field 
Z(p) =v X w/u(v, м) is differentiable. Assuming that this is defined in- 
dependently of the choice of v and w we see that Z gives us a normal vector 


field 

Xu X Xy 

(Xu, ху) 

on the image of a patch x. Since the patch x is differentiable this is a 
differentiable nonzero normal vector field on x(D). Now any point p in the 
surface has some neighbourhood that is the image of a patch and hence Z is 
differentiable on a neighbourhood of p. Hence Z is differentiable on all of 
the surface. 


(ii) Page 178: line -12, Lemma IV.3.8 Suppose the implicitly defined subset 
М: = с is a surface: then, since the converse of Lemma IV.3.8 is not true, 
it is not necessarily true that Vg is a nonzero normal vector field and it may 
not be true that the surface is orientable. We always need to check that dg is 
nonzero to ensure these results. 


Summary 
Definition 


(i) Orientable Page 177, Definition 7.4 


Example 


(i) Möbius band Page 180, Exercise 7 
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Results 
(i) A surface is orientable if and only if there exists a 

normal vector field that is nonzero at each point. Page 178, Theorem 7.5 


(ii) The implicitly defined surface М: g= с is orient- 


able if Vg is never zero on M. Page 178, line - 12 
(iii) There exist nonorientable surfaces. Page 178, line - 9 
Technique 
(i) Determining a nowhere zero 2-form on an 
implicitly defined surface. Page 178, Theorem 7.5, and 


Page 178, line - 12 


Exercises 


Technique (1) 


1. Find a nonvanishing 2-form on the sphere М: x? +y? + 22= с2. 


Theory Exercise 


2. Fill in the details of the proof of Theorem IV.7.5. 
Solutions 
1. The surface is given by М: x? + y? +22 = c? and by Lemma IV.3.8 a non- 


vanishing normal vector field is given by 
V(x? +y? +22) = 2xU, + 2yU, + 2zU,. 
That is, we can take Z(p) = 2p. 
Hence by Theorem IV.7:5 a nonvanishing 2-form is given by 
ц(у, м) = Z(p)-v X м 
=2p-vX уу 
where v, w are tangent vectors to M at p. 
2. (а) Suppose џ(у, w) = Z(p)-v X w: then to prove that и is a 2-form we 
need to check conditions (1) and (2) of Definition IV.4.1. These 


conditions follow from the analogous properties of the cross 
product. 


(b) If Z(p) is defined by Z(p) = v X w/u(v, м) we need to show that it is 
independent of the choice of tangent vectors v and w. Suppose v, w 
is another pair of linearly independent tangent vectors. Then since 
the tangent space is of dimension 2 there exist scalars a, b, c, d such 


that 
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Then 


- VXW _ (ау + bw) X (cv + dw) 
w) Щау + bw, cv + dw) ` 
Now (av + bw) X (cv + dw) 
= асу X v+ adv X w+ bew X v+ bdwX w, 


by the bilinearity of the cross 


product, 
=adv X wtbcwX v, since vX v=wX м = 0, 
= (ad - bc)(v X w), since w X v=-v X w. 


Now by Lemma IV.4.2 
ц(ау + bw, cv + dw) = (ad - bc) u(v, w). 
Hence 


5y — (ad- bc) (v X w) 
s rdc БСУ, w 


Since v, W are linearly independent ad - bc 0 and so the above 
expression is well defined and 


20р) = угы)” 200). 


The vector field is independent of the choice of v апа w. 


To see that it is a normal vector field let u be any tangent vector to 
M at p. Then there exist scalars a, b such that u = av + bw, since the 
tangent space is 2-dimensional. So 


u-Z(p) = (av+ bw) -vxX у 
(у, w) 
= a(v-v X w) + b(w-v X w) 
u(v, w) 
= 0. 


Hence Z(p) is perpendicular to each tangent vector to M at p and so 
Z is a normal vector field. 
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FURTHER EXERCISES AND SOLUTIONS 


Section IV.1 


Technique Exercises 


Pages 131 - 133, Exercises 3, 7, 8,9, 12. 


Other Recommended Exercises 


Page 131, Exercise 2. This deals with descriptions of planes. 
Page 132, Exercise 10. These deal with the images of surfaces 
Page 133, Exercise 11. under simple mappings. 


Solutions 


3(a). Page 204, Fig. 5.18 inverted 

3(b). Page 204, Fig. 5.19. 

3(c). Page 205, Fig. 5.20 straightened out. 
3(d). The xy plane. — 

7. Straightforward. 


ГА ' . ГА ГА [А 
8. If (и?, uv, v?) = (02, цу’, у 2), with u’, u, v', v> 0, then u = u' and v = у’, so 
х 1S One-to-one. 


If (Pi, P2» pa) is in x(D) then x^" (pi, рг, Рз) = (Pi; ps). Since the 
square root function, on the set of positive reals, is continuous it follows 
that x ! is continuous. 


Since the Jacobian matrix of x is 


2u 0 
V u 
0 2v 


which has rank 2 when u,v>0 it follows that x is regular and hence а 
proper patch. 

9. If u * v 7 ц +v and u- v = u'- v' then u - u' and v=v'. Hence x is 
one-to-one. 


The Jacobian matrix of x is 


1 1 
1 -1 
v u 


which has rank 2 and hence x is regular. 
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The inverse mapping of x is 


-1 _[Р: *P2 Pi - рг 
x bd , ж gx vH INE a e 5, 
(Pi, рг, Рз) 9 2 
which is continuous. Hence x is a proper patch. 


Since ((u + v)?- (u- v)?)/4 = uv the image of x belongs to M. Conversely if 
(р1, рг, рз) belongs to M then it also belongs to the image of x since 


(pi; Pas рз) = (uo + vo, uo - Vo, Ug Vo ), 


where ug = (p, + p2)/2 and vo = (р,- р» )/2. Hence M is the image of x. 


12. When we revolve we preserve the x coordinate and the square of the distance 
from the x axis. Hence M is the surface M : f(x, y? +z?) = с = g(x, у, 2). 
Using the chain rule and the fact that C is a curve we can show that dg is 
never zero on M and hence M is a surface. 
l | d(a, b, с) 
2. M : (a, b, c) $ (Go у, 2) ра) = 0, 
10. If p is a point of F(M) then p = F(q) for some point q in M. Since M is a 
surface there is a proper patch x giving a neighbourhood of q in M. We must 
show that F(x) is a proper patch containing p in F(M). 
Since x is one-to-one and F, an isometry, is also one-to-one it follows that 
F(x) is one-to-one. Since x is regular, F is an isometry and (F(x)), = F,x, it 
follows that (F(x)), is one-to-one and hence F(x) is regular. Since x is a 
proper patch, F is an isometry and (Е(х))-! = x^! F^! it follows that (F(x))7 
is continuous and hence F(x) is a proper patch. So F(M) is a surface. 
11.  dg(F,v) = (F.v)[g] 
= v[g(F)], by Exercise 1.7.9, 
= v[go FoF] | 
= víg] 
= dg(v) #0. 
Section IV.2 


Technique Exercises 


Pages 140-143, Exercises 3, 5, 8, 9, 10, 11. 


Page 143, Exercise 13. This deals with simplification of parametrizations of surfaces 
of revolution. 


Solutions 


3; 


A profile curve is C : (x -4)? +z? = 4, in the xz plane. The axis of revolution 
is the z axis. 


Xu X x, 7 vô' X ô 
This is nonzero, and hence x is regular, if and only if v and 6 X 6' are 
nonzero. 
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8(b). 
8(c). 


10(b). 


10(c). 


U, U, U3 
Xu X Xy = | cosv 1 0 
-u sin V 0 - COS V 


- o" у U; - cos?v 0, + u sin v Ug 
+0ifu>0. 

M: y- (x? 322231 = 0. 

x(u, v) = (0, 0, sin v) + u(cos v, 1, 0). 

The direction of L is '(u) + U3. 

Hence x(u, v) = (u) + v(f'(u) + U3). 

B(u) = (cos u, sin и, 0). 

x(u, у) = (cos u - v sin u, sin u + v cos u, v). 


The above points belong to M' : x? +y? - 22 = 1. On M' we have x? + y? = 
1 + z? and so we can write 
1 


х=(1 +у?)? cost 
у=(1+у? y sin t, where z = v. 
Let о be such that cos а = (1 + v? y$, sin а = v(1 + v? үз. 
Let t=u+a: then 
x =coSu- vsinu 
у = sin u + v cos u. 
Hence M is the implicitly defined surface М’. 
x(u, у) = (cosu- v sin u, sin u + v cos u, - v). M : x? +y? - z? =]. 


See Fig. 5.38, page 232. 
2x 2y 22 B 
dc qx f учу vio Т on M. 
Xy X xy = (- bc cos?u cos v, - ac сов? и sin v, - ab sin и cos u). 
. л T . ` . 
So if 73 «ux 2 then cos u is never zero and xy X xy is never zero. 


The image of x is the whole of M apart from the two points (0, 0, + c). 


2 2 2 
dg- ^ dx + dy- dz #0 on M. 
a с 


ху X xy, = (-bc cosh?u cos v, - ac cosh?u sin v, ab cosh u sinh u), which is 
never zero, as cosh и is never zero. 


The image of x is the whole of M. 


2x . 2y 2z 
dg--; dx + 7 dy- > 
a b с 
ху X ху = (-bc sinh?u cos v, - ac sinh?u sin v, ab cosh u sinh u), which is 
never Zero, since sinh u is never zero (u# 0) 


dz# 0 on M. 


The image of xis the whole of M apart from the two points (0, 0, + с). 


62 M334 IV 
2x 2 
11(a). dg = dx +> dy- dz # 0. 


EM E 2 2 е . . . 
ху X ху = (- 2bu*cos v, - 2au?sin v, abu), which is never zero, since u > 0. 


The parametrization omits only the point (0, 0, 0). 


11(b). The u-parameter curves v = vo are parabolas in vertical planes through the z 
axis. The v- parameter curves и = ug are horizontal ellipses about the z axis. 


13(a). If g' is never zero it has an inverse function К, defined on some suitable 
interval. The curve can be reparametrized as 


ur—>(g(k(u)), h(k(u)), 0) = (u, f(u), 0). 
This gives the required parametrization of M. 


13(b). As for (a). 


. Section IV.3 
Technique Exerctses 


Pages 150 - 151, Exercises 7, 8(b), 9, 10. 


Solutions 
7. М :ху-2= 0 = р(х, у, 2). 
A normal vector field is Vg = yU, + xU; - U3. 
The surface is given by the patch x(u, v) = (u, v, uv). 
Linearly independent tangent vector fields are 
xy = (1, 0, v) = (1, 0, y) 
(0, 1, u) = (0, 1, x). 


il 


Xy 
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8(b. о =\/2xytelxy 
a'- xu/|xull -J?2|xull 7/2] fet sin 2t, cos 2t, 0)| 
-/2et 
о - ху | et fpxyll = et | (cosv/2t, sim /2t, 1) | 
=4/2et. 
9(а). Тһе plane Тр (М) consists of all those points q such that 
(q- p) -2=0. 
If v is a tangent to M at p then p * v belongs to Tp(M) since 
(ptv- p)-z=v-z=0. 


Conversely if q belongs to Tp (М) then since (q- p):z = 0 the vector v = q- p 
is a tangent vector. Hence as р *v for some tangent vector v. 


9(b). x,y X xy is a never zero normal vector field. 


9(c). Vgisanever zero normal vector field if dg is never zero. 
10(а). (r- p)-Vg(p) = 0 gives the plane z = 0. 
10(b). ((х, у, z) - (1, -2, TM Ue 2 - 0. 
10(с). ((x,y,z)- N2,4/2, 2) -{ > X ) х 0CJ2,./2,2)20 
(к, у, 2) - 6/2, \/2, 5)) -(/2, -/2, 2) = 
\/2х - /2y + 22 = m. 


Section ІУ.4 


Technique Exercises 


Pages 157 - 158, Exercises 3, 5, 6, 9, 10. 


Solutions 

3. d(fg)(vp) = ур[ 81 7 vp[f] g(p) + f(p) vp[gl 
= df(vp)g(p) + f(p)dg(vp) 
= (df g + f dg)(vp). 


(EB) xy xv) = $= (f(x) - Č (бху) 


= (£(x)o(xy)) - Č (Кх)ф(х)) 


f(x) È (ф(х) - S (64) 
a(x) 


+ 


ma (xy) - UO х) 
"is dó(xy, xy) 

+ df(xy)@(xy) - df(xy)ó(xq) 
= (df ^ ф + fdd) (xy, xy). 
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5. Ву analogy with Lemma 1.5.7 
vp[a(f)] = в ((р)ур[ї] 
and hence 
d(g(£))(vp) = (в'(#)4#)(ур). 
6(a). d(fgh) = df gh + f dgh 
= df gh + f dg h + fg dh. 


6(b).  d(óf)- d(fp) = df ^ + fdó = fdọ - ф ^ df. 
6(c). (df A dg)(v, w) = df(v)dg(w) - df(w)dg(v) 
= v[f] wig] - v[g] w[t]. 

9(a. Ет; : E? —9R is given by 
| т, (u, v) »u 

then u = пух !. 

This is differentiable on x(D) if the coordinate expression 

uy = тух ly 


is differentiable for all patches y. It is, because т; and x !y are both 
differentiable. 


Also u(x(u, v)) =т,х !x(u, v) = т, (u, у) = u. 
9(b). dX (xu) = xul] = 2 (йх) = $ (mi) = 1, ete. 


9(c). ф(х\) = ($(x,,)du + é(xy)dv )(xy), etc, 
and 
N(Xy> xy) = (n(xy. xy)dudv )(хџ, Xy); 


dudv (ху, xy) = du (xy)dv (xy) - du(x,)dv (xu) = 1. 


10(a). The coordinate system gives the radius and the angle the radius makes with 
the x axis. 


10(b). The coordinate system is the natural coordinate system. 


10(c). The coordinate system gives the longitude and latitude. 


Section IV.5 


Technique Exercises 


Page 165, Exercises 6 and 7. 


Other Recommended Exercises 


Page 165, Exercise 4. Read Exercise 3 and use it to construct a mapping of the 
helicoid to the torus. 
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Page 166, Exercise 11. Read Exercise 10 and use it to construct mappings of the 
torus to itself. | 


Page 166, Exercise 14(с). This deals with the effect of composite mappings on 
forms. 


Page 166, Exercise 16. This deals with stereographic projection. 


Solutions 


6(a). Let U,, О, be the natural frame field on E?. 
Then 
(x" (6))(U1) = $(x,U:) = $(xu) and 
(x (6) (02) = (xy). 
6(b). (x"(v))(U;, U2) = v(x4Ui, x4U2) = (xy xy) 


6(c). (x"(d$))((U,, U2) = dé(xy, xy) 
ð ð 
= (Эт (Фху)- Jy (xu)]- 


7(a.  x(u,v) = (r cos v cos и, r cos v sin u, r sin v) 


Xu = (-r cos v sin u, r cos v cos u, 0) 


Xy = (-r sin v cos u, ~r sin v sin u, r cos v). 


Hence 
(xu) = r? cos? у, ф(х) = 0 


and 


х*(ф) = r?cos?v du 
x*(d@) = 2r?cos v sin v du dv. 


7(b). x*(v) = r?cos vsin?v du dv. 


4. (u cos v, usin v, bv) 
э ((R + r'cos u)cos v, (R + r cos u)sin v, г sin u). 
ll(a). This maps the meridians three times round themselves. Not a diffeo- 
morphism. 
11(b). This rotates each meridian circle by 180°. A diffeomorphism. 
ll(c). This interchanges parallels and meridians. A diffeomorphism. 


11(d). This maps meridians and parallels to curves that wrap round the torus as in 
the following diagram. Not a diffeomorphism. 
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14(с). (GF)*(f) = (GF) = F*(fG) = F*G"(f). 
((GF)"¢)(v) = $((GF),v) = 6(G,(F,(v))) 
= (G"9)(F,(v)) = ((Е*С*)ф) (у). 
((GF)"n)(v, м) = n((GF),v, (СЕ) м) = n(G,(F4(v)), Gy (Fx(w))) 
= (G"n)(F,¥, F,w) = (F"G*)n)(v, w). 
16(a). Straightforward. 


16(b). P"! gives a patch covering all of the sphere apart from one point. Another 
similar patch completes the covering of the sphere. 


Section IV.7 


Technique Exerctses 
Pages 180 - 181, Exercises 7, 8 (Is М“ orientable?). 
Erratum: The last line on page 180 should read 
"x(u, v) = B(u) + vô (u), -i <v< LU. 
Other Recommended Exercises 


Pages 180 - 181, Exercises 3, 9(b) and 9(c). These relate orientability to mappings. 


Solutions 


7(а). Е, Е, G were defined on page 140. 
7(b). 
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The u- parameter curve v = vo # 0 is given by 
ut—>B(u) + vo 6(u). 
Since B has period 27 and 6 has period 47 this curve has period 47. 
М“ is the image, under x, of the region 0 < v. In this region two points (u, v) 
and (u', v') give the same image under x if and only if v = у and u = и + 47n, 


for some integer n. The same is true of the vectors xy(u, v) X xy(u, v) and 
xy(u', v) X x(u’, v). 


* 
Hence ҳу X x, defines a normal vector field on M. 


| ж, ү. 
If u is a never zero 2-form оп N we prove that Е (и) is a never zero 2-form 
on M since 


F” (4) (xy, ху) = (Fg (xu), Fy) #0 
since F is regular. 
Let F map the Móbius band M (see Exercise 7) to the cylinder 
N : x? + y? = 1 as follows: 

F : x(u, v) —9$(u) = (cos u, sin u, 0). 


We want a regular mapping F : M——N where M is orientable and N is not. 
Choose any patch on the Mobius band. For instance take x : D—9M where 
x is as in Exercise 7 and D is the set of points in E? such that -r X u X 7, 
and -4 < v < 5. We know that E? can be considered as a surface іп E>. 
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it. 
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Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary altcrations for this chapter in the set 
book. 
Unreferenced pages and sections denote the set book. Otherwise 

O’Neill denotes the set book; 


Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


Reference to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra 1 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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V.1 INTRODUCTION AND THE SHAPE OPERATOR OF MCE? 


Introduction 


This section depends upon a knowledge of curves in a surface (Section IV.3) and 
covariant derivatives (Section II.5). We need no concept from Chapter IV from any 
sections later than Section IV.3 except that of orientability (Section IV.7) and that 
only so that we may use “orientable surface" as a shorthand for ‘‘surface which has 
a unit normal vector field defined on it". We need the fact that all surfaces are 
locally orientable; that is, given any point p in a surface M there is some neighbour- 
hood N of p in M which is orientable. This is because there is some neighbourhood 
of p which lies in the image of a patch x, and this is oriented by the unit normal 
vector field U = (xy X xy)/lxy X xl. 


Throughout this chapter we confine our attention to surfaces M which are con- 
nected in the sense of O'Neill, Section IV.7; that is, given any points p, q in M there 
is a curve 0: I1—9M, where [0, 1] C I, such that a(0) = p, a(1) = q. This definition 
of "connected" 15 in general different from that given in Unit M202 27, Connected- 
ness and Unit M332 2, Continuous Functions (in which M is connected if and only if 
it cannot be expressed as the disjoint union of two non-empty open subsets of M), 
but it may be shown that for surfaces in E? the two definitions are equivalent 
(where, for the M202 definition, the topology on M is that of a subspace of R? with 
the usual topology). Thus if you have done M202 or M332 you may use whichever 
definition of “connected” that you find easier. 


In Chapter IV we established techniques for describing and investigating surfaces in 
Е?. Now we can use these techniques to look at some geometric properties of 
surfaces in E?. One such property is the shape of a surface: we can describe the 
shape of a surface M near a point p in M by measuring the rate of change of a unit 
normal vector field to M along curves in M through p. We do this by using the 
covariant derivative. We shall need to modify somewhat our previous definition of 
covariant derivative so that we can apply it to vector fields defined on surfaces only. 
In Section II.5 V,Z was defined as 


(1) VZ = Z(p + tv) (0): 

in Exercise 11.5.6 and Lemma П.5.2 it was shown that this definition is equivalent to. 
(ii) VyZ = (Z о о) (0) for any curve а with a'(0) = v 

and 

(ii) | VyZ = Ev[z;] Uj(p) where 2; are the coordinate functions of Z. 


If we restrict Z to be a vector field defined on a surface M, definition (i) is no longer 
available to us, as the curve t—>p + tv may not lie within M. However, if we also 
restrict v to be a tangent vector to E? which is tangent to M then by definition there 
is some curve о in M with o'(0) =v: now everything in definition (ii) is meaningful, 
and accordingly we take the following as our new definition. 


Definition If Z is a vector field on a surface M and v is a vector tangent to M, 
then the covariant derivative VyZ is the common value of (Z о a)'(0) for all curves & 
in M with а (0) = v. 
As before, this is equivalent to 
VyZ = Ev|zi] Ui(p) 
= E (zi o o) (0) Ui(p) 


for all curves a in M with o'(0) =v (by Definition IV.3.10), and the arguments in 
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Comment (v) to Section IV.3 (Text, page 35) which show that v[z;] is indepen- 
dent of the choice of @ can be extended to show that V,Z is also independent of the 
choice of o. Moreover, if Z is the restriction to M of a vector field W on E? 
(equivalently, if z; is the restriction to M of a differentiable function w; on E? for 
i= 1, 2, 3) then the covariant derivative V,Z obtained from the above definition is 
the same as the covariant derivative VW obtained as in Section II.5: thus we may 
evaluate the covariant derivative by any method from Section II.5 in such cases. 


We spend the first three sections of this chapter defining, and giving geometric 
meaning to, concepts such as shape, normal curvature, Gaussian curvature, and defer 
until Section V.4 explicit methods for calculating these for general surfaces. 


READ: [Introduction to Chapter V and Section V.1 (pages 189-193). 


Comments 


(1) Page 190: lines 14-16 We have not proved that there are exactly two 
unit normal vector fields on a connected orientable surface, as the proof 
requires more work on connectedness outside the main stream of this course. 
However, the idea of the proof is very simple: if Z is a unit normal vector 
field then at each point Z must be either U or -U, and on a connected 
surface Z cannot suddenly flip over from U to -U without losing its dif- 
ferentiability. 


(ii) Page 192: line 1 The vector field used here and in Example IV.3.9, 
X = x; Uj, is an interesting one that will be used later in the chapter. It has 
the property that 


VyX = Zv[xi] Ui(p) = ZviUi(p) =v 
and similarly, 
VyX = У. 


(iii) ^ Page 193: the last paragraph The name ("symmetric linear trans- 
formation" derives from the fact that the matrix of a symmetric linear 
transformation with respect to any orthonormal basis is a symmetric matrix. 
In the two-dimensional case this means that with respect to an orthonormal 
basis the matrix has the form 


411 an 
A = 


а 422 


where а; = azı The significance of such transformations is that they are 
always diagonalizable; that is, there is some orthonormal basis with respect 
to which the matrix is diagonal. Such a basis consists of eigenvectors of the 
linear transformation. For example, in the two-dimensional case the matrix 
with respect to an eigenvector basis has the form 

k, 0 

B= 

0 k 

where Кү and k, are eigenvalues of the transformation. The eigenvalues k, 


and k, may possibly be equal, and either of them may be zero. O’Neill uses 
the words characteristic vector, characteristic value to refer to eigenvectors 


and eigenvalues. 


O’Neill also refers to the determinant and trace of a linear transformation. 
You have met determinants already in this course. The determinant of a 
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linear transformation T from a finite-dimensional vector space V into itself is 
defined to be the determinant of any matrix which represents the trans- 
formation T; it can be shown that this is independent of the choice of basis. 
In the above examples 


det A = 2,1252 - 412221 
and 
det B = k,k,. 
The trace of a matrix is defined to be the sum of its diagonal terms. Thus 
trace A = aj; t a22 
and 
trace B = k; + kz.. 


The trace of a linear transformation T from a finite-dimensional vector space 
V into itself is defined to be the trace of the matrix of T with respect to any 
basis of V: again it can be shown that this is independent of the choice of 
basis. For example, the trace of the identity mapping from E” to E” is 
simply n. 


Additional Text 


We shall need the result of the following exercise throughout the remainder of 
Chapter V. 


1. 


Page 194, Exercise 1. (HINT: Use the result of Exercise II.5.6(a).) 


Summary 


Notation 


Page 189, line -6 


Sp Page 190, Definition 1.1 
S Page 191, line -8 

Is Iz fxy» fyy Text: page 8, Exercise 4 
Definitions 

(1) The covariant derivative У ‚7, on a surface Text, page 5 

(ii) The shape operator at p, Sp Page 190, Definition 1.1 
(iii) Тһе shape operator S Page 191, line -9 

(iv The trace of a linear operator Text, page 7 

Examples 


(i) 


(ii) 


If M is a sphere of radius r, then 


S=-żŻ1 Pages 191-192, 
Example 1.3(1) 
If M is a circular cylinder of radius r, then S(v) = 0 
if v is tangent to a ruling of M and S(v) = -v/r if v 
is tangent to a cross-sectional circle of M. Page 192, Example 1.3(3) 
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Results 


(i) Sp is a symmetric linear transformation from 
тым) to Tp(M). Page 191, Lemma 1.2 and 
Page 193, Lemma 1.4 
(ii) S(a’) = -U', where U is restricted to a. Page 194, Exercise 1 
(iii) If X = ZxjiU,, then VyX =v. Text, page 6 
Techniques 
(i) Calculating the covariant derivative of a vector 


field on a surface using 
V.Z = (7 о ао)'(0 
O ZZO |, 
(b . VyZ-Z (zio o) (0)U;(p) 
(ii) Where Z, 2; are restrictions to M of a vector field 


on E? and differentiable functions on E?, cal- 
culating the covariant derivative using 


(a) VyZ = Xzj(p + tv)' (0) О;(р) Page 78, Lemma II.5.2 
(b) VZ = Ху[2;] О;(р), where v[z;i] is evalua- 


ted using Ui(p)[xj] = ё} and the linear and 
Leibnizian properties. Page 80, Corollary [1.5.4 


Page 189, Method 1 
Page 190, Method 2 


(iii) ^ Finding the matrix representing Sp with respect to 
some basis for T (M), and hence determining the 
rank of S, (that is, the number of linearly indepen- 
dent NM and its effect on the whole of Tp(M). Page 190, Definition 1.1 


Exercises 


Technique (1) 


2. If x: D—M is a patch, Z a vector field on М, and w is the tangent vector 

Xu(uo, vo) to M at х(ио, vo), show that 
| ðz;(x 

vwZ = S260) 9o vo) = Z us, vo) Ui (као) 

Technique (йи)(а) 

3. Calculate VyZ for v=(0,1,0) at the point (т, 0, 0) on the cylinder 
x? + y? = г? when Z = -yU, + х0. 

Technique (#)(Ь) 
4. Page 194, Exercise 2. What is the matrix of So with respect to (u,, 02) 2. We 


shall use the result of this exercise in the next section, but it is not worth 
remembering for its own sake. The symbol fy denotes df/dx, fy = of/dy, 
fyy = 07£/dx?, у = 07f/dxdy, fy, = 07f/dy?. 

Technique (їй) 


5. Page 194, Exercise 3. Give the matrix of Sg with respect to {ц}, u2} in each 
case. 
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Opttonal Section — The Gauss Mapping 


Historically the unit normal vector field U was studied by investigating the Gauss 
mapping. Although this is outside the scope of this course, the Gauss mapping does 
play an important role in differential geometry: for example, it is used in the second 
of the sections in O’Neill on Integration (VI.7), which are omitted from M334 but 
which you may like to read later. If you would like to study the Gauss mapping, 
read the definition given in Exercise 4 on page 194 and then do the following 


exercises. 

6. Page 194, Exercise 4. 
7. Page 195, Exercise 5. 
8. Page 195, Exercise 6. 
9. Page 195, Exercise 7. 
Solutions 

1. Раре 194, Ехегсіѕе 1. 


We need to show that 
S(a'(to)) = -(U(o)) (to) 
for all tg in the domain of a. Putting v = a’ (to), 
S(o'(to)) = S(v) 
--WVU, by Definition V.1.1, 
= -(U o B)'(0), by definition of the covariant derivative, 
where [ is any curve in M with f'(0) = a’(to). An obvious choice for f is 


p: t—a(t + to). 


Now 
U(B(t)) = U(o(t + to)) 
(U(8)) (t) = (О(о))'( + to) 
(U(8)) (0) = (U(o)) (t;). 
Thus 


S(a'(to)) = -(U(B))'(0) = -(U(@))'(to). 


Since we are considering just the restriction of U to the curve a, so that we 
are thinking of U as a vector field on a curve, we may write U’ for (U(a))’. 
Thus the last equation becomes, on omitting to, 


S(a’) = -U'. 
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2. The vector w = xy(uo, Vo) is the tangent vector to the curve u — x(u, vo) at 
the point х(цо, vo), so if we take а to be the curve 


a:te—»x(ug + t, Vo) 


lying in M, then x,y(uo, Vo) = &'(0). We use Method 1 on pages 189-190 to 
obtain 


VwZ- Ня 
© (Z(a(t))) 


т (2(x(uo + t, vo))) 


t=0 


ae ele Ble 


(2(х))(ио, vo) Бу definition of partial differentiation. 
Similarly,  (z;(o))'(0) = 2. (2:(х))(ио, уо), and so Method 2 gives 
' ð y 
VwZ = Z (zi(a))'(0) U; (x(uo. vo)) = ZÈ (zi(x) (uo, vo) Ui (x(u vo) 


3. Vy(-yU, + xU2) = (-у(р + 1у))'(0) Ux(p) + (x(p + tv))'(0) О(р). 
In this case 
р + tv = (r, 0, 0) + t(0, 1, 0) 
= (r, t, 0) 


sO 


50 


(-у(р + tv)) (0) = -1, 


апа 
х(р + tv) = г 
so 
(x(p * tv)) (0) = 0. 
Thus 
Vy(-yU, + xU;) = -Ui(p) = -Ui(r, 0, 0). 
4. Page 194, Exercise 2. 


(a) Since M is given implicitly as M:g = 0, where 


g(x, y. z) 7 z - f(x. y), 
we know from Lemma IV.3.8 that Vg is a normal vector field on M. 


=-f,U,- f 
1 
This has norm (fx? + fy? * 1)?, and so a unit normal vector field to M 


is given by 


= -f,U, Бы fy 


О + U3 
ps 
(fy? + fy? nj 
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(b) 


11 


Now U(0, 0, 0) = (0, 0, 1) because f,(0, 0) = f,(0, 0) = 0. Tangent 
vectors at (0, 0, 0) are tangent to M if ae only if they are ortho- 
gonal to U(0, 0, 0) = (0, 0, 1). The tangent vectors иу and u, are 
both orthogonal to (0, 0, 1), and so they are tangent to M at the 
origin. 


By Method 2 on page 190, 


-fx -fy 
Vu, U= as] — 0100) + uy} — | 000) 
(fx? + fy? + 1)?, (62 + fy? + 1)? 


+ ug 
(c Pig Dr 


We know that Sy maps Т(М) to Ty(M) and so the component of 
Vu, U in the Us(0) direcioni is zero. 


Now uj[h] = (0h/0x)(0, 0, 0) for any function h. Since we know 
that f,(0, 0) = f (0, 0) = 0 we can ignore any terms having fy or fy as 
a factor when ue have differentiated, so 


-fx ð -fx 
J a eso 
(fx? + fy” Td (fx? + fy? EL) 


-f 
aa cu 0, 0) 
(fx? + fy? + 1)? 
= -fxx(0, 0); 


Similarly 
=} 
у 
T D o) 
(f + fy“ +1)? 


Vu,U = -fxx(0, 0) U4(0) - fxy(0, 0) U;(0). 


Thus 


Now 
S(u;) =-Vy ,U 
= fxx(0, 0) U,(0) + fx y(0, 0) U;(0) 
= f4X(0, 0)u, + fxy(0, 0)uz. 


In an exactly similar manner, since и, [Һ] = (dh/dy)(0, 0, 0), we can 
show that 


S(u;) = fxy(0, 0)u, + fyy 


The tangent vectors ц, and u, form a basis for То(М). The two 
equations 


S(u;) = fxx(0, 0)u, + fxy(0, О), 
S(u;) = xy (0, 0)u, + fyy(0, 0), 


tell us that the matrix of S with respect to this basis is 


(0, 0)u; 


їхх(0,0) — fxy(0, 0) 


fxy(0,0) — fy,(0, 0) 
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Qt 
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Page 194, Exercise 3. 
In each case we can put z 7 f(x, y) and show that 
f(0, 0) = f,(0, 0) = fy(0, 0) = 0. 


Then the result of the previous exercise tells us that, with respect to the basis 
{u,, u2}, the matrix of Sg is 


fxx(0,0) — fxy(0, 0) 
fxy(0,0) — fyy(0, 0) 


Expressing every vector in To(M) in terms of the basis {u,, u2} we see that 
S(au, + bu) = cu, + du;, where c and d are obtained from the equation: 


c| [fxx(0,0) — fxy(0, 0) | fa 


af \fxy(0,0) — fyy(0, 0) } |b 


The rank of Sg can be simply read off as the number of linearly independent 
rows of the matrix. 


(a) In this case f(x, y) = xy. 


fx (x, y) 7 y fxx(x, y) = 0 
fy (x; у) = х у(х, у= 1 
fyy(x, y)=0 
The matrix of Sg with respect to the basis {ц}, u2} is 
0 1 
1 0 
апа $о 


S(au, + bu;) = Би, + au, 
and Sọ has rank 2. 
(b) Now f(x, y) = 2x? + уг. 
(х, y) = 4x fxx(x y) = 4 
fy(x, y) = 2y у(х, y) = 0 


у(х, у) = 2 
The matrix of So with respect to the basis (u,, uy} is 
4 0 
0 2 


and so 
S(au, + bu;) = 4au, + 2bu; 
and Sọ has rank 2. 
(c) Now f(x, у) = (x + y)". 
fx(x, y) = 2(x + y) fxx(x, y) 72 
fy(x, y) = 2(x + y) у(х, y) = 2 
2 
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(d) 


6. 
(a) 


The matrix of Sg with respect to the basis {u,, u2} is 


a, <2 


2 2 
and so 
S(au, + buz) = 2(a + b)(u, + оз) 
and S, has rank 1. 
Now f(x, y) = xy?. 
fx(x, y) = y? fxx(x, y) = 0 
(х, у) =2ху  fxy(x, у) = 2y 
fyy(x, y) = 2x 
The matrix of Sg with respect to the basis (u,, u;) is 


0 0 


0 0 
and so 

S(au, + buy) = 0 
and So has rank 0. 


Page 194, Exercise 4. 
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The “outwards” unit normal on the cylinder x? * y? =r? at the point 


(pi, P2; рз) is (рь P2; 0)/r. 


Thus G(M) is the set of all points (pi, p2,0)/r with p,? + p2? 


that is, G(M) is the unit circle in the xy plane. 


2 


14 
(b) 


(c) 


(d) 


M334 V.1 


1 
The сопе М: р = (х? +у2)2 - z = 0 is a "single" cone with positive z 
coordinates. Ме must assume that the vertex 0 is omitted, or else М 
would not be a surface. As a normal vector field on M we can take 


= у 
Vg=———__, Ш, + -— —ÀiU; - О, 


1 1 
(x? + у2)2 (x? + у2)2 
No Xu. 
= = U, + = U, U3. 


Then 


$13 1 
ive] -E—2 +1} 


-/2 


because x? + y? = z?, and so a unit normal vector field on M is 


—.— (xU, + yU; - 203). 


М2 


Thus G(M) is, the set of all points (pi; po; -рз)А/ 2рз with 
рз = (pi^ + p2)2, which is the circle which is formed by the inter- 
section of the unit sphere È with the plane z = -1//2. 


U(q) 


(Of course, we could have chosen the opposite unit normal, in which 
case G(M) would have been the intersection of X with the plane 
z-1A/2.) 

As noted in Example V.1.3(2), the unit normal vector field to a 
plane is parallel; that is, its Euclidean coordinate functions are all 
constants. Hence if M is a plane then G(M) is a single point. In this 
case M : g = 0, where g=x +у + 2: 


Vg=U,+U,+ U3 
and so G(M) is the single point (1, 1, 1)A/3. 
Using the gradient, we find that 

(x - 1)0, + yU, + (z + 2)U3 


is a unit normal vector field on M: (x - 1)?+y?+(z+ 2? =1. 
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Thus 
G(M) = {(pi- 1, po ps + 2): (р. - 1? + pz? + (ps + 2)? = 1) 
= {(91 а» q3): q1? + q? + qa" = 15 
= У. 
In other words, in this case G(M) is the whole of the unit sphere. 
7. Page 195, Exercise 5. 
We use the parametrization 
x(u, у) = ((R + r cosu)cosv, (R + r cos u)sin v, r sin u) 
of the torus T. We know that x, X xy is a normal vector field on T. Now 
Xy(u, v) = (-r sin u cos v, -rsinu sin v, г cos u) 
xy(u, v) = (-(R + r cos u)sin v, (R + r cos u)cos v, 0) 
and so 
(xy X xy)(u, v) =-т(К + r cos u)(cos u cos v, cosu sin v, sin u). 


Thus the outward unit normal at x(u, v) is given by 


(cosu cos v, cosu sin v, sin їй). 


The coordinates of this are identical to those of the geographical para-. 
metrization of the unit sphere, except that u and v are interchanged and may 
each take any real value. A typical meridian of T is the u-parameter curve 
V 7 Vo : G maps this to the vertical great circle on £ which is the union of 
the meridian u = vy with the meridian u = vg + л and the North and South 
poles. 
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A typical parallel of T is the v-parameter curve и = ug : G maps this to the 
parallel on È given by у = ug when цо is not of the form пт + 1/2. These 
particular values of ug correspond to the top circle on T, which is mapped to 
the North pole on Z, and the bottom circle on T, which is mapped to the 


South pole on È. 


The meridian у= уо on T has an “opposite” meridian v- vo + 7 (the 
meridian v = vg + 27 is of course the same as the meridian v = уо). G maps 
each of these meridians to the whole of the same vertical great circle on 2. 


M334 V.1 17 


We have already seen that the North and South poles of 2 are each the image 
of a whole circle on T. Every other point of 2 lies on just one vertical great 
circle and so is the image of exactly two points of T, which lie on opposite 
meridians of T. 

8. Page 195, Exercise 6. 


The saddle surface is M: z = f(x, y), where f(x, y) = xy. The unit normal 
vector field U found in Exercise V.1.2 is 


-f,U, = f. 0, + U, 


y 
1 
(1+ 62 + £j? 
-yU, - xU; + 0; 
Paty d LY e 
(1 + y? + x?)? 


The line y = c on M is mapped by G to the set of points 


C6 -Pr 1) 
m h i 72:2 
(eee pif 
The point q in È belongs to this set if and only if аз is positive and q; = -сдз. 


Thus С maps the line y = с to the semicircle which is the intersection of 2, 
the plane x = -cz and the set (p € E?:z(p) > 0). 
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Each point of М lies on one of the lines у = с for some real value of с. As с 
varies over R the images of these lines cover the whole of the northern 
hemisphere, {p € X: z(p) > 0}. 

Page 195, Exercise 7. 


Let v be a vector tangent to M. Then there is a curve ain M with a (0) = у. 
Then 


S(v) = S(a'(0)) 
= -(U(a))' (0), by Exercise V.1.1. 
Now 
G,(v) = G,(a'(0)) 
= (G(a))'(0), by Definition IV.5.3. 
Since С and U have the same Euclidean coordinate functions, U(a)' (0) and 


G(a)' (0) also have the same coordinates; that is, the vectors -S(v) and G,(v) 
are parallel. 
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У.2 NORMAL CURVATURE 


Introduction 


This section follows on directly from Section V.1. We also need to use the concepts 
of eigenvector and eigenvalue (see Unit M201 5, Determinants and Eigenvalues) and 
a theorem from Unit M201 24, Orthogonal and Symmetric Transformations. 


In the previous section we saw that S, is a linear transformation of T,(M) to itself, 
and accepted (leaving the proof until Section V.4) that Sp is a symmetric linear 
transformation; that is, 


Sp(v)-w = v-Sp(w). 


You have met symmetric linear transformations before, in Unit M201 24, Ortho- 
gonal and Symmetric Transformations, where the following important theorem was 
proved (page 37): if S is a symmetric linear transformation of a finite dimensional 
vector space V to itself then V has an orthonormal basis consisting of eigenvectors of 
S. Applying this theorem to Sp» we see that 


Tp(M) has a basis е, e; where |е. = || e;| = 1, е-е; = 0, 
and 
Sp(e1) = Куе, Sp(e2) = Ке» 


where Кү, К, are the eigenvalues of S, corresponding to е}, ез. The tangent vectors 
е, €, are called principal vectors at p, and k,, К, are called principal curvatures at p. 
That is, we make the following definitions. 


Definition. The principal curvatures at p are the eigenvalues of Sp: 
Definition. The principal vectors at p are the unit eigenvectors of Sp: 
Definition. А principal direction at p is the one-dimensional subspace of T p(M) 


spanned by a principal vector at p. 


Thus, if v is tangent to M at p, 5р(у) is a multiple of v if and only if v is an 
eigenvector of Sy, which happens if and only if v lies in a principal direction at p. 
Notice that, with this definition, a principal direction is not oriented; if v is an 
eigenvector of 5р then у апа -v both belong to the same principal direction. 


With respect to the basis {e,, e2} the linear transformation Sp has matrix 


In the particular case when k, =k, =k this becomes КЇ, and so Sp is simply multi- 
plication by the scalar k; that is, every vector of T р(М) i is an eigenvector of Sp with 
eigenvalue К. In this case we call p umbilic. 


Definition p is umbilic if Sp is scalar multiplication. 


If v is a nonzero eigenvector of Sp with eigenvalue k; then 


Sp(v)-v = (kjv)-v = (у-у) 


and so 
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In particular, since e, and e; are unit vectors, the eigenvalues of Sp are given by 
k; = Sp(e;)-e;. 


In fact we have the following theorem. 


Theorem V.2.A The principal curvatures at p are the minimum and maximum 
values of S p): u for unit tangent vectors u in Tp(M). Moreover these minimum and 
maximum Flues occur only when u is a principal vector at р. In particular, Sp(u)-u 
is constant if and only if p is umbilic. 


Proof Let {е ез) be an orthonormal eigenvector basis of Tp(M). If u is any 
unit tangent vector in Ty(M), we can write 


u = cos д e, + sin Ü e; 
for some angle 9. Since Sp(u) is a linear transformation 
Sp(u) = cos д Sp(e1) + sin 9 Sp(e2) 
= k; cos 9 e, + ksin de, 
and so 
Sp(u)-u = (k,cos де; + К, sin 9 e2)-(cos 9 e, + sin 3 е») 
= k; cos? 9 + k; sin? 3 
=k, + (k; - k,)cos? 9. 


As cos? 9 varies between 1 and 0, S piu ):u varies between К, and К, which аге 
therefore the minimum and maximum values (not necessarily in that order) of 
S piu) u for unit vectors u in Tp(M). Moreover if К, # К, then these extreme values 
occur only when cos? 9 = 0 or Р that is when u = te, or te. 


Ia the case when p is umbilic, with k, = К, = k, S plu) = ku for all unit vectors u in 
T5(M), and so Sp(u)- u=k is constant. Conversely, if S p(u)-u is constant then 
k, = k; and so p is umbilic. 


O’Neill approaches in a more geometric way the concepts that we have just defined 
algebraically. The geometry also naturally leads us to consider the importance of the 
principal vectors and curvatures, and the normal curvature function 


u—»Sp(u)-u u € T, (M), jul] = 1. 
We have kept the notation S, in this introduction to emphasize that Sp is a linear 
transformation of T,(M). However, in general it is quite safe to abbreviate "po S, 
at p 


as O'Neill has already started doing, for if v is a tangent vector tangent to 
then S(v) must mean S p) 


READ: Section V.2 (pages 195-202), omitting the proof of Theorem 2.5. 
REAM pection v.e (раве aL ee E 


Comments 


(i) Page 196: normal curvature The normal curvature of M in the direction 
of a unit vector u tangent to M is defined to be 


k(u) = S(u)-u. 
Note that, unlike the curvature of a curve, the normal curvature of a surface 
in a particular direction may be negative. 
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(ii) 


(iii) 


Page 201: Ty(M ) Т, p(M) was defined in Exercise IV.3.9 on page 150 to 
be the plane in E? дей иы of all points of the form p + v for v in Tp(™). It 
is the plane through p orthogonal to U(p), and gives a concrete realization of 


Tp(M). 


Pages 197 and 201: normal sections and quadratic approxi- 
mations O’Neill makes several assumptions in these sections which he 
does not justify. For the sake of completeness we here point out which 
results he is assuming and indicate how they may be proved. 


(a) Firstly, O'Neill assumes that the position of M in E? is of no impor- 
tance, in other words that a Euclidean isometry F (as defined in 
Chapter III) maps principal vectors of M to principal vectors of F(M) 
and makes no difference to the normal and principal curvatures. 
Since all of these concepts are defined in terms of the shape 
operator, it is enough to show that F preserves the shape operator; 
that is, 


5(Е „(у)) = F«(S(v)) 
for all vectors у tangent to М. This is in fact true: the proof is given 
in Section VI.8, and there is no need to read it until you reach that 
section. Because of this result, we can always simplify our investi- 
gation of a neighbourhood of a point p on a surface M by 


(i) applying a translation to move p to the origin; 


(ii) applying a rotation so that the tangent plane Tp(M) becomes 
the xy plane and any omne unit vector in Tp(M) becomes 
(1, 0, 0). 


(b) Secondly, O'Neill assumes that, if M is transformed so that p be- 
comes the origin and T,(M) becomes the xy plane, then there is a 
neighbourhood of 0 in which M can be expressed as M:z = f(x, y) for 
some (differentiable) function f. We can in fact prove this by show- 
ing that the projection т: M—> E? given by 


T(pi, P2 p3) = (рз, P2) 


is a diffeomorphism in a neighbourhood of 0 and so has an inverse of 
the form 


T !(p b P2) = (p 1» P2» р}, p2))- 


The details of this proof are a little tedious, and you do not need to 
know them, so we omit them. 


(c) Thirdly, O'Neill assumes that the normal section о, defined on page 
197, is genuinely a curve in M, and moreover has a unit-speed repara- 
metrization. Specifically, p is a point of M, u a unit tangent vector in 
Tp(M), and P is the plane determined by u and U(p); that is, P is the 
plane through p consisting of all points p * v where v is any linear 
combination of u and U(p). The normal section о is defined to be 


M ПР, and we wish to show that О is the route of a regular curve in 
M. 


Now, by result (a) we may assume that p is 0, T, (M) is the xy plane 
(and so U(p) = + (0,0, 1)) and и is (1, 0, 0). a P becomes the 
plane y = 0. By result (b) there is a neighbourhood of 0 on which M 
is given by M:z = f(x, y). Hence o is (t, 0, f(t, 0)) on an interval I of 
the x-axis. 
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PAN 


(t, 0, f(t, 0)) 


The function 
t—».(t, 0, f(t, 0)) 

is differentiable, so 0 is a curve in M. Moreover, its velocity is 
t'—9(1, 0, fy (t, 0)), 


which is never zero: thus 0 is regular and so may be given a unit- 
speed reparametrization. 


(iv) Page 200: Proof of Theorem 2.5 With the definitions given in the Intro- 
duction in the Text, this theorem becomes trivial, and so it suffices to prove 
that the Text definitions of principal curvature, principal vector, principal 
direction and umbilic are equivalent to those given by O’Neill. This has been 
done in Theorem V.2.A, so you may omit the proof given here, which makes 
no appeal to linear algebra. 


The formula obtained in Corollary 2.6 is found during the proof of both 
Theorem 2.5 and Theorem V.2.A. 


(v) Page 202: quadratic approximation of f near (0, 0) For general f, this 
approximation is 


f(x, y) ~ £(0, 0) + £,(0, 0)x + fy (0, О)у + 


2(fxx(0, 0)x? + 2fxy(0, O)xy + fyy(0, 0)у?). 


This is the two-dimensional version of Taylor’s approximation, and may be 
found in Unit M201 14, Bilinear and Quadratic Forms, page 25. We shall 
always use the quadratic approximation (Кх? + k;y?), as obtained by shift- 
ing the origin and rotating the axes. 


Supplementary Comments 


(i) Page 197: lines -10 to -8 These lines are illustrated by Fig. 5.11 on page 
198. The curve о lies in the plane P and so the tangent vectors 0 (0) and 
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(ii) 


(iii) 


0"(0) both lie in P. However, 0'(0) = T(0) and o"(0) = «(0)N(0) and so the 
tangent vectors T(0) and N(0) both lie in P. Moreover, 0 is a curve in M and 
so 0 (0) lies in Tp(M). The only unit tangent vectors at p which lie in both P 
and T,(M) are tu and so 0'(0) = tu. In fact we may choose 0 so that 
о'(0) =u. Now the tangent vector N(0) is a unit vector which lies in the 
plane P and which is orthogonal to the tangent vector T(0) = 0'(0) =u: the 
only such vectors are +0(р) and so N(0) = +U(p). 


Page 198: shape of о The Frenet approximation of a unit speed curve 
(page 61) tells us that, near 0, 


o(s) ^ o(0) + s T(0) + «(0) S N(0) + к(0)т(0) S` B(0) 


= g(0) +s T(0) + к(0) Š N(0) 


because 7(0) = 0 as o is a plane curve (lying in the plane P). 


N(0) 


o(s) 


к(0)5?/2 


'0(0) T(0) 


к(0) is non-negative by definition, and so о bends towards N(0) on either 
side of o(0). 


Page 198: saddle surface Since this is given by z = xy, along the line 
у =x we have 2 = x? and so the normal section is a parabola bending up- 
wards; along the line y =-х we have z = -x? and so the normal section is a 
parabola bending downwards. 


Page 202: line 1 We are assuming (1) that p € M is the origin, and so 
0 = f(0, 0); the Monge patch 
(u, v)— (u, v, f(u, v)) 


has partial velocities (1, 0, f,(0, 0)) and (0, 1, £,(0, 0)) at the origin, and by 
assumption (2) these are orthogonal to (0, 0, 1) and so 


fy(0, 0) = £q(0, 0) = 0. 


Summary 

Notation 

k(u) Page 196, Definition 2.2 

ky, ky Page 199, Definition 2.3 
and Text, page 19 

€, ез Text, page 19 

Tp(M) Page 201, line -4 


Page 202, line 15 
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Definitions 

(i) Normal curvature (k(u)) in the u direction 
(ii) Normal section о 

(iii) Principal curvatures k4, К, 

(iv) ^ Principal directions 

(v) Principal vectors е}, e; 


(vi) | Umbilic point 
(vii) | Tangent plane T,(M) М 
(viii) ^ Quadratic approximation (M) of M near p 


Results 
(i) For a curve a in M, a” -U = S(a’)-a’. 
(ii) For a unit-speed curve a in M with a’(0) = Up: 


k(u) = &(0)N(0)-U(p). 
(ii) For a unit-speed normal section 0, with o'(0) = up: 


(iv) For a unit-speed normal section о with o'(0) = up: 
k(u) > 0 implies о is bending towards U(p) at p, 
k(u) < 0 implies о is bending away from U(p) at p. 


(v) The principal curvatures at p are the minimum and 
maximum values of the normal curvature at p. 


(vi) ^ The normal curvature at p is constant if and only if 
p is umbilic. 


(vi) If p is umbilic, all directions at p are principal 
directions. 


(viii) If p is not umbilic, there are exactly two principal 
directions at p and these are orthogonal. 


(ix) If ej, e; are principal vectors at p with corres- 
ponding principal curvatures К, and К,, and 
u = cos Ü e, + sin  e;, then 


k(u) = k; cos? 9 + К, sin? 9. 


(x) If k,, К, are the principal curvatures at p, the shape 
of M near p is approximately the same as the shape 
of 


Ñ : z - 3x? + key?) 


near 0. 
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Page 196, Definition 2.2 
Page 197, line -11 

Text, page 19 

Text, page 19 

Text, page 19 

Text, page 19 

Page 201, line -4 

Page 202, line 15 


Page 196, Lemma 2.1 


Page 197, line 8 


Page 197, line -7 
Page 198, first two 
paragraphs 


Text, page 20, 
Theorem V.2.A 


Text, page 20 
Theorem V.2.A 


Page 200, 
Theorem 2.5.(1) 


Page 200, 
Theorem 2.5.(2) 


Page 201, Corollary 2.6 


Page 202, line 15 
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Techniques 
(i) Finding the principal curvatures and vectors in 

simple cases. Text, page 20 
(ii) Finding the quadratic approximation to a surface 

near a point. Page 202, line 15 
Exercises 


Technique (i) 


1. Page 202, Exercise 1. 


Technique (ii) 


2. Page 203, Exercise 4. Describe the appearance of each surface near the 
origin, using a sketch if possible. 


Solutions 


l. Page 202, Exercise 1. 


(a) 


(b) 


At any point p of the cylinder let e, be a unit tangent vector along a 
ruling of the cylinder, ез a unit tangent vector tangent to the cross- 
sectional circle through p, as in Example V.1.3.(3) on page 192. It 
was shown on page 192 that 


S(e,) = 0 = 0e, 
1 
S(e2) = TTE 


thus е, and e, are eigenvectors of S with eigenvalues 0 and -1/r. In 
other words, e, and e; are principal vectors at p and 0 and -1/r are 
the principal curvatures at p. 


As on page 192, we let и, = U,(0), є = U;(0). It was shown in the 
solution to Exercise V.1.3 that 


S(au, + bu3) = bu, + аи». 


Thus au, + bu; is a principal vector at p if and only if bu, + au, is a 
multiple of au, + bu}, which happens if and only if either a = b (in 
which case the corresponding principal curvature is 1) or a = -b (in 
which case the corresponding principal curvature is - 1). 


2. Page 203, Exercise 4. 


In each case M is the surface M:z 7 f(x, y) for some function f. We can show 
that f(0, 0) = #„(0, 0) = £,(0, 0) = fxy(0, 0) = 0, so that the working on page 
202 tells us that К, = fxx(0, 0), К, = fy, (0, 0) and the quadratic approxi- 
mation 1S 


M : z  3(fxx(0, 0)x? + fy (0, 0)y?). 
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(b) 
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In this case f(x, у) = exp(x? + y?) - 1. 
f(x, y) -2x exp(x? +y?) (х,у) = (2 + 4x”)exp(x? + y?) 
fy(x, у) = 2y exp(x? ty?) — fyy(x y) = 4xy exp(x? + y?) 
fyy(x, y) = (2 + 4y?)exp(x? + y?) 
The quadratic approximation is the surface 
M : z= (2х2 + 2y?) = x? + y?, 
which is a paraboloid bending upwards with its “south pole" at the 


origin, so M is bowl-shaped near 0. For a sketch, invert Fig. 5.18 on 
page 204. 


Now f(x, y) =log cos x - log cos y. 

fx(x, y) = -tan x fxx(x, y) = -sec?x 

fy(x, y) = tan y у(х, y) =0 

fyy(x, у) = sec? y 
The quadratic approximation is the surface 
M : z =4(-x? + у?) = 3(y? - х2), 

which is a saddle surface (it cuts the xz plane in the parabola 
z=-3x?, which bends downwards, and the yz plane in the parabola 


z=3y’, which bends upwards) so M is saddle-shaped near 0. See 
Fig. 5.19 on page 204. 
Now f(x, y) = (х + 3y)? 

fx(x, y) = 3(x + Зу)? fxx(x, y) = 6(x + Зу) 

fy(x, y) = 9(x + Зу)? fxy(x, y) = 18(x + Зу) 
fyy(x, y) = 54(x + 3y) 
The quadratic approximation is the surface 

M:z= 5(0х2 + 0y?), 

that is, the xy plane. In fact this tells us nothing about the shape of 
M near 0 without further information. 
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V.3 GAUSSIAN CURVATURE 

Introduction 

This section depends only on Section V.2 and the following two vector identities. 
Lemma V.3.A If a, b, c are vectors in E? then 


a X (b X c) = (a-c)b - (a-b)c. 


This occurs in Unit MST 282 1, Some Basic Tools, Section 2.3. We use it to prove 
the next lemma. 


Lemma V.3.B (The Lagrange Identity). If v, w, a, b are vectors in E? then 


va vb 
(v X w)-(a X b) = 


wa web 


Proof | Writing a X b = c we have 
(v X w)-(a X b) = (v X w)-c 


= v-(w X c), by Exercise II.1.4(d), 
= v-(w X (a X b)) 
= v-((w-b)a - (w-a)b), by Lemma V.3.A, 


(v-a)(w-b) - (v-b)(w-a) 


va vb 


wa wb 


Having found the geometric significance of the eigenvectors and eigenvalues of S in 
the previous section, we now investigate that of the determinant and trace of S. 
Recall that the determinant of a transformation with matrix 


a b 
c d 


is ad - bc, and that the trace of this transformation is a + d. 


Both of these quantities are independent of the choice of basis. 


READ: Section V.3 (pages 203-207). 


Comments 


(i) Page 203: Gaussian and mean curvature If U is replaced by -U, the 
Gaussian curvature K is unchanged and so К can be defined unambiguously 
over the whole of a surface M, even if M is not orientable. The mean curva- 
ture H has the usual ambiguity of sign and so cannot be defined over the 
whole of a nonorientable surface. 
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(ii) Pages 204-205: Remark 3.3 The monkey saddle exemplifies a fact which 
is implicit in this remark, that if a surface is not of types (1), (2) or (3(a)) 
(that is, bowl-shaped, saddle-shaped or trough-shaped) near p then p must be 
a planar point; that is, k,(p) = k,(p) = 0. 


The illustration, Fig. 5.20, for the case (3(a)) (К,(р) = 0, k;(p) = 0) is a little 
misleading, as we have no information about how М is curving in the е, 
direction. Each of the diagrams below shows a possibility. 


wa wa uri 


The difficulty is akin to that of distinguishing between the types of 
stationary point t of a function g: R—9R when g'(t) = р (ї) = 0. 


Supplementary Comments 


(1) Page 206: proof of second half of Lemma 3.4 
S(v) X w +v X S(w)7 (av + bw) X w * v X (cv + dw) 
-avXwtdvXw 


- 2H(p) v X w. 


(ii) Page 206: proof of formulas in centre of page Dotting each side of 
S(V) x S(W) =K VXW 
with V X W gives | 
(S(V) X S(W))-(V X W) = K(V X W)-(V X W), 
which, by the Lagrange identity, is 


S(V-V | S(V-W V-V VW 


S(W.V  S(W)-W W-V М-М 


The other formula is obtained similarly. 


O’Neill is writing SV for S(V). He frequently drops the parentheses when the 
meaning is unambiguous—for example he writes Cv for C(v) in Chapter III 
and fx for f(x) in Chapter IV. 
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(iti) ^ Page 207: singular Since S has matrix 


with respect to a suitable basis, S is singular if and only if at least one of 
Ку, К is zero, that is if and only if det S = kk; = К = 0. 


Summary 
Notation 
K Page 203, Definition 3.1 
H Page 203, line 7 of the 
section 
Definitions 
(1) Gaussian curvature K Page 203, Definition 3.1 
(ii) Mean curvature H Page 2083, line 7 of the 
section 
(iii) ^ Planar point Page 205, line 4 
(iv) Flat surface Page 207, Definition 8.6 - 
(v) Minimal surface Page 207, Definition 3.6 
Results 
(1) a X (b X c) = (a-c)b - (a-b)c. Text, page 27 
va vb 
(ii) (v X w)-(a X b) = Text, page 27 
wa web 
(iii) K=k,k,;H = (k, +k,)/2. Page 203, Lemma 3.2 


(iv) K(p) > 0 = М is bowl-shaped near р; 
K(p) € 0 = М is saddle-shaped near р; 
K(p) = 0 > pis aplanar point or M is trough-shaped 
near p. Page 204, Remark 3.3 
M has a complicated shape near p > p is a planar 
point. Text, page 28 
(v) If v and w span Tp(M), then 
S(v) X S(w) = Kp) vX м 
S(v) X w * v X S(w) = 2H(p) v X м. Page 205, Lemma 3.4 
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(vi) If V, W are tangent vector fields which are linearly 
independent at each point, then 


E 
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SV-V SV-W 
SW.V SW-W 
“| уу vw 
W.V W-W 
SV.V SV-W V-V V-W 
T W.V W-W SW.V SWW 
V-V V-W 
2 
WV WW Page 206, line 15 
1 
(vii) ky, k2 = H + (H? - KY. Page 206, Corollary 3.5 
Techniques 
(i) Finding K and H in simple cases. Page 203, Definition 3.1 
and line 7 of the section 
(ii) Interpreting K and H geometrically. Page 204, Remark 3.3 
Exercises 
Technique (i) 
1. Find K(0) and H(0) for each of the surfaces in Exercise 4 on page 203. 
Technique (ii) 
2. Page 207, Exercise 1. 
3. Describe the shape of M near p if exactly one of K(p), H(p) is zero. 
Theory Exercise 
4. Page 207, Exercise 3. (HINT: Use Corollary V.2.6.) 
Solutions 
1. Writing each of these surfaces as M:z = f(x, у) in turn, we found in the 


previous section that 


£(0, 0) = fx (0, 0) = fy(0, 0) = fxy(0, 0) = 0. 
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Thus the result of Exercise V.1.2 on page 194 shows that u, and u, are 
principal vectors with corresponding principal curvatures f,,(0,0) and 
fyy(0, 0). Thus K(0) = fxx(0, 0) fyy(0 0) and H(0) = 3(fxx(0, 0) + fyy(0, 0)). 
We have already calculated f,,(0, 0) and fyy(0, 0) in these three cases. 

(a) — f(x y) = exp(x? + y?) -1 
fxx(0, 0) = 2 
fy, (0, 0) = 2 
K(0) = 4; H(0) = 2. 

(b) f(x, y) = log cosx - log cosy 
fxx(0, 0) = -1 
fyy(0, 0) = 1 
K(0) - -1; H(0) = 0. 

(c) х,у) = (x + Зу)? 
fxx(0, 0) = 0 
fyy(0, 0) = 0 
K(0) = 0; H(0) = 0. 


2: Page 207, Exercise 1. 


If K(p) <0, k,(p) and k;(p) must have opposite signs and so cannot be equal: 
hence p is not umbilic. If K(p) € 0 and p is umbilic, then k,(p) = k;(p) and 
k,(p)k;(p) < 0, which forces 


k,(p) = k2(p) = 0; 
that is, p is planar. 


3. If K(p) = 0 then at least one of k,(p), k;(p) is zero. Were they both zero, 
H(p) would also be zero. This is not so, so exactly one of the principal 
curvatures is zero and M is trough-shaped near p. 


If H(p) = 0 then k,(p) and k,(p) have opposite signs so K(p) < 0. K(p) is 
nonzero, so K(p) < 0, so M is saddle-shaped near p. 
4. Page 207, Exercise 3. 
(a) If u is a unit vector in Tp(M) we can write 
u = cos Je, + sin 3 e, 


for some 9, where e,, ез are orthogonal principal vectors at p- 


If v is a unit vector in Tp(M) orthogonal to u then 
У = соѕ фе + ѕіп фе, 
= т - 3-1 
where p= 0 +5 org v 9: 
By Corollary V.2.6, 
k(u) = К, cos? 9 + К, sin? 9 


k(v) = К, cos? o + К, sin? y. 
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(b) 
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Now 
cos 9 = соѕ(9 + 5) or соѕ(® – 5) 
—-sinÀ or sind 
so 
cos? р = sin? 9; 
while 
sing = sin(O + 5) or sin(} - 5) 
=с059 or -cos? 
so 
sin?y = cos? 9. 
Thus 
k(v) = К, sin? 9 + k; cos? 8 
and so 
3(k(u) + k(v)) = $(ky(cos? 9 + sin? 9) + k,(sin? 9 + cos? @)) 
= i(k, + k;) 
= H(p). 


If k(0) denotes k(cos д e, + sin 9 e;), 


20 2T 
| k(d)dd -| (К, cos? 9 + К, sin? 9)а9 
0 0 


= Tk, + Tk, 
= mk, + k3) 
= 2rH(p). 
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V.4 COMPUTATIONAL TECHNIQUES 


Introduction 


This section follows Section V.3 and completes the block introducing the theory of 
shape. Applications are dealt with in Sections V.5 and V.6. 


READ: 


Section V.4 (pages 210-219). 


Comments 


(i) 


Partial differentiation In Section IV.2 we saw how partial differentiation 
came into the definition of the partial velocities xy and xy. Now we have 
encountered their partial derivatives xy, хуу and xyy = xy, and need to be 
quite clear how they arise. For instance, the u-parameter curve v = Vo is given 


by 
t(—»x(t, vo). 


Its velocity vector field is given by 


= Ox, дх, 0x3 | 
thx, (t, Vo) = 3u(* Vo); Fy tt Vo); Fu (ts Vo) fe a 
The derivative of this vector field, the acceleration of the u- parameter curve, 
is 
д?х, д?х, д?х» 
—54AU6 Vo) ots Vo) zit, у 
ди? ( о) 3u? ( о) Ju? ( о) 


prt | = Xuu(t Vo). 


Es Vo) 
Hence the function xy, gives the acceleration of each u-parameter curve at 


each point. That is, xy (uo, Vo) is the acceleration of the u-parameter curve 
у = Vo when u = цо — that is, at the point x(ug, vo). 


Similar interpretations can be given for xy, and хуу = Xyu: 


We have also used the partial derivative Uy. Now U is a function defined on 
the domain of the patch x whose value at (uo, vo) is a tangent vector normal 
to the surface at x(uo, vo). Hence U is a function 


О: (u, v) — (f(u, v), g(u, v), h(u, v))x(u, у)» 


where f, р and h are real valued functions on the domain of x. We form the 
partial derivative U, by taking the partial derivative of each coordinate; that 
1S, 
of 0g oh 
Uy : (u, у) a (0 v), ERU v), ERU v) aS 
It is possible to define this partial derivative in a coordinate independent 
way. The composite function U o x^! gives us a tangent vector field on the 


image of the patch and hence we can define the directional derivative 
Vx (Uo x !). But 


Vall e x !)7 (xy[f o x], xv[g o x !], xy[h o x] y 
д Е д " д z 
- [лг x lo x) a (g ох ex) ac(hex lo x) к 
by Exercise IV.3.4(b), 
-|И де = _ 


Эз? dv? Fvl, ОУ 
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Hence Uy = Vx (U o xl), which is defined in a coordinate independent 


way. 


When we partially differentiate the dot product of vector valued functions U 


and V we obtain the usual Leibnizian result 


д 
3, (U-V) = Uy V + U-Vy. 


Now, in Section У.1 we came across the result S(a’) = -U', where о was a 
curve in the surface and U was the restriction of a normal vector field to the 
curve. On page 212 we want to look at what happens along the v-parameter 


curve и = ug given by 
a : tt —9x(u,, t). 

We know that the velocity vector field is given by 
«':{ҥк—эхү(це, t) 

and the restriction of the normal vector field given on page 211 is 
О: tr >U (upg, t). 

The derivative of this last vector field is hence 
t —9Uy(uo t) 

and we have that 
S(xy(uo, t)) = -Us(uo, t), 

for all ug and t, and hence 
S(xy) = -Uy 


as required. 


Alternatively we could have obtained this result from first principles. A 
normal vector field on the image of the patch x is given by the composite 


function U o x7'. Hence by the defintion of S 
S(xy(Uo, Vo)) = -Vxv(u,, $i ex). 

But x,(Ug, vo) is the initial velocity of the curve 
—эх(цо, Vo + t) 

and hence 


d È 
S(xyluo ч) = 744 U x7 e x(uo vo 0). 


= (Оба, vo + 0) 


t=0 
= -Uy(uo, Vo); 
which is the required result. 
S is symmetric To prove that S is symmetric we need to prove that 


S(v)-w = S(w)-v for each pair у, w of tangent vectors to M at p= x(uo, vo). 
But v = ax, + bx, and w = cxy + dx, for some real numbers a, b, c, d, where 


as usual xy, and xy are evaluated at (uo, Vo). It follows that 
S(v):w = S(axy + bxy)-(cxy + аху) 
= (a8(xy) + bS(xy))- (exu + аху) 
= ac S(xy)-xy + (bc + ad) S(xy)-xy + bd S(xy):xy. 


since S(x,)-xy = S(xy):xy. Similarly 


S(w)-v = ac S(xy)*Xy + (be + ad)S(xu)-xy + bd S(xy):xy = S(v)-w. 
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(iii) 


Since there are enough patches to cover all of the surface we have proved 
that S is symmetric. 


Lemma 4.4 and Example 4.5 We need to use the triple scalar product. 
Given (tangent) vectors a, b and с the triple scalar product is a-b X с. From 
Section II.1 we know that the triple scalar product is zero if any two of the 
vectors a, b and с are scalar multiples of each other. This enables us to prove 
Lemma 4.4 directly. 


By Lemma V.3.4, 
S(V) X S(W) = KV X W = KZ. 


Hence forming the dot product of both sides with Z we obtain 


—— AMETS XI e "ra 

121 Jl 121 [7 
Expanding the left hand side as a linear combination of scalar triple products 
we find only one term in which the three vectors are distinct and hence 


Z-(VyZ X VwZ) 
Wk к 


from which the result follows. The formula for H follows similarly. 


7. x =к{27{?. 


In Section П.1 we saw further that the triple scalar product can be expressed 
as a determinant. We know that determinants are linear in each row, from 
which the equalities on page 218, line 3 follow. 


Summary 

Notation 

E,F,G Page 210, line 11 

U Page 211, line 3 

Uy Text, page 33 

Xuw Xuv» Хуу Text, page 33 

moan Page 211, lines -9 to -7 

ү Page 214, line 6 

h Page 218, line -6 

Definitions 

(i) The speed (VE, VG) of the parameter curves Page 210, line 11 

(ii) The unit normal function U Page 211, line 3 

(iti) ^ The acceleration (xyy and хуу) of the parameter Page 211, lines 16 and 18, 
curves and Text, page 33 


(iv) 


The support function h Page 218, line - 6 
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Results 


(i) K= cm , = Of a ftm Page 212, Corollary 4.1. 

(ii) S is symmetric. Page 212, line -2 to 
Page 218, line 2 

(iii) {= О.х, m = U-xyy, ^ = U:xyy. Page 213, Lemma 4.2 

(iv) If Z is a nonvanishing normal vector field and 


V X W=Z then 


(Z-VyZ X VwZ) 
121* 


(VyZ x W +V x VwZ) 
H--z E EE Page 217, Lemma 4.4 


Techniques 


(i) Calculating E, F, G, W, U, f, m,n, K and H ona 


patch x. Pages 213-215, Example 4.3 
(ii) Calculating K and H using linearly independent 

tangent vector fields. Page 217, Lemma 4.4. 
Exercises 


Technique (i) 
1. Page 219, Exercise 2. 
2. Page 219, Exercise 3. 


3. Page 219, Exercise 4. 


Technique (и) 


4. Page 222, Exercise 20. 
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Solutions 
1. Page 219, Exercise 2. 
x(u, v) = (и, у, f(u, v)) 
Xy = (1, 0, fy) E=1+f,? 
xy = (0, 1, fy) F = fyfy 
G=1+f,? 
1 1 f 
W-(EG- F?)? = (1 + fy? ++,2)? 
U 0, UÍ 
U=xyX хуй =н |1 0 | = (Chu -fv 1)/W 
0 1 fy 
Xuu = (0, 0, fuu) [- U-xuu = fuu/W 
Xuv = (0, 0, fuy) т = U:xyy = fuy/W 
хуу = (0,0, fwy) . n = U-xyy = fyy/W 
K= n- m2 E fuufyy Е fuv 
EG ~ Е? w^ 
GE * En- 2E 
2(EG - F?) 
(1+ Ej?) fuu (1+ fy’) fw - 2fufyfuy 
р 2W3 
2. Page 219, Exercise 3. 


The image is flat if and only if K = 0 and minimal if and only if H = 0. The 
conditions follow from Exercise 1. 


3. Page 219, Exercise 4. 


For this exercise f(u, у) = log cos v - log cos u. 


-sinu 
Hence fy = -Csin u) = tan u. 


cos u 


Then fyy = вес? u, fuy = 0, fyy = -sec? v. 
Since (1 + fo?) fy, + (1 + fj) fuu - 2fufyfuv 
= (1 + tan?u)(-sec? v) + (1 + tan? v)sec?u 


2 2 


= -sec^u sec?v + ѕес2у sec?u = 0, 
the surface is minimal. 
The Gaussian curvature is given by 
fuufvv - fuv? 
- "pes 
= -sec? и sec? v/W^, where 


W?=1+ fy? + fy? = 1 + tan?u + tan? v. 
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Page 222, Exercise 20. 


The saddle surface is the image of the Monge patch x(u, v) = (u, v, uv). In 
Section IV.2 we defined a ruled surface as one that could be described by a 
parametrization of the form 


x(u, у) = (и) + vd;(u) or (у) + ud,(v). 
It is easy to see that the saddle surface is a ruled surface as in this case 
x(u, у) = (u, 0, 0) + v(0, 1, u) 
= (0, v, 0) + u(1, 0, v) 
and so we can choose 
B,(u) = (u, 0, 0), 5,(u) = (0, 1, u), 
BX(v) = (0, v, 0), &;(v) = (1, 9, v). 


The rulings give us straight lines lying within the surface whose directions 
can be used as a tangent vector fields to M. Thus we obtain tangent vector 
fields, V and W, such that 


V(x(u, v)) = (0, 1, u) at x(u, v) = (и, v, uv) 
W(x(u, v)) = (1, 0, v) at x(u, v) = (u, v, uv). 


Since these are always linearly independent Z = V X W is a non-vanishing 
normal vector field. 


By definition 
U U: U; 


Z(x(u,v))=| 0 1 а {| =(v,u,-1). 
1 0 v 


In order to use the formulas of Lemma V.4.4 we need to calculate V yZ and 
VwZ. Now by definition V(x(u, v)) and W(x(u, v)) are the initial velocities 
of the curves 


tr—>x(u, у) + t(0, 1, u) = (u, t + v, u(t + v)) 


and 
tr—>x(u, v) + t(1, 0, v) = (t + u, v, v(t + u)), 
Le. 
tr—>x(u, t + v) 
and 
t—>x(t + u, v). 
So 
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and similarly 


Vw(x(u, v))Z = (0, 1, 0). 
Hence by Lemma V.4.4 


( ~1)-(1, 0, 0) x (0, 1, 0) 
K(x(u, у)) = V, Ч, sY, s 2» 
(У, ч, -1)[% 
NONO Ёш 
(1 + u? + у2)2 
and 
-(v, u, -1)-(( 1, 0, 0) X (1, 0, у) + (0, 1, и) X (0, 1, 0 


H(x(u, v)) = 2| (v, u, -1)]? 


uv 


3 
(1 +u? + у2)2 


— 


These are the results obtained in Example V.4.3(2) apart from the sign of H, 
which is different due to the fact that Z and U point in opposite directions. 
H does depend on such a choice while K does not. 
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V.5 SPECIAL CURVES IN A SURFACE 
Introduction 


This section follows Section V.4. 


We have introduced the shape operator, used it to define normal, Gaussian and mean 
curvature and obtained effective computational techniques for calculating these 
quantities. In this section we use this apparatus to describe some special types of 
curves on a surface. 


READ: Section V.5 (pages 223-229). 


Comments 
(1) The shape operator S and the unit normal U The fundamental relation- 
ship between the shape operator S and the unit normal U is 


where a is a curve in the surface and we are considering the vector field U 
restricted to a. We also regularly use the relationship 


S(o)-o' = o"-U. 
By the definition of a principal direction we have that о is a principal curve 
if and only if | 

S(a’) = Ко’ 
for some real valued function k. Hence principal curves are characterized by 


the equations S(a’)= ко’ =-U' and in this case k is the corresponding 
principal curvature. 


This leads immediately to Lemma 5.2(1), and Lemma 5.2(2) follows since 


S a’ a _a"-U 


k= Я 
о -a а -a 


There are certain trivial cases where principal curves occur. If for some curve 
a we find that U' = 0 (that is, U is parallel) as in parts of Lemma 5.3 and 
Lemma 5.6, then it follows that 


0 =-U' = S(a’) = 0a’. 


Hence @ is a principal curve and the corresponding principal curvature at 
each point is zero. Conversely if is a principal curve with zero principal 
curvature then the restriction of U to @ is parallel. 


By definition a curve @ is asymptotic if it lies in an asymptotic direction; 
that is, if T is the unit tangent vector field then k(T) = S(T)-T = 0. Since 
T =a'/|a’|| and S is linear, an equivalent definition is that 


S(a’)-a' = 0. 
Using the identity S(a')-a' = 0" -0 we see that the curve ot is asymptotic if 
and only if 


0 = S(a’)-a’ = а"-0. 
Again there are trivial cases. If a” = 0 (that is, a is a straight line) then a is an 
asymptotic curve. 
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(ii) 


We can use this characterization to throw some light on the remarks on page 
226 concerning asymptotic directions and the tangent plane. Suppose that 
the intersection of the tangent plane Tp(M) with M contains a curve a such 
that a(0) = p. Suppose и is the normal to the plane: then, since a lies in the 
plane, we find that u-a’ = u-o" = 0. But since the plane is tangent to Mat p 
we have that u = U(p). Hence 


S(a'(0))-a'(0) = a” (0)-U(p) = a"(0)-u = 0 
and so initially о lies in an asymptotic direction. 


Finally, suppose a curve a is both principal and asymptotic: then S(a’) = ka’ 
and S(a')-o' = 0. Since for a (regular) curve o -o' is never zero it follows that 
k, one of the principal curvatures, is zero. 


Surfaces of Revolution and Lemma 5.3 By Lemma 5.3 we know that if 
a curve in a surface is the intersection of a plane with the surface and the 
angle between the normal to the plane and the normal to the surface is 
constant along the curve then the curve is principal. We can use this result to 
show that the meridians and parallels on a surface of revolution are principal 
as in the following example. 


Suppose C is a suitable curve in the yz plane. 


ÉL 


Revolving this about the z axis we obtain a surface M. The meridians are the 
intersection of M with vertical planes through the z axis and the parallels are 
the intersection of M with horizontal planes. 
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Along each of the curves а and f there is a constant angle between the 
normal vector fields U and V. 


(iii)  Geodesics In the definition of principal and asymptotic curves we re- 
stricted attention to regular curves, while in the definition of geodesics we 
made no such restriction. The technical reasons for this are beyond the scope 
of this course. However, since geodesics are constant speed curves any 
geodesic that is not regular is a zero-speed curve; in other words, it is a 
constant curve. Conversely for any constant curve a we have a” = 0 and 
hence 0 is a geodesic. Consequently we need to restrict attention to regular 
geodesics. In the examples on pages 228-229 we restrict attention to regular 
geodesics. 
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Supplementary Comment 


43 


(i) Page 225: first four lines If U and V are linearly independent at each 
point of a then there exists a never zero vector field N on a which is such 
that N(p) spans the tangent vector space orthogonal to both U(p) and V(p), 
for each point p on a. Since a’ and U' are both orthogonal to U and V it 
follows that they are both collinear with N and hence with each other. 


Summary 

Definitions 

(1) Principal curve 

(ii) Asymptotic direction 
(iii) ^ Asymptotic curve 


(iv) | Geodesic 
(v) Great circle 


Examples 


(i) The geodesics on a plane are the straight lines. 


(ii) The geodesics on a sphere are the great circles. 


Results 


(i) A curve а is principal if and only if 


S(a’) = ka’ =-U'. 
(ii) If « is principal then the principal curvature is 
a” Ufa’ о. 


(iii) ^ If o is a curve cut from M by a plane P making a 
constant angle with the surface along a then ais а 
principal curve. 


(iv) The meridians and parallels of a surface of revolu- 
tion are principal curves. 


(v) (1) If K(p) >20 there are no asymptotic direc- 
tions at p. 


(2) If K(p) <0 there are two asymptotic direc- 
tions at p bisected by the principal directions at an 
angle 9 given by 


tan? 0 = -k;(p)/k;(p). 
(3) If K(p)=0 and p is a planar point every 
direction at p is asymptotic and principal; other- 
wise there is only one asymptotic direction at p, 
which is also principal. 
(vi) A curve & is asymptotic if and only if 


S(a')-a' = -U'-o' = О-о" = 0. 


Page 223, Definition 5.1 
Page 225, line 16 

Page 226, Definition 5.5 
Page 228, Definition 5.7 
Page 229, line 4 


Page 228, Example 5.8(1) 
Page 228, Example 5.8(2) 


Text, page 40 and Page 223, 
Lemma 5.2(1) 


Page 223, Lemma 5.2(2) 


Page 224, Lemma 5.3 


Page 225, line 9 


Page 225, Lemma 5.4. 


Page 226, line -3. 
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(vii) The curves given by the intersection of a surface M 

with the tangent plane Tp(M) point in asymptotic 

directions at p. Text, page 41 
(viii) А surface is minimal if and only if there exist two 


orthogonal asymptotic directions at each of its 
points. Page 227, line 4 


(ix) А ruled surface has Gaussian curvature K <0. 
K = 0 if and only if the unit normal U is parallel 


along each of the rulings. Page 227, Lemma 5.6 
(x) A straight line in a surface is asymptotic. Page 227, line -4 
(xi) A geodesic has constant speed. Page 228, line 18 
(xii) A straight line in a surface is a geodesic. Page 228, line 21 
(xiii) For unit-speed geodesics, S(T) = KT - 7B. Page 228, line -11. 
Techniques 


(i) Using Results (i) — (iv) and (vi) to recognize or 
find principal curves or asymptotic curves. 


(ii) Using the definition to recognize a geodesic. 


Exercises 


Technique (t) 


Į: Page 230, Exercise 2. Apply as many as possible of the techniques based on 
Results (i) — (iv) and (vi) to the three curves. 


Technique (ii) 


2. Are the curves of Exercise 1 geodesics? 


Theory Exercise 


3. Page 230, Exercise 7. This exercise gives an approach to curves on a surface 
that encompasses principal curves, asymptotic curves and geodesics. 


Solutions 
1. Page 230, Exercise 2. 
(a) The top circle о on the torus. 


The standard parametrization of the torus is 
x(u, v) = ((R + r cos u)cos v, (R + r cos u)sin v, r sin u). 


‘ . T aan 
The top circle is the v-parameter curve и = 2 This is given by 


Qa: trx(5, t) = (R cos t, К sin t, r). 
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By symmetry arguments the unit vector field normal to the surface along 
this curve points in the direction (0, 0, 1). Hence on the curve the normal 
vector field is U:t —9(0, 0, l)o(t)- 


To apply the techniques we need to compute the following: 


a : t—(-R sint, R cost, 0) 
a : t'—Ó(-R cos t, R sin t, 0) 
U' : t— (0, 0, O)a(t) 
S(a’) = -U' = (0, 0, 0). 
Now we can apply Results (i) — (iv), (vi). 


(i) Since U' = 0 it follows that S(a’) = Оо’ and hence a is principal. 
(ii) The principal curvature of a is 0. 


(iii) ^ @ is the intersection of the plane z = r with the torus, and the normal to that 
plane is equal to the normal to the surface along o. Hence again & is a 
principal curve. 


(iv) | @ is a parallel and hence is a principal curve. 


(i) | Since S(a’) = 0 it follows that S(a’)-a’ = 0 and hence о is asymptotic. 
(b) The outer equator f of the torus. 
Using the same parametrization as in (a) the outer equator is given by 
B : t-—»x(0, t) = ((R + r)cos t, (R + r)sin t, 0). 


By symmetry arguments the unit vector field normal to the surface along 
this curve points radially outwards (or alternatively inwards) and hence is 
given by 


U : t— (cost, sint, 0)6(t)- 
We calculate 
B' : t—»(-(R + r)sin t, (R + r)cos t, 0) 
B" : tit—(-(R + r)cos t, - (R + r) sin t, 0) 
and U :t—(-sin t, cos t, 0). 
Now we can apply Results (i) — (iv), (vi). 


(1) Since S(6’) = -U' = E 


| the curve f is principal. 


(ii) The principal curvature along f is the constant function -1/(R + г). 


(ш) ^ is the intersection of the torus with part of the plane z = 0. The normal to 


this plane is vertical while the normal to the torus along B is always hori- 


zontal. Therefore they make a constant angle of о with each other and so f is 


a principal curve. 
(iv) Bis a parallel and hence a principal curve. 


(vi) Since B”-U =-(R + r) + 0 we see that $ is not an asymptotic curve. 


(c) The x axis on M:z = xy. 
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The x axis is the curve 
y : t— (t, 0, 0). 


Since M is defined implicitly as M:g = 0, where g = 2 - xy, we can use Vg to 


obtain a unit vector field normal to M. This is 
-y,-x,l 

е: UM 

(1 + х2 + у2)2 


Its restriction to y is 
U:t eyed І 
a «ey 
Next we find: 
ү :15—(1, 0, 0) 
Y : t——9(0, 0, 0) 
U' : pagel uU. 
2+0) 
Now we сап apply Results (i) and (vi). 
(i) Since U' and y’ are not collinear, y is not a principal curve. 


(vi) Since y" = 0 it follows that U-Y" = 0 and hence y is an asymptotic curve. 


2, Page 230, Exercise 2. 


(a) Since o" #0 while &”-U = 0 the acceleration is not normal to the 
surface and hence о is not a geodesic. 


(b) ^ Since f" = -(К + r)U the curve f is a geodesic. 


(c) Since y" = 0 = OU the curve y is a geodesic. 


9. Page 230, Exercise 7. 
(a) Since T, V, U form a frame field orthonormal expansion gives 
T' = (T'-T)T + (T'-V)V + (T'-U)U 
V' = (V'-T)T + (V'-V)V + (V'-U)U 
U' = (U'- T)T + (U'-V)V + (U'-U)U. 
Differentiating the equations 


T-T=V-V=U-U=1 


and 
T-V=V-U=U-T=0 
we obtain 
T-T-V-V-U-U-0 
and 


T-V + VT =V'-U + U-V-U"*T * T-U- 0. 
Setting g = T'-V, k = T'-U and t = V'-U the result follows. 
Since T = a’ it follows that 


k = T-U =a"-U = S(o)-o' = S(T)-T. 
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Since t = V'-U it follows that 


(b) 


t=V'-U=-U'-V= S(a^)-V = §(T)-V. 
ais geodesic <> a” is collinear to U 


<=> T' is collinear to U 


=> р = 0. 

ais asymptotic «= S(a’)-a’ = 0 
€ S(T)-T = 0 
——k- 0. 


ais principal <= о and S(a’) are collinear 
«— T and -U' are collinear 


«= t= 0. 
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V.6 SURFACES OF REVOLUTION 
Introduction 


This section follows on from Sections IV.2 and V.4. 


In Example IV.2.5 we introduced a way of parametrizating surfaces of revolution 
and in Section V.4 we obtained formulas for the Gaussian and mean curvature of 
surfaces given by a parametrization. In this section we tie these two sections 
together and work out explicit formulas for curvature of surfaces of revolution. 


We then describe surfaces of revolution that are minimal or have constant Gaussian 


curvature. 


READ: Section V.6 (pages 234-242) omitting cases 1, 2 and 3 on pages 240-241. 


Comment 
(i) Page 235: first three lines Since S maps Tp(M) linearly to itself and 
(Xu, ху) is a basis for T,(M) we must have 
S(x,) = ax, + bx, 
S(xy) =cxy + dx, 


for some functions a, b, c, d. Forming dot products with x, and x, we 
obtain the equations 


f=aE+bF m=aF * bG 
т= cE * dF nz сЕ + С. 


Since Е = m= 0 it follows that 
b =c = 0 and a -f/E, d =n/G. 
Hence S(x,) = (£/E)xy and S(xy) = (n/G)xy. 


Supplementary Comment 
(i) Page 236: Theorem 6.2 


Case 1: If g= с (a constant) then 

x(u, v) = (c, h(u) cos v, h(u) sin v) 
and M belongs to the plane x = c. This is a plane parallel to the yz plane and 
it passes through the point (c, 0, 0). 


Case 2: If g' is never zero then either g is strictly increasing or strictly 
decreasing. In either case the profile curve passes over each point of the x 
axis once only and so we can reparametrize it so that it is the graph of a 
function f. That is, we can replace g and h by the functions u and f. 


y y 


h(u) f(u) 


g(u) H 
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Then by the formulas on page 235 

1 = f" 

mi 2c 

f(1-f?? (1+ £7)? 
3 

Since M is minimal H = 0, and hence multiplying through by f(1 + f'?)2 we 
obtain 


2H = ke + ky = 


1 +f? = ff". 
To solve this equation we first differentiate it to obtain 
2f'f" = ff’ + f£", 
Hence f'f" = ff'"'; 
ff" 
TUFC 
Integrating we find 
log f = log f" - log c 
and hence f" = cf for some constant c. 


Since the graph of f does not intersect the axis, we can assume that f is 
positive and hence so is f" = (1 + f?)/f. Hence c > 0 and we сай write 
с = 1/a?. Then we can solve 


Pad 
"= ғ 
a? 


where d and b are constants. Substituting in the original equation we find 
that d = a and hence the solution is as given. 


Summary 
Definitions 
(i) Standard parametrization of a surface of revolu- 
tion: 
x(u, v) = (g(u), h(u) cos v, h(u) sin v) Page 234, line 12 
(ii) Special parametrization of a surface of revolution 
passing at most once over each point of the axis: 
x(u, v) = (и, h(u) cos v, h(u) sin v) Page 235, line -10 
(iii) Canonical parametrization of a surface of revolu- 
tion: as for the standard parametrization but with 
a unit speed profile curve, i.e. g? +h’? = 1 Page 238, line 12 
Examples 
(i) Torus of revolution Page 235, Example 6.1(1) 
(ii) Catenoid Page 236, Example 6.1(2) 


(iii) Bugle surface Page 241, Example 6.6 
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Results 


(i) 


(ii) 


(vii) 


(viii) 


For the standard parametrization 


g h’ 
g" h" g' 
О a 
(g? +h”)? h(g? +h’)? 
| g h’ 
8 n h” | 
and К =- ыз Й 
h(g? + h’?)? 


For the special parametrization 


А af" - 1 
lecce Eg 
(1 +h’?)2 h(1 + Һ'2)2 
-h" 
d K = ————. 
ix h(1 +h?) 


If a surface of revolution is minimal then it is con- 
tained in either a plane or a catenoid. 


For the canonical parametrization 
K =-h" /h. 


A surface of revolution with curvature К is 
obtained as follows. First find a function h such 
that h” + Kh = 0, with h(0) > 0 and |h'(0) | < land 
then find a function g such that 


g(u) +], (1- h'(t)2)? dt. 


Then the profile curve for the surface is 
a(u) = (g(u), h(u), 0). 
For a torus of revolution 


cos u 


K= {R +r cosu) 


For a catenoid 
_ -1 
ity nen TANN 
c^ cosh" (u/c) 


A canonical parametrization of the catenoid is 
given by the unit speed profile curve 


B(s) = (sinh! s, (1 + s? y 


and for this parametrization K(s) = zi 


( + sy Е 


The bugle surface has constant curvature -1/c?. 
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Page 235, lines 7 and 9 


Page 235, lines -6 to -4 


Page 236, Theorem 6.2 


Page 238, Lemma 6.3 


Page 239, lines -13 to -2 


Page 235, Example 6.1(1) 


Page 236, Example 6.1(2) 


Page 238, Example 6.4 


M334 V.6 51 


Techniques 


(i) Calculating the principal and Gaussian curvature 
for surfaces of revolution using the formulas for 
standard, special and canonical parametrizations. Page 235, lines 7 and 9 and 
Page 235, lines -6 to -4 and 
Page 238, Lemma 6.3. 


(ii) Finding surfaces of revolution with prescribed 
Gaussian curvature. Page 239, lines -13 to -2. 
Exercises 


Technique (i) 
1. Let æ be the profile curve that is the top half of the ellipse x?/a? + y?/b? = 1. 
We can parametrize this as follows: 
a(u) = (a cos u, b sin u) where 0<u <7. 


Find a special parametrization and use both this and the given para- 
metrization to calculate the Gaussian curvature of the surface of revolution 
obtained by revolving about the x axis. This surface is an ellipsoid. 


Technique (it) 


2. Find those surfaces of revolution with zero Gaussian curvature. Use the 
technique described in Result (v) and also consider the case when |h'(0)| = 1. 


Solutions 
1. The ellipse appears as follows. 
y 
x + y = 1 
a? b? 
О ө X 


A special parametrization is given by the profile curve 


В(0) = (t, b(1- (2/а2)), where a > t 2 -a. 


b(1 - азу? 
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We have been given a standard parametrization with g(u)- а сози and 
h(u) = b sin и and hence using the formula (2) on page 235 


| g h' 
8 n h” 
T ОН | 
h(g? +2) 
-asinu bcosu 
asin u 
ao K(u) -acosu -bsinu 


b sin u (a?sin?u + b? соз? и)? 
_a (ab sin?u + ab cos?u) _ а? 
b (a?sin?u + b?cos?u)? — (a? sin? u + b? cos? и)? 
For the special parametrization 


b 


h(t) = b(1 - t/a)? = z(a? - ay 


h'(t) = -bt/a(a? - ey, h"(t) = -ba/(a? - ey 


4 (b? - 2c 
1 + h'(t)2 = + a) 


a?(a? = t?) 


ence Kea -— Ва 
Hence KO) "6 * h^ ar Ae 


If we evaluate the second formula for K at the point t = a cos u we should 
obtain the first formula. 


аб 


(a^ + (b? - а?)а? cos? и)? 


a? 


B (а2(1 - cos?u) + b? cos? u)? 


K(a cos и) = 


a? 


Bi qu RP RE RIT Y as we expected. 
(a? sin? и + b? cos? u)? ' P 


Since K = 0 we need to solve 
h" + 0h =h” =0 
with h(0) > 0 and |h'(0)| <1. 


We obtain h(t) = at + b with |a|& 1. We next find the function 
E 1 1 
g(u) -Í (1 - h'(t))?dt = (1 - a?)?u. 
0 


Hence the surface of revolution is obtained by revolving the curve 
1. 
tr—>((1 - a2)?t, at + b) 


about the x axis. Now, if 1- a? #0 (that is, |h'(0)| < 1) we can repara- 
metrize the profile curve so that g(t) = t. Hence we see that the surface can 
be obtained by revolving the straight line 


te—9(t, ct + b). 
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The surfaces we obtain are parts of cylinders (when a = c = 0) and parts of 
cones. | 


у 
L 
Z 


On the other hand, if 1 - а? = 0 (that is, |h'(0)| = 1) then р = 0 and so g is 
identically zero. Thus the surface is part of the yz plane. 
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FURTHER EXERCISES AND SOLUTIONS 


Section V.1 


Recommended Exercise 


Page 195, Exercise 9. This continues Exercise II.5.7. You will have to assume that W 
is also a tangent vector field on M. 


Solution 
9. U-W=0 


=> VyU-W + VyW-U-0 
= S(V)-W = VyW-U. 
S(V)-W = S(W)-V 
= VyW-U- VwV-U=0 
= [V, W]-U=0. 


Section V.2 


Technique Exercise 


Page 202, Exercise 3. 


Solution 


p = (0) = (r, 0, 0) 


U(p) = (1, 0, 0) 

amt) = (-r cos t, -r sin t, + n(n- 1)! ^ 2) 
01(0) =(-т,0,0) if n22; a',(0) = (7r, 0, +2) 
ai’ (0)-U(p) = -r 


Section V.3 


Technique Exercises 
Pages 207-8, Exercises 2, 5(a), (b). The final zero in 2(b) and 2(c) should be in bold 


type. (HINT for Exercise 2: Express each condition in terms of the matrix for Sp 
with respect to (u,, u5j.) 


Other Recommended Exercise 


Page 208, Exercise 4(a). This gives an alternative proof of Corollary V.3.5 by finding 
the equation whose roots are the principal curvatures. 
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Solutions 


2(a). u; and u, are principal vectors. 

2(b) (u; + u;)A/2 are principal vectors and K(p) = 0. 

2(c). K(p)=0 

2(d) u; and ч, are principal vectors or H(p) = 0. 

5(а). А single point; two бейнесй straight lines; one straight line. 


5(b). An ellipse, the empty set; hyperbola, hyperbola; two parallel straight lines, 
the empty set. 


4(a). If T is any 2-dimensional linear operator, with matrix A, then 
det(A - kI) = k? - (Trace A) k + det A, as may be verified by evaluating each 
side. 


Section V.4 


Technique Exercises 


Pages 219-221, Exercises 1, 17. 


Other Recommended Exercises 


Page 220, Exercises 5 and 6. These extend the exercises on curvature of a Monge 
patch. 


Page 220, Exercise 9. This deals with the matrix representation of S in simple cases. 


Pages 220-221, Exercises 10, 11. These deal with a coordinate description of 
principal vectors. 


Solutions 
1. { = -r cos? v W = r? cos у 
m =0 К = 1/r? 
n =-r 
Z-ivg- EU, +240, - Zu 
=2 B 22 1 b? 2 a 3 
_ 1 V2 V3 
VyZ= 2241 + pe? 2 EL 
X y -z 
ZVvZ X VwZ EE а2Ь22 V1 V2 -V3 
Мі М “W3 
_ -l _ 1 
= pt X-VXWz bic X-Z 
ees | 
= a?b?c? 
á 1 
K = + o————————— 
iic [75 
X-Z 1 
h = X-U = AC] ct" 
121 +z 


К = F Һ°/а?Ь?с? 
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5. К = -36г2/(1 + 9r*)? 
Мо 
2 2\2 
6. келер наша 


9(а). S(x,y) = ax, + bxy. 
_б(ху) = ex, + dxy. 
Hence S(x,)-xy = aXy°Xy, implying a = JE, and so on. 
9(b) Е =т= 0 implies 
S(xy) = (£/E)xy and S(xy) = (n/G)xy. 


хб (у) хуу 
10. Xy X xy-(S(v) X v) =] 


xyS(v)  xy-v 


vil + vam viE t V2F 


Ут + Van vF + УС 


= у2({Е - mE) + v,v,(2G - nE) + v3(mG - nF) 


v -vv Vi 
--|E F G 
f? m a 
1 1 
11. V = (1.+ u2?x,, + (1 + v?Yx, 


1 
1*9? 9((1 + 02)(1 +v)? 1+0? 
1 +v? чу 1+u?/=0 


0 1/W 0 


Section V.5 


Technique Exercises 


Pages 229-232, Exercises 1, 3, 4, 5, 10, 11, 12. 


Other Recommended Exercises 


Page 230, Exercise 6. This deals with a coordinate description of principal and 
asymptotic curves. 


Page 231, Exercise 8. This extends Exercise V.5.7. 
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Solutions 


1. ais a straight line > a” = 0 


= ais geodesic and asymptotic. 


о is geodesic and asymptotic = a”-U = 0 and a” and U are collinear > o" = 0 
= a is a straight line. 


4. Assume о is unit-speed. 


(a) ais asymptotic > 0 = o"-U = T'-U = KN-U. Hence T and N are tangents 
to the surface and B is normal. 


‚бо S(T) = -B' = 7N. 
(b) Since S is symmetric, 
S(N)=TT * AN 
0 т 


for some А. The matrix for S is 
T À 


K = det S = -72. 


(c) Since ^ = 0 the v-parameter curves и = ug are asymptotic. A typical 
one of these is the helix 


Q : v—>(uocos v, ugsin v, bv). 
T = b/(b? + uo’) 
K = -b?/(b? + u°}. 


5. a is principal in M > ka’ = -U’. 
But U-U = constant > U’-U + U-U' = 0. 
Hence 0 = -ka’-U + U-U' = 0-0". 


Thus U’ and a’ are both orthogonal to U and to U: if these are linearly 
independent then o' and U’ are collinear and so о is principal in M. 


If U and U are linearly dependent then U = + U and so о is principal in M if 
and only if о is principal in M. 
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10. xyXx,-0'X6-v6ó' x6 
п = 0 
m = Xyy* (Xu X Xy)/W = 6'-8' X 6/W = g'-ó x 8 [\/ 
11(а). Cone: x= p + vô. 
B =p; =0;K=0. 
Cylinder: x = + vq. 
ô =q;6' =0;K=0. 


11(b). K=-(8'-T x T'?/w* 
= 0, since f' = T. 


12. K = -(a’-U x U)/W* 
= -(U-U' X a’)/wW* 
K=0 =U x a’ =0 

<=» a’ and U' are collinear 


<> о is principal. 
6(a). о = a хц + a? ху. Use Exercise V.4.10. 
6(b). S(a')-o' = fa,'? + 2ma,'a2 +na,?. 


8(a). ais principal and geodesic 
e€g-2t- 0 
<=> V = constant 


«= a lies in a plane orthogonal to M along a. 


8(b). ais principal and asymptotic 
—t-k-0 
== U = constant 


<> a lies in a plane tangent to M along a. 


Section V.6 


Technique Exercises 


Pages 242-243, Exercises 1, 3, 4, 5, 6, 8. (Errata in Exercise 3: in line -3 "h(u)" 
should be “һ(и)?”, and in line -1 “h” should be *h^!". 
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Solutions y 
1. 
K>0 
f < 
K<0 | b K«0 
\ | / 
\ | ^U \ 
\ | P Н 
—--zzz I---—--—--— —e(-1, т ба -¢ (1,0: -----_—< 2 ====-— > x 
i РА | 
/ / 
I 


g(u) = u, h(u) = erpe e 
K(u) = (1 - u2)/(1 + u?e Ч Y. 


3. a = (g, h, 0) 
a’ = (е, h', 0) 
а" = (к^, h", 0) 


3 
к= [о x o"]/|o |? 7 |g'h" - h'g"|/(g? + n??? 


[8 | ш 
1 =h|kq| 
(g? +h)? 


K 
IK = [kyl [ke] = сов] 


| cos p| = 


4. a(u) = (R * acosu, bsinu, 0) 


K(u) = b?a cos u/(R + a cosu)(b? cos?u + a? sin? u)? 


5. x(r, v) = (rcos v, rsin v, f(r)) 
g(r) = f(r), h(x) = т, 
K(x) = f'tof'()/r( + f(r)? 


6. K(r) = (1 - ie" + er)? 
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8(a. g(u)-u-*sinu, h(u) = 1 + cosu, 
K(u) = 1/4(1 + cosu). 

8(b).  s(t) = 4 sin(t/2) 
h(s) = 2 - 52/8 
K(s) = 1/4(2 - s?/8). 


8(с). 1/4(2- 52/8) = 1/4(1 + cos t). 
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Set Book 


Barrett O’Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 
The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition, (W.A. Benjamin/Addison-Wesley, 1973). 
R.C. Smith and P. Smith: Mechanics, SI edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero, Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 
Unreferenced pages and sections denote the set book. Otherwise 

O’Neill denotes the set book; 

Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, О.К. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


References to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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VL1 INTRODUCTION AND THE FUNDAMENTAL EQUATIONS 


Introduction 


In this chapter we draw together all the results that we have developed in this 
course. In this section we use frame fields, introduced in Section II.6, their structure 
equations from Section II.8, the calculus of forms on surfaces from Section IV.4, 
orientability from Section IV.7 and the theory of the shape operator from Chapter 
V. You should be familiar with these topics before tackling this section. 


In Chapters I and IV we developed two different approaches to differential forms. In 
Chapter I we introduced forms in E? in terms of simple forms such as dx and dx dy, 
while in Chapter IV we introduced differential forms on a surface in E?, МСЕЗ, ina 
coordinate independent manner. We showed that the two approaches gave structures 
with similar properties. In this chapter we want to be able to use both approaches 
interchangeably. We want to use the structural equations, that were obtained in 
terms of coordinates in Section II.8, by interpreting the forms as linear functionals 
and bilinear forms operating on tangent vector fields. For now, accept that the two 
approaches are equivalent. In the Optional Text we indicate why this is so and give a 
more abstract approach to some of the results of this section. The Optional Text is 
not examinable so do not waste any time on it if you find it difficult. 


READ: The Introduction to Chapter VI and Section VI.1 (pages 245-250). 


Optional Text 


It is possible to show that the approach to forms developed in Chapter I is equiva- 
lent to that developed in Chapter IV and consequently that we can interpret the 
forms in Theorem VI.1.7 as linear functionals and bilinear forms. It will be necessary 
to interpret them this way in subsequent sections. 


Rather than prove that the two approaches are equivalent we shall indicate how they 
both follow from a more abstract approach. The approach of Chapter I is in terms of 
. coordinates and the approach of Chapter IV uses patches; a more abstract approach 
uses the Potsson bracket of vector fields. 


For our purposes the most useful definition is given in Exercise 7, page 81. For 
vector fields V, W the Poisson bracket is the vector field 


[V, М] = VyW- VwV. 
Part (a) of Exercise 7 tells us that 
[V, W] = VW- WV, 
from which we deduce that, given a vector field Z = (z1, 72, 73), 


3 


Viv, mZ 7 25 ГУ, W] [z;])U; 
a 


3 
Z (VW wo 


ZV(W[z])U;- EW(V[z;])U; 
Vy(ZW[z]Ui) - Vw(ZV[z]Ui) 
Vy(VwZ) - Vw(VyZ) 


(VyVw - VwVy)(Z), 


1 


° M334 VI. 
where V yV w and V wV y represent the appropriate composite mappings. 


Hence 
Viv, W] = VvVw = VwV v- 


When we are dealing with a surface M in E? we need to know that the Poisson 
bracket of two tangent vector fields is again a tangent vector field. This is proved in 
Exercise 9, page 195. 


Now we are in a position to give an abstract definition of the differential 4ф of a 
1-form ф (on a surface). We evaluate the form on a pair of (tangent) vector fields as 
follows: 


dé(V, W) = У[Ф(М)] - W[é(V)] - &([V. М), 
where here we are using directional derivatives. 


Now we can deal with the equations of Theorem VI.1.7 without using Theorem 
H.8.3. For instance the first equation of part (1) is proved by applying both sides of 
the equation to the vector fields E, and E;. For example, 


dð, (E,, E2) = Е, [0,(Е,)] - Е, [61 (E1)] - Ө,([Е,, E21) 
E, [0] - E; [1] - 0, ([Е,, E; ]) 
0-0,(Vg, E; - Vg, Ei) 

- -E1 -Vg E; * E,’ Vg, Er- 


Since E, -E, = 0 and E, -E, = 1 it follows that 
Е, [E, -E,] =0= Е, [Е, -Е, ], 


and from the Leibnizian property of the covariant derivative (Corollary 11.5.4, page 
80) we can deduce that 


Vg, E1 -Ez + Ej: Vg, E; =0 


and 
VE, E,-E, +E, "VE, Е, = 2E, "Vg, Ei = 0. 
Непсе 
40, (Е,, E;) = E; "VE, E, 
= 021 (Ei), by Lemma II.7.1. 
Also 


w12 (Ey )02 (Ez) - w12 (E20; (Ei) 
= wn (Ei). 
Equations like part (3) are proved by applying both sides of the equation to the pair 
of tangent vector fields (E; , E; J. We find 
ао, (Ey, Ез) = Е, [w12 (Е,)] - Е, [w12 (E1)] - о ([E1, E2]) 
= E, [E;- Vg, E1] - E; [E;- Vg, E1] - ЕУ, Е, 


(912 ^07)(E;, Ез) 


= VE, E2- Vp, E, + E;:Vg, Ve, E, = Vg, E;-Vg, E, 


m E; VEVE, x 2= Е, (VE, VE, E,- VE,VE, Е.) 
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Vg, Ej: Vg, E17 Vg, E,-Vg, E, 

(w21 (Е, )Е, + w23 (Е, )Ез) • (w12 (E2 )E2 + w13 (Ез )E3) 
(w21 (Ez )Е, + w23 (Е )Ез) ~ (w12 (Е, )E2 + w13 (Ei )E3) 

= w23 (Е, )w13(E2)- w23 (E; )w13 (E4 ) 


= (w13^ wz (E; Е). 


Now you can see why O’Neill has avoided such proofs, although they can be simpli- 
fied by careful use of suffices. 


It remains to show only that this new approach to the differential of a 1-form 
includes those of both Chapters I and IV. 


How does this give us the formulas of Chapter I? Firstly, in E? we notice that, since 
the standard frame fields are parallel, the Poisson brackets [Uj, Uil are zero. Hence if 
ф = а, dx, + аз dx, + a3 dx; then 


d$(U;, U2) = 0, [6(U2)] - U2 [9(U:)] 
=U, [a2] - О, [a1] 
0x, Ox; | 
But, using a definition of the wedge product similar to that used in Chapter IV, 
dx, dx; (U,, U2) = dx, (U; )dx; (U2 )- dx, (U2 )dx, (U1) 
=1.1- 0.0=1. 


Using these and similar results we see that 


да; s 

аф = ere e dx, * two similar terms. 
ax, 

How do we obtain the formula of Definition IV.4.4? Firstly, if we are dealing with a 

patch x we note that the Poisson bracket [x » x !, xyox !] of the partial velocity 

tangent vector fields is zero. This follows since at the point x(ug, уо) 


[xy Ж x |, Xy 9 xc ] (x(Uo, Vo)) 


Ys o x^! (x(Uo, vo)) o EE Vx o x (х(цо, vo )) a к) 


=V еее V 


-1 
хох 
Xy(Uo, Vo Xy(Uo, vo)! Ч ) 
= Xyy(Uo Vo) — Xuv(Uo Уо), as in Comment (i) on Section V.4, 
=0, since Xyy = хуц. 


Hence 
4ф(х о x}, xy ox !)-2xyox'[ó(x, o x !)] - xy ° х7! [ф(х  x*)] 
and hence considered as functions on the domain of the patch x 


ахо ху) = xu[é(xv e Сї) - ху[ф(х ә x7)] 
=È [ф(ху ox? ох)] - 2 [ф(х ox 1ox)] 


-$ (ф(х) - È (фо). 
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Summary 


Notation 

0212, W13, W23 Page 248, line 3 

61,0, Page 248, line -15 
Definitions 

(i) Adapted frame field Page 246, Definition 1.1 
(ii) Connection forms (W 2, W13, W23) on a surface Page 248, line 3 

(iii) ^ Dual 1-forms 6,, 6, . Page 248, line -16 
Results 

(1) There is an adapted frame field оп a region of M if 


and only if the region is orientable and there exists 
a nonvanishing tangent vector field on it. This is 
always possible on the image of a patch. Page 246, Lemma 1.2 


(ii) For a tangent vector v tangent to M at p and S the 
shape operator 


S(v) = @43(v)E, (p) + w3(v)E, (p). Page 248, Corollary 1.5 
(iii) ^ The structural equations 
40; = wiz ^0; 
(1) First structural 
dé, = (031 ^ 0, equations 
(2) оз ^0, + оз ^0, = 0 Symmetry equation 
(3) ао) = W13 ^ W32 Gauss equation 


Codazzi equations 


dW 13 = W12 ^ W23 
(4) 
dw3 = W21 A €213 Page 249, Theorem 1.7 


Techniques 
(i) Describing the shape operator in terms of the 

connection forms. Page 248, Corollary 1.5 
(ii) Using the structural equations. Page 249, Theorem 1.7 
Exercises 


Technique (1) 


1. Page 250, Exercise 2. 


M334 VL1 Rt | 9 
Technique (ii) | 


2. (a) Let C be a circle of radius r in the xy plane and let the radius make 
an angle 9 with the x axis. Let E, be the unit vector field along C 
that is in the xy plane, is tangent to C at each point of C and points 
in an anti-clockwise direction. | 


Prove that E, [9] = 1/r. 


(b) Page 250, Exercise 3. (Use the result of part (a) and compare the 
attitude matrix with that of the frame field of Fig. 6.3 on page 247 
and Example 1.6 on page 248.) 


(c) Page 250, Exercise 4. 


Theory Exercise 


3. Page 250, Exercise 1. 


Solutions 


1. Page 250, Exercise 2. 
(a) We verify each of the structural equations in turn. 


(1) 40, = d(r cos yd?) = -r sin y dy dd, since d(d#) = 0 and r is constant 
on the sphere. Also 


w2 ^ 0, ^ sing dd ^ rdg = r sing dy dv. 

40, = d(r dg) = 0, since r is constant, and 

о A O,=-sinydd A rcosp dd = 0, since dd ^ dO = 0. 
(2) 0231 ^6, + Gy ^ 0; | 

= (cosy 19) ^ (r cosy 9) + dp ^ (r dy) = 0. 
(3) dw. = d(sin dO) = cosy dy dd; 

Q13^ w3 = (-cos p 49) ^ dy = cos р dy dò. 
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2(а). 


(4) 


(b) 


(c) 


dw,3 = d(-cosyd?#) = sin y dp dd; 

£212 A w23 = (sing dO) ^ (-dy) = sing dy dv. 
dw23 = d(-dy) = 0; 

02531 ^ оз = (-sinydd) ^ (-cosy di) = 0. 


1 1 
E, [9] = dolk] = pet [Е “recone 


E; [9] = 49[Е,] = zia: [E2] = 0; 


r cosy 
1 
Е, [v] = аФ[Е,] = 202 [Ei] =0; 
Е, [v] = de[E;] = 10, [E7] -1. 
By Corollary VI.1.5, . 
S(v) = eis (У)Е, (р) + w23 (v) E; (p) 


= -(cose dó(v)E, (р) + dy(v)E, (р)). 
Now if 
v = v, E, (p) + v; E; (p) then 
а9(у) = vı d9(E, (р)) + v d0(E, (p)) 
= v, E, (p)[9] + v; E; (p)[9] 
= vy, /r cos y(p), by part (b); 
similarly 
de(v) = vı Е, (p)[v] + у Е (p)I[v] 


= у, [r. 
Непсе 


S(v) =- mee) Е, (p) + E; (p) 


=- | (v, Ey (p) * E, (p) =- У. 


Hence the shape operator is given by the matrix 
1 0 

E 

r 


0 1 
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We can parametrize the circle С in such а way that the initial velocity is Е, 
evaluated at the point corresponding to angle 3; that is, 
E, = -sin 90 U, + cos 90 U}. 


We need 


a: t——2»rcos(O, +2) О, + rsin(do +1) U2. 


Hence 


-d4 
EPIS. 
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2(b). 


2(c). 


Page 250, Exercise 3. 


Replacing г by (R + r cos y) in the previous part of the exercise we find that 
Е, [2] = 1/(R + r cosg). 


Since E; lies in a plane 9 = constant 


E; [9] = 0. 
Hence dO[E, ] = 1/(R + r cos o) 
49 [Е,]= 0 
and consequently 6, = (К + rcos ү) dd. 
Similarly 05 =rdy. 


Comparing Fig. 6.4 with Fig. 6.3 on page 247 we see that the attitude matrix. 
for the frame field on the torus is the same as that for the frame field on the 
sphere. Hence the connection forms are the same. Those for the sphere were 
obtained on page 249 and so 


ооу) = ѕіпфа 9, оз =-cosydd, w3 =-dy. 
The structural equations are verified as for the spherical frame field. 
Page 250, Exercise 4. 

S(V) = о;з(У)Е, + w23(V)E2. 

S(V)= -cosyd3(V)E, - dy(V)E, 

eee ӨЕ: LAO. 

S(E, ) =-(cosy/(R + rcosy)) E,. 

S(E;) = -(1/r) E,. 
Hence k,=-cosy/(Rt+rcosy) and k,=-l1/r. 
Page 250, Exercise 1. 
(a) «'=Т'= VT, since T - o, 


= VTE: since T = E,, 


Q12(T)E, + W43(T)E3. 


Now a is a geodesic if and only if а" is normal to the surface, which 
happens if and only if c; (T) = 0. 


(b) If we let T, У, U be the restrictions of E,, E;, Ез to a then 
Т'= W42(T)V + w43(T)U, | 
and so by Exercise V.5.7 
g = wı2(T) and k = w,3(T). 
Again from Exercise V.5.7 
t- S(T)-V 
= (c3 (T)T + w3(T)V)-V, by Corollary 1.5, 
= W3(T). 
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VI.2 FORM COMPUTATIONS 


Introduction 


This section follows on directly from the previous section. It uses the structural 
equations to obtain formulas for the mean and Gaussian curvature, introduced in 
Section V.3, and derives another form of the Codazzi equations when an adapted 
frame field can be chosen using principal directions. 


The equation involving the Gaussian curvature is of fundamental importance in 
establishing, in Section VI.5, that Gaussian curvature belongs to an ‘intrinsic’ 
geometry. 


READ: Section VI.2 (pages 251-255). 


Supplementary Comments 


(i) Page 252: Lemma 2.2(2), the trace formula 
(wis ^ 05 + 0, ^ c53)(E,, E2) 
= W13 (E1 )O2 (E;)- €5(E2)0; (Ei) + 0, (Е, )w23 (Ez) - 01 (E2 )w23 (E1) 
= w13 (E1) + w23(E2), since 01(Ej) = бу» 
= trace S = 2H, 


since the trace is found by adding the elements on the diagonal of any 
matrix representing the linear transformation. 


(ii) Page 253: Corollary 2.4, line -4 of the proof 
do; (ЕЁ, Ез) = (df, ^ 0, + df, ^ 0; + о ^ 0; + оз ^ 0, (Ei, E2) 
= df, (Ey 0; (E2) - df, (E; )0, (E1) + df; (Е, 0; (Ez) - df; (Е, )0, (Ei) 
+ fı оу; (Е, )0 (Ez) - fı w12 (E2)02 (E1) + f2 w21 (E1)0; (E2) - £221 (E2)0: (E1 ) 
7 -df, (E2) + d£; (Ey) + fı w12 (E1) - f2 w21 (Ез). 
(ш) ^ Page 253: line -7 
w12 (E1) = sinpgdO(E,)- sinpE, [9] =sinyg/rcosy, Бу Exercise VI.1.2, 
= tan yr. 
w2 (Ез) = singE;[9] = 0. 


(iv) Раве 253: line -3 This uses the chain rule V[h(f)] = h'(£) V[f], where V 
is a tangent vector field on M, f is a function from M to R and h is a function 
from R to itself. 


(v) Page 254: Lemma 2.6, line 7 of the proof If V, =aF, +bF, is an 
eigenvector corresponding to the eigenvalue k, then 


Sit -k, S12 a 0 
S12 S22 ee К, b 0 


So 


a(Si, i kı ) + bS, = 0. 
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Choosing a = $1 gives b = К, - S4, and so V, is as stated; and У, follows 
similarly. 


(vi) Page 254: Lemma 2.6, line -5 of the proof S(F,)- Е, is zero if and 

only if S(F,) is perpendicular to F,, that is collinear to F,. Hence 

S(F,) - Е, is zero if and only if F, is a principal vector, which possibility we 

have excluded by considering only a small neighbourhood about p. 
Summary 
Definitions 
(i) Tangent frame field Page 251, Section VI.2, line 4 
(ii) Principal frame field Page 254, Definition 2.5 
Results 
(i) For 1-forms ф and y and 2-forms џ and v, ф = y if 

B 7 v if and only if (Е, E2) = »(E,, Е). Page 251, lines -13 and -11 
(ii) 0; (Fi) - oj. Page 251, line -7 
(ш) ф= 0Ф(Е, )0, + $(E;)0;. 

u= u(E,, E5)0, ^ 0,. Page 251, Lemma 2.1 
(iv) C213 ^ Q253 = K0, ^ 02. 

C213 ^ 0, +6, ^ (0223 = 2H0, ^ 0,. Page 252, Lemma 2.2 
(v) do; --K0, ^ 0,. Page 252, Corollary 2.3 
(vi) K = E; [w12 (E1 )] - Е, [012 (E2)] - wn (Ey )?- 12 (E; )?. 

Page 253, Corollary 2.4 

(vii) If p is nonumbilic then there exists a principal 

frame field on some neighbourhood of p in M. Page 254, Lemma 2.6 
(viii) If E,, E,, Ез is a principal frame field then 

G13 = k,4,, (233 = к,0,. Раре 254, line -4 

(ix) IfE,, E}, Е; is a principal frame field then 

Е, [к] = (ki- kz) о, (Е) | 

Е, [k, ] = (К, = к,) ©ә\2 (Е, ). Раре 255, Lemma 2.7 
Techniques 
(i) Expressing forms in terms of 0,,0 and 0, ^ 0,. Page 251, Lemma 2.1 
(ii) Using the structural equations to evaluate exterior 


(iii) 


derivatives of forms described in terms of 
04,05, 05, W13 and W 3. Page 249, Theorem 1.7 


Using the second structural equation to find the 
Gaussian curvature: 


do, = -K0, ^ 0,. Page 252, Corollary 2.3 
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Exercises 

| Techniques (i) and (ii) 

1. | Page 256, Exercise 2. 

2. Page 256, Exercise 3. 

Technique (їй) 

3. Use the formulas of Exercise 3 on page 250 to calculate the Gaussian cur- 


vature of the torus. - "ib 


Solutions 


1. Page 256, Exercise 2. 
Since h; = X + Е;, then for any vector field V on М 


= VyX * E; + X VyEj, by Corollary II.5.4(4), 
=V. Ej + X+VyEj. 
Hence, by the definition of the dual 1-forms and the connection forms, 
dh; (V) = 0, (V) + X+ (w12 (V)E2 + оз (У)Ез) 
= 6, (V) + о; (V) h; + eis (V) hs. 
Since this is true for all tangent vector fields V it follows that 
dh, 70, + c;h; + озһз 
and similarly 
1° dh =0 + eh, + 0253 hs. 
9. Page 256, Exercise 3. | 
(a) By definition y(V) = X-VXE3. 
Now w= ү(Е,)0, + y(E;)0; 
= (X-(E,X E3))@, + (X-(E; X E3))0; 
=- (X-E5)0; + (X- E1)0; 
=- hj0, * hi6. 
Hence | 
| dj =- dh; ^0, - h,d8, * dh; ^ 6,+h, dé, 
=-(6, + 9h, + W23h3) ^ 0, - ha 015 ^ 0, 
+ (0, + oho + wizh3) ^05 th, We ^ 0}, by Exercise 1, 
= 20, ^05, +1; (оз ^ 05 * 0, ^ w23) 
= 20, ^ 0, + 2h5 НӨ, ^ 03, by Lemma VI.2.2(2), 
= 2(1+hH)@, ^ 02. 


where һз = h is the support function. 
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(b (У) = ¥(S(V)) 
= y(c13(V)E, + w23(V)E2), by Corollary VI.I.5, 
= X-(43(V)E; + w23(V)E2)XE3 
*- 913 (V)(X- E;) + 54 (V)(X- Ei). 
Hence 
$ =—hg оз t hy w23 
and 
df =- dh, A w33—h2 da 3 + dh, ^ w23 + hy dox; 
=- (0, + 0231, + €23h3) ^ w13 - һ (012 ^ w23) 
+ (0, + wizh, + @13h3) ^ w3 t hi(c€24 ^ оз), by Exercise 1, 
= (13 ^0; + 0,^c53 + 23 (013 A023) 
= 2(H + hK)0, ^ b, by Lemma VI.2.2 (1) and (2), 
where h, = h is the support function. 
3. dw = d(sinpd¥#) = cosy dy dv; 
6,A6,=1r(R+rcosy) dd ар 
=-r(R + rcos p) dy dd 
Since dw). 7» -K0, ^0, it follows that 
cos ф 
i r(R *r соф) | 
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VL3 SOME GLOBAL THEOREMS 


Introduction 


This section is of a rather different nature to those we have just studied. In this 
section we study how the shape operator determines the shape of the surface in 
some restricted cases: 


If the shape operator is identically zero the surface belongs to a plane; 
If the surface is all umbilic then it is part of a plane or a sphere. 


To go further you will need to be familiar with the concepts of compactness and 
connectedness. If you have not met compactness do not worry since the work 
depending on it is contained in the Optional Text. If you have met compactness and 
connectedness you should find these results interesting. 


Connectedness and Compactness were defined in M202 in Mendelson: Introduction 
To Topology, Definition IV.2.2 and Definition V.2.4 respectively. In M332 they are 
given by the Definitions on pages 77 and 89 of Unit 2, Continuous Functions. 


You will need to use the following two results: 
(1) If a compact surface M is contained in a connected surface N then M=N. 


(Sketch of proof: Since M is compact it is closed. Since M is a surface each point has 
a neighbourhood homeomorphic to an open disc and hence it is open in the sub- 
space topology. The result now follows from the definition of connectedness.) 


(2) If f is a continuous real valued function on a compact surface then f is 
bounded and attains its bounds. 


(This was proved in Unit M332 2, Continuous Functions, pages 90-92, Theorems 
10-12. It also appears as Mendelson Theorems V.2.9 and V.3.5.) 


With these results you can read the Optional Text, where we prove the following 
important theorem: 


If the Gaussian curvature is constant and the surface is compact then the 
surface is a sphere. 


READ: Section VI.3 (page 256 - page 259, line 7). 


Comment 


(i) Page 258: line 3 If ао is any curve in M then 
dK(a’) = о [К] = (Ko a)’ =0, by Lemma 1.4.6. 


Hence К о а is constant; that is, K is constant along the curve a. Since the 
surface is connected any two points can be connected by a curve and hence 
the Gaussian curvature K is the same at any point of the surface. 


Supplementary Comments 


(i) Page 256 : line -2 For any curve a ,S(a^) = - U', where the normal vector 
field U is restricted to a. In this case U = Ез and S(a') = 0. Hence Ез = 0 
and so the vector field Ез is parallel along о. Since M is connected any two 
points can be connected by a curve and so E; is parallel on all of M. 


(ii) Page 256: line -1 The plane through p orthogonal to the direction E; 
consists of all those points r such that (r- p) - Ез = 0. 
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(iii) ^ Page 257: теб а'- Ез = 0 since a’ is a tangent vector and E; is the unit 
normal. 


(iv) | Page 257: line -2 Theorem VI.2.7 gives 
Е, [k] = E, [k2] = (ki- k2) wi2 (Ез) 
= (К-К)о (Е) = 0, 
and similarly Е, [К] = 0. 
(у) Page 258: line 1 dk = dk(E, )0, + dk(E;)0, = 0. 


(vi) Раве 259: the end of the proof of Theorem 3.3 If we have chosen the 
outward normal for E3 it follows that k is the negative square root of K, 
while if we have chosen the inward normal for E3 it follows that k is the 
positive square root of K. | 


Optional Text 


READ: Section VI.3 (page 259, line 8 to page 263). 


Supplementary Comments 


(i) Page 262: first paragraph of the proof of Theorem 3.7 


к, +k}? k? + 2k, к, + К - 4k,k 
H? -K= ксы скок, = К 21а + 8 46, Ка 
2 4 
T k? - 2k, К, + К = (к. - К)? o. 
4 4 


Н - K=0=k, =k, and so M is all-umbilic. 


(ii) Page 262: last four lines of the proof of Theorem 3.7 
(kı + k;)? = (К, - kp)? + 4K. 


Suppose k, >k, 7 0: then since К is constant К, +k, and К, - К, attain 
local maxima together, at which points К, = 3((k, + kz) + (К, - k;)) does 
also. Since К = К/К, the value of k, is a local minimum there. 


Summary 


Results 


(i) If the shape operator is identically zero then M is 


part of a plane. Page 256, Theorem 3.1 
(ii) If M is all-umbilic it has constant Gaussian 

curvature K 2 0. Page 257, Lemma 3.2 
(ш) If M is all-umbilic and K >O then M is part of a 

sphere of radius 1A/K. Page 258, Theorem 3.3 
(iv) А compact all-umbilic surface is an entire sphere. Page 259, Corollary 3.4 
(v) If M is a compact surface there is a point at which 

the Gaussian curvature K is strictly positive. Page 259, Theorem 3.5 
(vi) If M is compact with constant Gaussian curvature 


K, then M is a sphere of radius lA/K. Page 262, Theorem 3.7 
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Technique 


(i) Application of the above results. 


Exercise 
Technique (i) 


1. Page 263, Exercise 1. 


Solution 


1. Page 263, Exercise 1. 
Since M is flat and minimal 


K=k,k, =0 and Н = к, + к) = 0 
and so Ку = k, = 0. Hence S = 0 and M is part of a plane. 
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УІ.4 ISOMETRIES AND LOCAL ISOMETRIES 


Introduction 


In Chapter HI we defined the isometries of E? to be the distance-preserving 
mappings of E?, and said that the geometry of E? consisted of those properties 
invariant under isometries of E?. In order to make sense of the geometry of a 
surface we need the concept of “isometry of surfaces”, and this section is devoted to 
adapting the ideas of Sections Ш.1 and Ш.2, that is the definition of isometries and 
the fact that their derivative maps preserve dot products of tangent vectors, to 
provide a definition of “isometry of surfaces" and explore some of its consequences. 


Take care not to confuse “isometry of surfaces" with “isometry of ЕЗ”. An isometry 
of E? is a mapping from E? to E? which preserves lengths; an isometry of sur- 
faces is a mapping F from a surface M to a surface N with certain nice properties : in 
general it is not possible to extend F so that it is defined on the whole of E?, and 
so F cannot be the restriction of an isometry of E?. The exact relationship between 
these two sorts of isometry will be explained in Section VI.8. 


Of course, since isometries of surfaces are firstly mappings of surfaces, we need the 
results of Section IV.5 and the comments thereon. All that is needed from subse- 
quent sections of O'Neill are the definitions of E, F and G on page 210 and the 
canonical parametrization of the catenoid from Section V.6. O'Neill also refers 
forward to Exercise 1 on page 269: this is a rewording of the following theorem of 
linear algebra, which is very similar to many results we used in Chapter III. 


Theorem VI.4.A If V and W are 2-dimensional real vector spaces with inner 
products, which are written with dots in the usual way, and Т: V—9W is a linear 
transformation, then the following conditions on T are logically equivalent; that is, 
if any one of them is true then all the rest are also true. 


(a) T preserves dot products; that is, 
T(vi)- T(v) *vi* v 


for all у}, у, in V. 


(b) T preserves lengths; that is, 


110%) 71v] 
for all v in V. 
(c) T preserves orthonormal bases; that is, if еу, e; is any orthonormal basis for 


V then T(e, ), T(e; ) is an orthonormal basis for W. 


(c') T preserves a particular orthonormal basis; that is, there is some particular 
orthonormal basis €}, €; for V such that T(e,), Т(е,) is an orthonormal 


basis for W. 
(d) There is some pair of linearly independent vectors v,, v, in V such that 
(Tova) T= 1%, | 
IT(2)] = Iva] 


T(vi)- T(v;) = vi уз. 


Proof Conditions (a) and (b) were shown to be equivalent in Unit M201 24, 
Orthogonal and Symmetric Transformations, Theorem 1 (page 7) and the details of 
the proof of Theorem 2 on pages 10-11 of that unit show that conditions (a), (c) 
and (c’) are all equivalent. The remainder of the proof is contained in the following 
exercise. 
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1. Ргоуе that (c’) = (d) and (d) = (b), where (b), (c’) and (d) denote the 
corresponding conditions of Theorem VI.4.A. This is sufficient to prove that 
condition (d) is equivalent to each of conditions (а), (b), (c), (c). 


We shall also need 
Theorem VI.4.B If T: V—W is an orthogonal transformation then T has an 


inverse T^! : W —5V, which is also orthogonal. 


Proof The proof is given in the Correspondence Text, Part III, page 6, Comment 


(iii). 


READ: Section VI.4 (pages 263-269). 


Comments 


(i) Page 264: Definition 4.1 А curve segment « from p to q is a portion of 
a curve defined on a closed interval [a, b] such that & (a) = p, æ (b) = q. The 
length of such a curve segment is the arc length from a to b, that is 


b 
| | a(t) dt. 


a 


Because all such lengths are non-negative, the set of appropriate “L(«)”’ s is 
bounded below (by zero) and so does have a greatest lower bound. 


(ii) Page 264: Definition 4.2 We require that 
F,(v) Е. (м) =v м 


whenever these expressions are meaningful. F,(v) апа F,(w) are defined 
only when v and w are tangent vectors which are tangent to M. If v and w are 
two such vectors, v • w is defined if and only if v, м belong to the same 
tangent space T, (M): in this case F,(v) and F,(w) both belong to the 
tangent space Tp(p)(M) and so F,(v) - F,(w) is defined. Thus we are requir- 
ing that 


F,(v) + Fy(w) = v-w 


whenever v, w belong to the same tangent space Tp(M) for some p in M. 


Supplementary Comments 
(i) Page 265: line 1 This is the implication (a) > (b) of Theorem VL4.A. 


(ii) Page 265: proof of Theorem 4.3 F(a’) = (F(a)) by the definition of 
F,. 


(iii) ^ Page 266: Lemma 4.5, and subsequently O'Neill is using the letter F to 
denote both a mapping of surfaces and the function x, + Xy- This looks 
confusing, especially where both usages appear in close proximity, but it 
should always be clear from the context which meaning is intended. - 
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(iv) Раве 266: proof of Lemma 4.5 This proof uses the equivalence (d) + (a) 
of Theorem VI.4.A, the fact that x, and x, are linearly independent at each 


point, and the result that 
Falxa) = (FG), — F4(xy) = (Е(х)),, 


which was proved on page 161. 


(v) Page 267: Example 4.6(1) This uses the equivalence (c’) = (a) of 
Theorem VI.4.A, as U, (p) and U; (p) form an orthonormal basis for Тр(Е? ). 


(vi) Раве 267: Example 4.6(2) E, F, G (for the helicoid with b = 1) were 
computed in Example V.4.3(1) on page 213; E, F, G (for the catenoid with a 
canonical parametrization) were computed in Lemma V.6.3 on page 238. 


Summary 


Notation 


L(o) 
о(р, q) 


Definitions 


(i) Length (1(0)) of a curve segment a 
(ii) Intrinsic distance p(p, q) 

(iii) ^ Isometry of surfaces 

(iv) Isometric surfaces 

(v) Local isometry 

(vi) ^ Conformal mapping of surfaces 


Examples 


(1) A plane is locally isometric to a circular cylinder. 


(ii) A helicoid is locally isometric to a catenoid. 


Results 

(i) Isometries of surfaces have inverse mappings; that 
is, they are diffeomorphisms. 

(ii) Isometries of surfaces preserve intrinsic distance. 

(iii) ^ Isometries preserve the speed and length of curves. 


(iv) A local isometry is an isometry on sufficiently 
small neighbourhoods. 


(v) A mapping Е: M—N is a local isometry if and 
only if E= E, F = F, G=G for each patch x in M. 


(vi) Local isometries are conformal mappings with 


Мр) = 1. 


Page 264, Definition 4.1 
Page 264, Definition 4.1 


Text, page 20, Comment (i) 
Page 264, Definition 4.1 
Page 264, Definition 4.2 
Page 265, line - 8 

Page 265, Definition 4.4 
Page 268, Definition 4.7 


Page 267, Example 4.6(1) 
Page 267, Example 4.6(2) 


Page 265, line 6 
Page 265, Theorem 4.3 
Page 265, line 14 


Page 266, line 7 
Page 266, Lemma 4.5 


Page 268, line 2 
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(vii) Each of the following conditions is equivalent to F 
being a local isometry: 


(a) F, preserves dot products; 


(b) F, preserves lengths; 


(c) Е» preserves tangent frames; 
(d) F, preserves | v], || w|| and v- w for some 
pair of linearly independent tangent vectors 
v and w in Tp (M) for each p. Text, page 19, 
Theorem VI.4.A and 
Page 269, Exercise 1 
Techniques 
(1) Recognizing isometries of surfaces and local 
isometries. ~ Page 264, Definition 4.2 and 
Page 265, Definition 4.4 
(ii) Finding local isometries using Result (v). Page 266, Lemma 4.5 
Exercises 
Technique (i) 
2. Let С be the catenic cylinder, which is the image of the patch 
x : (u, v) —>(sinh™ u, (1 + а? 9, v) (u, v) EE?. 


That is, C is a cylinder whose cross-section is a catenary (see Fig. 5.41 on 
page 239). Show that C is isometric to E? by showing that x is an isometry 
of surfaces. (The derivative of u—>sinh™! u is u—(1 + 02) 2.) 


Technique (и) 


3. Page 270, Exercise 5(a). You may find it helpful to look at Exercise V.5.11 
on page 231, where the tangent surface of a curve was defined. 


Theory Exercise 


4. Prove that, for any diffeomorphism (that is, mapping with an inverse 


mapping) F of surfaces, (F!), =F, !. Deduce that the relation “is 
isometric to” is an equivalence relation on the class of all surfaces in E?. 


` Optional Section — Conformal Mappings 


O’Neill has barely introduced conformal mappings. They are not needed again in this 
course, but they are relevant to some other parts of Mathematics (M332 Complex 
Analysis, for example). If you would like to gain a deeper understanding of con- 
formal mappings, work through the following exercises. 
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5. Write down conditions, in terms of A(p), analogous to (a), (b), (c), (c^), (d) 
of Theorem VI.4.A which are logically equivalent and which F кр must 
satisfy for all p if F is to be conformal. For example, (b) becorhes the 
definition of conformal: 

(b) For all v in Tp(M) 
[Е,(у)[ = Мр) |v] 

6. Page 270, Exercise 8. (0 is defined to be an angle between v апа w if 
cos? = v + w/ | vl |м.) 

7. Page 271, Exercise 14. Apply condition (d) of Exercise 5 to xy, xy for 
suitable patches x. You will need to use two patches. 

(a) All of Zo except one semicircle from the north pole to the south 
pole is covered by the modified geographical patch 
x(u, v) = (cos у cosu, cosv sinu, 1 + ѕіпу), ЧЄ (-т, т), veo 7 Ў 
This patch x, апа the composite Р(х) = у (where Р is stereographic 
projection) are given on page 162. The partial velocities 
Xw Xy, Yu», Yy Were computed in the solution to Exercise 3 on page 
53 of the Text, Part IV. A similar patch, changing the domain of u to 
(0, 27), covers all of the missing semicircle except the south pole: the 
details of the computation are obviously the same and may be 
omitted. 
(b) The south pole is covered by the Monge patch 
x(u, v) = (u, v, 1- (1-02 -v2 $), u? +у?<]. 
The values of the partial velocities of this patch x and the composite 
P(x) at the origin were computed in the solution to Exercise 3 on 
page 53 of the Text, Part IV. 
Solutions 
1. (c')=(d) Let v, = ey, уз = ез, where e,, е, is the particular orthonormal 


basis for V specified in (c’). Then уу, у, are linearly independent, and 
[TO] = [Te] = 1 = fel = у, | 
110%) = [Т(е,)] = 1 = |е | = [9 1 
T(v, )+ Т(у) = T(e, )-T(e,) *0- ej- e; = у; • v; 


(using (c’)). 


(d) = (b) Let vi, у be the particular vectors specified in (d). These are 
linearly independent and so span V, and thus any vector v in V can be 
written as a linear combination of v,, v; : 


v=av, + Бу, 
where a, b are real numbers. T is a linear transformation so 
T(v) = T(av, + bv;) 
= aT(v,) + bT(v; . 
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Thus 


[т(у)| ? = [аТ(у,) + bT(v;) ||? 

(aT(v, ) + bT(v;)) -(aT(vi) + bT(v;)) 

a? T(v,)+ T(v,) + 2abT(v; ) - T(v;) + b? T(v2) - T(v;) 
а? [T(vi)]? + 2abT(vi)-T(v;) + b?|T(v2)] ? 

гараар? + ање, екз teh e|]? (by (9) 


(av, + bv;)- (ау, + bv;) 
= lav; + bv. |? 
= |v’. 
2. The patch x : Е? —» С is onto by definition of C. Moreover 
x: (u, v) —»^(sinh^!u, (1 + u? ў, v) (u, у) ЄЕ? 
is one-to-one because the functions 
ur sinh tu (цЄК) 
У-у (уЄ К) 


are both one-to-one. Thus we have to show just that x, preserves dot 
products of tangent vectors. Following the method of Example VI.4.6(1), it 
suffices to show that Е = С = 1, Е = 0. 


кок 08 PA eee 0 
x = > > 
У (1+2) ° (1+и?ўї 
xy= (0, 0, 1) 


l+u _ 
so Е = ху xu у = 1, F= xu xy= 0, G-x,:x,- 1, 


and so x is an isometry. 


3. Page 270, Exercise 5(a). 

The tangent surface A to a is the image of the patch 
x : (u, v). —2a (и) + vT(u) 

where T(u) is the vector such that 
a'(u) = T()a (и). 

The tangent surface B to f is parametrized by 
у: (u, v) —6(u) + vI(u) 

where 
B'(u) = T(t) (uy 


An obvious mapping from A to B is F, where F is defined by F (x) = у. By 
Lemma VI.4.5,F is a local isometry if E = E, F = F, С = С. Now 


xy = a'(u) + VT (u)g(u) 


= (T(u) + v«(u)N(u))a (u) 
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where N(u), (u) is the principal normal to о at а (и), and 


xy = T(u)g (и): 
thus E = xy *x, = T(u)- T(u) + 2vk«(u)T(u)- N(u) + (ук(ч))? N(u) -N(u) 
| =1+0+(ук(и))?; 
F = xu +x, = T(u)-T(u) + vk(u)T(u) -N(u) 
=]; 
С =xy°xy = T(u): T(u) = 1. 
Since f has the same curvature function к, a similar argument shows that 


E=1 + (ук(и))? 
Hence E = E, F = F, G=G, and so F is an isometry. 


4. By the definition of inverse mapping, 
FF =F F=]. 
Thus the chain rule gives 
F,(F*), = (Е) Е, = Le 
What is 14? Well, I, is defined so that 
L(a’) = (1(9))" 


for any tangent vector a’ tangent to M. I is the identity map on М, and 
so (Қо))' = а andthus I,(a’) =a’: in other words I, is the identity 
map on the tangent spaces to M. Thus Е, (Е! ), and (F^!), Е, are both the 


identity map on the tangent spaces to M, and so (F^! ), is the inverse of F,; 
that is, 


(F), = (Е). 


Now, to show that the relation “is isometric to” is an equivalence relation 
we must show that it is (a) reflexive, (b) symmetric, and (c) transitive. 


(a) If M is a surface in E?, the identity map I: М —»М is clearly an 
Asometry, so M is isometric to itself. Thus “is isometric to” is 
reflexive. 


(b) If F: M—N is an isometry of surfaces, we saw on page 265 that F 
has an inverse mapping F^! : N—>M. Since F^! has F as an inverse 
mapping, Е! must itself be one-to-one and onto. To show that F^! 
is an isometry we need to show that (F^!), preserves dot products. 
We have shown that (F^! ), = (F,)! . Now F, preserves dot products; 
that is, each F,, is an orthogonal transformation. Consequently 
Theorem VI.4.B tells us that each F,5 ! is an orthogonal trans- 
formation; that is F,~' preserves dot products. Hence (F^!), pre- 
serves dot products and so F^! is an isometry. 
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(c) Suppose F : M—>N and С: N—>S are isometries of surfaces. Then 
F and С are both one-to-one and onto, so СЕ: M—>S is also one- 
to-one and onto. For tangent vectors v, w tangent to M at the same 


point, 


((GF),v) -((GF),w) = G, (F,v) -G,(F,w), 


= F,v- Е.м, 


=v-w, 


by the chain rule, 
because G is an isometry, 


because F is an isometry. 


Thus GF : M—>S is an isometry and so “is isometric to” is 


transitive. 
(a) For all v, v; in Tp(M) 
Е, (у) Е, (у) = Q(p)vi v2. 
(b) For all v in Tp(M) 
| FC) = XpJIMl. 
(c) For all frames еу, e; in Tp(M) 
| IF] 71 G2] = Mp) 
F,(e1)* F,(e;) = 0. 


(c) There is a particular frame е}, e; in Tp(M) such that 


|F«(ei)] 7 | Е„(е;)| = Xp) 
F,(ei) -Fx(e2) = 0. 


(d) There is some pair of linearly independent vectors v,, v4 in Tp(M) 
such that 
[F«(vi) = Xp)lvi] 
IFx(v2) = Хр)|У | 


Е (у) Е, (v2) = (A(p))? vi -у». 
Page 270, Exercise 8. 
If 9 is an angle between v and w in Tp(M) then 


9 Ум 
cos = үү · 
ivi iw] 


If F : M—>N is conformal with scale factor A then 


[Е„(у)| \(р)[у| 
IF. = Мрз, 
by definition of conformal, апа 
F,(v)- F(w) = Q(p)? v-w 
by condition (a) in Exercise 5. Hence 
Fv)-E,(w) | Q(p) vw 


[Е„ (у) [Е„(%)| Av] ACP) 


and so 9 is an angle between F,(v) апа F,(w). 
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7. Page 271, Exercise 14. 
(a) First we show that the mapping 


: | 2 
P: (pi; P2; p3)—595—- -ps (pi, p2) 


is conformal on the image of the patch 
x : (u, v)— (cos v cos u, cos v sin u, 1 + sin v), 
т T 
(uE (-т, T), vE (<5?ә))- 


Let y = P(x). Then, since P,(x,) = yy, Р, (xy) = yy, by condition (d) 
of Exercise 5 we have to show that 


Yu*Yu = № Xu’ Xu 
Уц'Уу = А Xu’ Xy 
уу-уу = X Xy* Xy 


for some А depending on the point p. Now, we saw on page 53 of 
Text, Part IV that 


Xy = (-cosv sinu, cosv cosu, 0) 


Xy = (-sinv cosu, -sinv sinu, cosv) 


2cosv m 
= 7— — (-sinu, сози: 
Ч ]-sinv ( ; ) 
= —— —— (cosu, sinu 
Уу l-sinv ( ? ) 


and so 
TREES "o кра 
Ху Ху = СО5 у, ху ху 0, x,:x,-] 


4cos? v 4 


Yrs es 0. Muse е: аа 
p^ (I- sinv)? зү NEAN (1 - sinv? 


Thus we have the required result with 


EN S 
l-sinv ' 
2 cos v 
l-sinv 


| P(p)] ? 2 cos? v 
us 4 Tue (1- sin v? 


A(x(u, v)) = 


If p = x(u, v) then P(p) = (cos u, sin u), so 


4 l- 2sinv + sin?v + cos? v 
(1 - sin у)? 
_ 2(1- sin v) 
(1- sin v? 
2 


l-sinv 


A(p), 


as required. 


Now we show that P is conformal at the south pole by using the 
Monge patch 


| 
x(u, v) = (u, v, 1-(1-u?- у2)2), uw? +у2<], 
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Again we let y = P(x). We saw on page 53 of Text, Part IV that, at 
the south pole, 


X,,(0, 0) = (1, 0, 0) 
x,(0, 0) = (0, 1, 0) 
yu(0, 0) = (1, 0) 
уу(0, 0) = (0, 1) 
and so 
Xu'Xy 7l, xy-xy=0, Xy*X,7 1 
YurYu=1, Yur Yv7 0, yy-yy- 1 
Thus we can take A(0) = 1 to satisfy condition (d). Then 
1 Qu. = 1+0= (0) 
апд $о 


_, ‚[Р(р)[? 
A(p) = 1 T 


for all p in >. 


Since we have found a positive value of А for all p in Do, P is conformal. 
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VI.5 INTRINSIC GEOMETRY OF SURFACES IN E? 


Introduction 


This section follows on directly from Section VI.4. It also uses the function F*, 
which was defined in Section IV.5, and the connection form computations from 
Section VI.2. 


The purpose of this section is to prove Gauss’ theorema egregium, that the Gaussian 
curvature of a surface in E? is left invariant by isometries. This is a very important 
result, which immediately gives us a simple criterion for telling when two surfaces 
are not isometric. The proof of the theorem is a little technical: we do not expect 
you to be able to reproduce it from memory. 


READ: Section VI.5 (pages 271-275). 


Comment 
(i) Page 272 : statement of Lemma 5.1 This is really saying that «04? is the 
unique 1-form that satisfies 
40, = о}, ^0, 
10, 2-05 ^0, 
and that «52, is given by 


G21 770212. 
Supplementary Comments 


(i) Page 272 : proof of Lemma 5.1 


dO, (E,, E2) = (о, ^ 0;)(E,, E2), by the first structural equation, 


= (212 (Е, ДА (E, ) 7 0212 (Е, )0,(Е, ), Ьу the definition 
of wedge product, 


= W412 (E; )*1- о (Е,):0, by the definition of 62, 
= «12 (Е,) 
апа 
dO, (Ey, Ез) = (w21 ^ 0, (Ei, E2) 
w21 (Е, )0, (Ез) - w21 (Е, )0, (Е,) 
~ wz (Ез) 
= W2(E,). 
(ii) Page 272 : end of Remark 5.2 To show that о, defined by 
€? (Ej) = 40(Е,, E;) 


satisfies the structural equations 


ll 


dé, =-0)1 А 0, 


it suffices to check these equations for the pair (E,, E;) (by Lemma 
У1.2.1). 
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Now 
(W12 ^.0, )(Е,, Е, ) = о (Е, )0, (Е, ) ~ 012 (Е, 0, (Е, ), by definition of th 
wedge product, 
= wn (Е), since @ (Ej) = б, 
= 10; (Е,,Е,), by the new definition of W12, 
SO 
6212 ^ 0, = d6,. 
Similarly 
(7&2 ^ 0 )(Ey, Е) = -w12 (E1)8,(E2) + о,,(Е,)0,(Е,) 
= w12(E2). 
= d0,(E,, E;), by the new definition of о}; 
SO 
760215 ^ 0, = dé >. 
Summary 
Definitions 
.Q) Tangent frame field Page 271, line- 4 
uu ы Mis Page 271, line 3 of 
iii) ntrinsic geometry the section 


Results 


(i) 


(ii) 
(iii) 


(iv) 
(v) 

(vi) 
(vii) 


w2 is the only 1-form that satisfies 

dO, = оо ^0, 

10, = -w2 ^8. Page 272, Lemma 5.1 
о (Ej) = -w2 (Ej) = 40,(Е,, E2). Page 272, Remark 5.2 


If F is an isometry, E,, E, a tangent frame field, 
and Е„(Е;) = Ej, then 


0;= F *0; TET 

wi = F Diz Page 273, Lemma 5.3 
Gaussian curvature is an isometric invariant. Page 273, Theorem 5.4 
Local isometries preserve Gaussian curvature. Page 274, line -8 
Geodesics are isometric invariants. Text, page 31, Exercise 1 


` Shape operators, principal directions, principal 
curvatures, mean curvature, principal curves, 
asymptotic curves, and the forms W 3, W23 are 
not isometric invariants. | Text, page 31, Exercise 2 
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Techniques 


(i) 


(ii) 


Deciding which properties of a surface are iso- 
metric invariants. Page 271, line 3 of 


| | s | | the section 
Using a knowledge of isometric invariants to find 


properties of surfaces isometric to a known sur- 


face. Page 274, line -7 

(iii) ^ Using a knowledge of isometric invariants to show 
that two surfaces are not isometric. Page 275, line 2 

Exercises 

Technique (1) 

1. Page 275, Exercise 1. (HINT: Since we have seen, on page 228, that non- 
constant geodesics are all constant-speed reparametrizations of unit-speed 
geodesics, and since isometries preserve the speed of curves, it is sufficient to 
consider the case when а has unit speed and use Exercise VI. 1.1.) 

2. Use Example VI.4.6 (1) on page 267 to deduce that principal vectors, 
principal curvatures, mean curvatures, shape operators, principal curves, 
asymptotic curves and the l-forms оз and о.з are not isometric invari- 
ants. 

3. | Page 275, Exercise 3. (If you have done M202 or M332 you will appreciate 

that the truth of the first sentence can be proved as follows: 
К: M—>R is a continuous function. Since M is a connected surface and the 
continuous image of a connected space is also connected, K(M) must be 
connected. However, K(M) C R, and the only connected subsets of R are the 
intervals.) 

Technique (11) 

4. Page 275, Exercise 2. Omit the generalization. 

Technique (їй) 

5. Page 275, Exercise 4. 

Solutions 

1. Page 275, Exercise 1. 


We wish to show that if F : M—N is a local isometry and a is a unit-speed 
geodesic in M then F(a) is a geodesic in N. Following the hint to use 
Exercise VI.1.1 we choose a tangent frame field E,, E; on a region of M 
containing « such that E, restricted to « is its unit tangent T; that is, the 
value of the vector field E, at the point о (t) is the unit tangent T(t), so that 


Е, (a (t)) = T(t) = a(t) 


for all t in the domain of a. Because we have chosen E, in this way, part (a) 
of Exercise VI.1.1 tells us that соу) (T) = 0 because a is a geodesic. 
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Let E, = F,(E,), E; = F,(E;), а= F(a), T= a’. Then, as in Lemma VI.5.3, 
E,, E, is a tangent frame field on N and 


Фуз = Е ® (013). 
Moreover, for t іп the domain of a, 
E (@(t)) = E,(F(a(t)) 
= F, (Ey (a (t)) 
= F,(a'(t)) 
= (F(a))'(t), by definition of F,, 
= a(t) 
= T(t) 
so E, coincides with T along a Now, a is also a unit-speed curve, because 
isometries preserve the speeds of curves, and we have just shown that E 
restricted to а coincides with its unit tangent T. Thus the conditions in 
Exercise VI.1.1 аге satisfied by a, E;, E; and so we see that a is a geodesic 
in N if and only if о, (T) = 0. Now 
12 (T) = €; (a) 
= ex; ((F(@))’) 
= w12 (Fy (&’)) 
= F*(4.)(a’), by definition of F*, 


= (242 (a’), by Lemma VI.5.3, 
= 12 (Т) 
= О, because & is а geodesic. 


Hence a is a geodesic in N. 


We wish to show that certain functions on E? and types of curve in E? are 
not "preserved" when mapped to the cylinder М: x? + y? = г? by the local 
isometry 


x : (u, v)gà — (r cos(u/r), r sin(u/r), v). 


Since each small enough open set in M is isometric to a region in E? , this will 
show that these functions and curves are not isometric invariants. 


A function f on E? is said to be “preserved by х” if the "corresponding 


function" f on M satisfies 


f = f(x). 


= C шшр 


NC 


Firstly take f to be each of the principal curvature functions, Ку and К. The 
principal curvatures of E? are zero everywhere, so 


kı (p) = kz(p) = 0 
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for all p in E?. The principal curvatures of M are 0, - 1/r everywhere so 

kı (q) = 0, kz (q) =-1/г 
for all q in M : in particular 

К, (х(р)) = -1/r 
for all р in E?. Hence К, (х) is not equal to К, ог К, and so x does пої 
preserve the pair of principal curvatures. It is true that in this case x 
preserves one of the principal curvatures, but this does not happen in 
general. 


A similar treatment works for the mean curvature function H. 


Now 
H(p) = 0 

for all p in E?, and 
H(q) =-1/2r 


for all q in M, so in particular 
H(x(p)) = -1/2r 


for all p in E?. Hence H(x) is not equal to H, and so x does not preserve 
mean curvatures. 


Take E, = U,, E; = О, on Е?, and E; = x, (Ej). Then «5 is preserved by x 
if 


W13 = W13 (x,). 


R 


We can find the 1-forms w13, ауз from Corollary V1.1.5 : 


S = G13 E, + (253 E, 


S = олз E, + 05, Ey. 
On Е?, S is zero and зо w13 = w23 = 0;on М, S(E,) --E, /r and so 
@13(E;) = -1/r. Hence 
@13(E,) = 0 
whilst 
W13 (x,(E1)) = оз (E, ) = Jr. 


Thus x does not preserve «5. It is true that in this case x preserves 3, 
but as the labelling of E,, Е, is arbitrary it is clear that w23 is not preserved 
in general. Contrast this with Lemma V1.5.3(2), which shows that the 1-form 
0213 15 an isometric invariant. i 
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We can use the fact that k, and k, are not in general preserved by isometries 
to show that the shape operator S is also not preserved in general. The shape 
operator would be preserved by an isometry F if 


S(F,(v)) = Е„(5(у)) 


for all tangent vectors v tangent to the domain surface; that is, if the linear 
transformations S and F, `! 5 Е, were equal at each point p of the domain 
surface. Now the eigenvalues of S are Кү and kz; the eigenvalues of 
F! SF, are equal to the eigenvalues of 5, which are k, and k, : in general 
these are not the same as К, and К, and so S and Е! S Е, cannot be 
equal. Thus the shape operator is not preserved. 


Tangent vectors v tangent to E? with some special property are said to be 
“preserved by x” if their images x, (v) have the same property. We note that . 
x, is onto because x is regular (see the second paragraph on page 161). E? is 
all-umbilic and so every unit tangent vector v tangent to E? is a principal 
vector. Their images x,(v) are all the unit tangent vectors tangent to M 
(because x, is onto and x is a local isometry) and not all of these are 
principal vectors as there are only four principal vectors at each point of M. 
Thus x does not preserve principal vectors. 

Curves are treated similarly. Curves « in E? with a special property are 
“preserved by x" if their images x(a) have the same property. All curves а 
in E? are principal curves : since x is onto, Lemma IV.3.1, shows that their 
images x(a) are all of the curves in M, not all of which are principal, as the 
principal curves in M are just the rulings and the cross-sectional circles, so x 
does not preserve principal curves. Similarly x does not preserve asymptotic 
curves because all curves in E? are asymptotic but only the rulings on M are. 


Page 275, Exercise 3. 
Let Ту, IN be the curvature intervals of M, N respectively. We show equality 
by showing 

IM C In and IN C Ім: 
We have to show both inclusions, because a local isometry which is not 
actually an isometry does not have an inverse. Suppose x Є Ім. Then there is 


some point p in M with K(p) = x. Since local isometries preserve Gaussian 
curvature 


K(p) = Қ(Е(р)). 
Thus x = K(F(p)). Now F(p) € N so x € IN. Arguing thus for each x € Тм, 
we have Ім C Iv. 


Now suppose y € IN. Then у= K(q) for some point q in N. F is onto, so 
q = F(p) for some p in M. As above 


K(p) = K(F(p)) = K(q) = y 
and so y € Iņ. Thus IN C Ip and so Iy = IN: 


There are many examples which show that the converse is false. Here is 
one : the saddle surface M :z = xy has curvature interval [-1, 0) (see page 
215) and the helicoid covered by 


x(u, v) = (и cos v, usin v, bv) 


has curvature interval [- 1/b?, 0) (see page 214). If we take the helicoid with 
b = 1 then these two surfaces have the same curvature interval but there is no 
local isometry from one onto the other. The helicoid has Gaussian curvature 
-1 at all points with u = 0, but the saddle surface has Gaussian curvature - 1 
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only at the origin. Thus if F were a local isometry from the helicoid to the 
saddle surface it would have to map the entire z axis to the origin. Suppose p 
is a point on the z axis. Then there would be a small neighbourhood of p in 
the helicoid on which F was an isometry. Such a neighbourhood would have 
to include other points q on the z axis. Since p and q would both be mapped 
to 0 by F the intrinsic distance between them would not be preserved, 
contradicting Theorem VI.4.3. 


4. Page 275, Exercise 2. 
Example VI.4.6(1) tells us that the patch x from E? to the circular cylinder 
M : x? +y? =r? given by 
x : (u, v)+—»(rcos(u/r), rsin(u/r), v) 


is a local isometry. Hence, by the result of Exercise 1, we know that if æ is a 
geodesic in E? then x(a) is a geodesic in M. Moreover, because the restric- 
tion of x to small enough regions is an isometry, all geodesics on M are of the 
form x(a) for some geodesic а on E?. The non-constant geodesics in E? are 
simply the straight lines (see Example V.5.8(1) on page 228) 


tr—>p + tq 
where р, q € E?, q ¥ 0. If æ is the geodesic 
| a : t-—+(py, P2) + 691, q2) 
then 


x(a) : t-—>x(p, + tqu, P2 + tq2) 


= (r cos [etm], rsin prm) p2 Pd 


Putting a = q,/r, b = pj/r, с = q2, d = p; shows that the non-constant 
geodesics on M are the curves of the form 


t——(r cos(at + b), r sin (at + b), ct + d), 
as found in Example V.5.8(3) on page 229. 
5. Page 275, Exercise 4. 
We have the following curvature intervals: 
sphere (1/r?) 


torus H./r(R- г), 1/r(R + r)] (see page 236) 
helicoid  [- 1/b?, 0) (see page 214) 
circular cylinder (0) 

saddle surface — [-1, 0) (see page 215) 


There are no values of r, R, b for which any two of these intervals can be 
equal except those of the helicoid (b = 1) and the saddle surface, which we 
have already shown (Exercise 3) are not isometric. By the main result of 
Exercise 3, no two of these surfaces can be isometric. 
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VI.6 ORTHOGONAL COORDINATES 


Introduction 


This section follows on from Section VI.1 and VI.2 and develops a simple formula 
for the Gaussian curvature of a region described by an orthogonal patch. 


READ: Section V1.6 (pages 276-279). 


Supplementary Comment 


(i) Page 277: Equation (3) Since 0,, 6, form a “basis” for the 1-forms so 
do du and dv. Hence w,2 = a du + b dv. The first structural equations 
become 


40, = Wi. A Ө, 
= adu A Ө,, since 05, =,/G dv, 
and 
405 = wz, ^0, 7-01; ^0, 
= -bdv ^ 6,. 
Comparison with the equations on lines -13 and -14 gives 


"VE, , VG) 


and the formula for «^ follows. 


а= ————, 
М/С VE 

Summary 
Definitions 
(i) Orthogonal patch Page 276, line -14 
(ii) Associated frame field Page 276, Definition 6.1 
Results 
(i) E, = x A/E and E; = x A/G. Page 277, Equation (1) 
(ii) 0, =VE du and 0, -4/G dv. Page 277, Equation (2) 
(ii) (2, = -VEN a, Vou ay, Page 277, Equation (3) 


12 JG *VE 
| Wo) ызу) 
(iv) K= "JU; АУС Page 278, Lemma 6.3 


Technique 

(i) Computing 6,, 05, W12, К for an orthogonal patch 
by the technique that was used to obtain the above 
results. 

Exercise 


Technique (1) 


1. Page 279, Exercise 1(a). 
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Solution 
1. Page 279, Exercise 1(a). 
Xm (cos v, sin v, 0) E=1 
= (-u sin v, u cos v, b) F=0 
С=м? +b? 


1 
0, -/Edu-du, 6, =./G dv= (u?+b?)* dv 


40, =0, 40, = ——" _, dudv= -Udv ., 
(u? + b? у? (u? +b?)? 
Е (JE), MG) = udv 
Wy = du + dv = pec 
VG VE (u? + b?y? 
2 b? ` 
ао = a du dv = T — 0, ^ 0, 
(м? + b? )? (и? + Б? )? 
-b? 
Hence K = 


(и? + b2 y x 


^ 0, 
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VI.8 СОМСКОЕКСЕ OF SURFACES 


Introduction 


This section draws on the results of all the previous sections of O'Neill in M334 
except Section VI.3. 


At last we relate the concept of “isometry of E?" (Chapter III) with that of 
"isometry of surfaces" (Sections VI.4 and VI.5). We find that Euclidean isometries 
do induce isometries of surfaces, but that the converse is not true : isometries of 
surfaces need to preserve shape operators in order to be realizable as Euclidean 
isometries. In fact the shape operator (Chapter V) turns out to be the analogue for 
surfaces of the curvature and torsion functions (Section II.3) for curves, in that it 
determines the congruence of surfaces precisely. 


You should be familiar with Section Ш.5 before reading this section, as the ideas 
and results developed here are similar to those (but a little harder!). In particular 
some details from the proof of Theorem III.5.7 are needed in the proof of Theorem 
У1.8.3 : you should read this latter proof, but we do not expect you to be able to 
reproduce it. 


READ: Section VI.8 (pages 297-301). 


Supplementary Comments 


(i) 


(ii 


"nas 


(iii) 


F,.(S(v)) 


Page 297: line -7 The fact that the restriction F : M—9M is a mapping 
is a consequence of Comment (i) on page 33 of Text, Part IV. 


Page 298 : last four lines of proof 


F,(- V,U), because S(v) is defined to be - VU, 


F, (- U'(0)), (where U is restricted to a) by the result of 
Exercise V.1.1, 


- F,(U'(0)), because F, is linear, 


- (F,(U))'(0), because Е, preserves derivatives of vector fields 
(Corollary III.4.1), 


= -U'(0), because U = F,(U). 


Restricting U to а automatically restricts U to F(a), which is a curve in M 
with initial velocity F,(v) : hence the result of Exercise V.1.1 can be used 
again to give 

S(F,(v)) - -U'(0) 
and so 

S(F,(v)) = F«(S(v)). 
Page 299 : proof of Lemma 8.2 The precise form of Corollary VI.1.5 
that is used is 

S(v)-Ei(p) = wis (v) 


and the similar expression for M. 
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(iv) 


Page 299 : lines -7 to -2 Let E, (p), E; (p) be a tangent frame to M at p. 
Then E, (p), E;(p), E3(p) is a frame at p. Moreover F,(E, (p)), F,(E; (p)) isa 
tangent frame to M at F(p), and so F,(E, (p)), Fx(E2(p)), Ез(Е(р)) is a 
frame at F(p). By Theorem Ш.2.3, there is a Euclidean isometry F such that 


F(p) = F(p) 
F,(E; (p)) = Е„(Е, (p)) 
F, (E; (p)) = F«(E; (р)) 
Е, (Es (p)) = E (F(p)). 
Now if v € Tp(M), v = aE, (p) + bE, (p) for some real numbers a and b, so 
F,(v) = F,(aE, (p) + bE;(p)) 
aF (E, (р)) + ЪЕ„(Е, (p) 
aF,(E, (p)) + bF,(E; (р)) 
F, (aE, (p) + bE; (р)) 
= F,(v). 
Page 300: lines 1, 2 We have F and F agreeing at p, and want to show 


that F(q) = F(q) for all q in M. For a particular q we choose a curve a in M 
from p to q. Then F(a) is a curve in N and F(a) is a curve in ЕЗ. 


(vi) 


It suffices to show that F(a) = F(a), for then F(q) = F(q) because q = a (t) for | 
some t. | 


Page 301 : last four lines of proof We compare the equations (C1) and | 
(C2): | | 


(Е„Е;)'- F,E 


| 
tl 
LES 
- 
• 
e. 


F(a).F,E; = «-E; 


where {F,E;}, (Ej) are frame fields on F(a), а respectively, with the con- 
ditions for Theorem III.5.7: 


E;'- Ej - Fj'-Fj 


a+ E; = В'-Е; 
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where {Ej}, (Fij are frame fields on a, f respectively. We see that F(a), a, 
(F,E;), (Ej) satisfy all the conditions for Theorem III.5.7, and so we can draw 
the conclusion of that theorem, namely that F(@) and @ are congruent. We may 
assume that a(0)=p. Then the details at the beginning of the proof of 
Theorem JJI.5.7 show that the Euclidean isometry G carrying F(a) to о is 
the unique Euclidean isometry which takes F,E; at F(a (0)) to E; at « (0) for 
i= 1, 2, 3. Now a (0) =p, so 
F(a (0)) = F(p) 


and 
& (0) = F(a(0)) = F(p). 
Moreover, for i= 1, 2, 3, (Е,(Е;))(Е(р)) = F,(E;(p)); 
for i= 1, 2, F,(E;(p)) = F,(E;(p)), by the choice of F on page 299, 
= E;(F(p)), by the choice of E; on page 300, 


and F,.(E3(p)) = E3(F(p)), by the choice of F on page 299. 
Thus С leaves invariant the point F(p), and the frame F,(E;(p)) at that 
point, and so G, which is unique, must be the identity. Hence 


F(a) = а = G(F(a)) = F(a). 


Summary 


Definition 


(i) 


Congruent surfaces Page 297, line 1 of 
the section 


Example 


(i) 


Results 


(i) 


(ii) 


(iii) 


(iv) 


The saddle surfaces M:z = xy and М: z = (x?- y?)/2 
are congruent. Page 297, line 5 of the 
section 


The restriction. of a Euclidean isometry to an 
oriented surface in E? is an isometry of surfaces 
which preserves shape operators, up to the usual 
ambiguity in sign (congruent surfaces are iso- 
metric). Page 297, Theorem 8.1 


If F is an isometry of oriented surfaces which 
preserves the shape operators defined in terms of 
the orienting unit normals Ез and Ёз and which 
takes the tangent frame E,,E, to the tangent 
frame E,, Ey, then 


F* (cj) = Wij, (1 Si,j <3). Page 299, Lemma 8.2 


If F is an isometry of oriented surfaces that 
preserves shape operators then F is the restriction 
to the surface concerned of a Euclidean isometry. Page 299, Theorem 8.3 


Euclidean isometries preserve mean, Gaussian and 
principal curvatures, principal vectors, umbilics, 
asymptotic and principal curves and geodesics. Text, Page 41, Exercise 1 
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Techniques 


(i) Finding properties of surfaces invariant under І 

Euclidean isometries. Page 297, Theorem 8.1 

and Page 299, Lemma 8.2 
(ii) Finding Euclidean isometries between surfaces. Page 299, proof of 
| Theorem 8.3 

(iii) ^ Using Result (iii). Page 299, Theorem 8.3 
(iv) Using results about congruence of curves to obtain 

results about congruence of connected surfaces. 
Exercises 
Technique (1) 
1. Раре 301, Exercise 3. (HINT : Choose a unit normal (and hence shape 


operator) on each of M, N and use Theorem VI.8.1.) 


Technique (ti) 


2. Page 303, Exercise 9. (HINT : First show that F(0) = 0 in each case, using 
Theorem VI.8.1 and the theorema egregium. Then use Result (iv) and 
Exercise V.2.1(b)). A Euclidean symmetry is defined in Exercise 7. 


Technique (їй) 


3. Page 302, Exercise 4. 


Technique (iv) 


4. Page 301, Exercise 2. The tangent surface is defined in Exercise V.5.11(b). 
(HINT : Use Theorem Ш.5.3 to show that there is a Euclidean isometry F 
with F(a) = B; write F = Т.С in the usual way and show that 


F(a(u) + vT(u)) = (и) + vT(u), 


where T, Т are the unit tangent vector fields on a, В respectively.) 


Solutions 


1; Page 301, Exercise 3. 


Since F|M is, by Theorem VI.8.1, an isometry of surfaces, Е |M preserves 
Gaussian curvature and geodesics as these are preserved by all isometrics of 
surfaces. 


Writing F for ЕМ, we know that F preserves shape operators, that is 
F,(S(v)) = S(F,(v)) 

for all v tangent to M. If S(v) = kv then 
S(F,(v)) = F,(S(v)) = F, (kv) = kF,(v) 


and so F takes eigenvectors and eigenvalues of S into eigenvectors and 


eigenvalues of S; that is, F preserves principal vectors (and hence principal 
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directions) and principal curvatures. The mean curvature is the arithmetic 
mean of the principal curvatures, and so this is also preserved. Moreover, if p 
is umbilic then all tangent vectors in T,(M) are eigenvectors so all tangent 
vectors in TF(p)(N) are eigenvectors, so Ё (р) is also umbilic. 


Now let a be a curve in M. If a is asymptotic then S(a') = 0 so 
.S(F(a)') = S(F, (0) = F,(S(@’)) = F,(0) = 0 


and so F(a) is asymptotic also. If о is principal then a’ is always an eigen- 
vector of S so Е(а) = F,(a') is always an eigenvector of S, so F(a) is 
principal also. 


We saw in Section VI.5 that only Gaussian curvature and geodesics are 
preserved by arbitrary isometries. 


Page 303, Exercise 9. 


Suppose F is a Euclidean symmetry of M; that is, F is a Euclidean isometry 
and F(M) = M. Then by Theorem VI.8.1 F|M is an isometry of surfaces, and 
so F|M preserves Gaussian curvature by the theorema egregium. 


М: >= xy, and so every point p on M has the form (ру, P2, pipa ). We have 
seen before (page 215) that the Gaussian curvature at the point 
(pi, рг, р: р) of M is - (1 + р? + p2) ?, which is - 1 only at 0, and so F must 
leave the point 0 invariant. Now by Lemma Ш.1.6 F is an orthogonal trans- 
formation. 


Clearly F cannot be just any orthogonal transformation. Result (iv) shows 
that F must preserve the principal vectors at 0. We saw in Exercise V.2.1 that 
these are 


t(u, t u;)A/2 
where ц; = О, (0), ч, = U;(0). The vectors u; and и, make angles of 
ty t4 with the principal vectors. The derivative map F, preserves dot 
products (and hence angles) sọ F,(u;) and F,(u;) are orthogonal unit 
vectors making angles of + 4, + 4^ with the principal vectors. This gives the 
eight possibilities: 

F,(u,) = + uj, F,(uj))-7 + uj, ({i, j} = {1,2}). 
Since F is an orthogonal transformation, F and F, have the same matrix C 


representing them (Theorem IIL2.1). We have shown that the first two 
columns of C must be one of: 


1 0 -1 0 1 0 -l 0 
0 1|, 0 1|, o -1], [0 -1 
0 0 0 0 0 0 0 0 
0 1 0 -1 0 1 0 -1 
1 0 9 1 0 9 -1 0 > ex 0 


e 
e 
e 
e 
e 
e 
e 
e 
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and since C is orthogonal this means that the third column must be 


0 
0 where € = + 1. 
€ 


We test the 16 possibilities we now have by using the fact that Е(М) = M 


only if 
Cj x u 
is of the form 
y у 
ху uv 
Since 
1 0 0 x x 
0 1 0 у | = | у 
0 0 € | | xy єху 
we can have € = 1 but not є = -1 in this case; 
Ѕіпсе | 
=1 0 0 х -х 
0 1 0 у |=| у 


0 0 € ху єху 


we can have є =~ 1 but not є = 1 in this case : working similarly we find that 
the eight Euclidean symmetries of M are the orthogonal transformations 
with matrices 


1 0 0 1 0 0 1 0 0 -1 0 0 
0 1 0j, jo 1 о, [0-1 о || 0 -1 0 
0 0 1 0 0 -1 0 0 -1 0 0 1 
0 1 0 0-1 0 0 1 0 0 -1 0 
1 о oj, |1 o oļ|,}-ı о oll-1 о o 


© 
о 
= 
© 
e 
1 
mmn 
© 
© 
l 
[жи 
© 
© 
jæi 


F carries M onto M in each case because the point (x, y, xy) is the image of 
one of the eight points (+x, ty, (+х)(+у)), (ty, +x, (+y)(+x)). 
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Page 302, Exercise 4. 


Suppose Z has radius г, Z' has radius R. If p€Z,K(p)=1/r? and 
K(F(p)) = 1/82. Since F is an isometry of surfaces F preserves Gaussian 
curvature and so т = R. 


Orient È and Z' by their outward normals. Then (see page 192) S(v) =~v/r 
for tangent vectors v tangent to 2 and S(w) =-w/r for tangent vectors w 
tangent to 2’. In particular if we take w = Е, (у) we obtain 


F,(S(v)) = F,(-v/r) =-Е„(у)/т = S(F,(v)). 


Thus F is an isometry of surfaces preserving shape operators, and so by 
Theorem VI.8.3 there is a Euclidean isometry F such that F = F|M. 


Page 301, Exercise 2. 
We have the surfaces M, and Ms parametrized by 
x : (u, vy) —2^a(u) + vI(u) 
у: (u, v)à—4B(u) + vI(u) 
respectively, where 
a'(u) = T(u)g(u) 
B(u) = Tier). 


Since Ky =K,>0 and T =T,, Theorem Ш.5.3 shows that there is а 

Euclidean isometry F such that F(a) = f. We aim to show that F(Mg) = M 

to demonstrate that Mg is congruent to M,, and we can do this by showing 
F(a (u) + vT(u)) = B(u) + УТ(и). 


Write F = T,C, where T, is translation by a and C is an orthogonal trans- 
formation, as in Chapter III. Applying Theorem IIL2.1 to a’ (u) gives 


F, (o (u)) = F,(T(uJa(u)) = CI(u)r(o(u)). 
However, F(a) = В and Е, (o) = (F(o))' = В, so 


CT(u)g(u) = В'(и) = T(u)g(u) 
and so 
CT(u) = T(u). 
Now 
C(a(u) + vT(u)) +a 
Ca(u) + vCT(u) +a, because C is linear, 
(Ca (u) * a) * vCT(u) 
F(a(u)) + vCT(u) 
B(u) + vI(u). 


F(a(u) + vI(u)) 
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SUMMARY AND LOOK-AHEAD 


You have now completed all those sections of O’Neill that are a part of M334. 
O’Neill gives a short summary on page 303, which you may like to read, although 
the best summary of this course is probably given by the structure diagrams of Part 
0, which should now make more sense to you. 


There are, however, still one Chapter and several isolated sections of O’Neill which 
you have so far not had to read but may someday want to. 


To begin with there are Sections IV.6 and VI.7, which deal with integration of forms 
on a surface: this ties in with the work on Green's theorem in M321. 


In Section IV.8 O’Neill tries to give a more general approach to the theory of 
surfaces which underlies the material of Chapter VII on Riemannian geometry. The 
approach of Chapter VII is typical of generalizations — theorems of previous 
sections now become definitions. 


In Section VII.1 Riemannian surfaces are introduced as surfaces that are equipped 
with an arbitrary dot product on their tangent spaces, though in all the examples 
dealt with the. tangent spaces and dot products are derived directly from the usual 
ones. O’Neill assumes that vector fields, 1-forms, 2-forms all exist on such surfaces 
and that all the results of the exterior calculus still hold. For instance, he assumes 
the existence of frame fields and dual forms and then uses the analogue of the 
structure equations 40, = «2 ^ 0, and dwz = о, ^ 0, to define the connection 
form 0212. 


In Section VIL2 the Gaussian curvature is defined using the second structural 
equation 


do; --K0, ^ Ө, 


and it is calculated for several important examples such as the stereographic plane 
and the hyperbolic plane. 


Working backwards in Section VII.3 he shows that it is possible to construct a 
unique covariant derivative satisfying the connection equations 


VyE: = w12 (У)Е», VyE; = Wai (У)Е;, 


though when we are dealing with a surface in E? this turns out to be the restriction 
of the usual covariant derivative to the tangent planes in question. 


This covariant derivative is then used to work backwards to a definition of derivative 
of a vector field along a curve, and in Section VIL4 this is used to investigate 
geodesics on a Riemannian surface. 


In Sections VII.5 and VII.6 the geodesics are shown to minimize, at least locally, the 
distance between points, and it is shown how measurement of geodesic distance can 
be used by "inhabitants" in a surface to determine its Gaussian curvature. 


In the final sections of Chapter VII a relationship is found between the Gaussian 
curvature of a surface, a local property, and the Euler-Poincaré characteristic, a 
global property, which provides a link between differential geometry о the further 
disciplines of differential and algebraic topology. 
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FURTHER EXERCISES AND SOLUTIONS 


Section VI.1 


Technique Exercise 


Page 251, Exercise 5. 


Solution 


5. 


E, =-sin 90, + соѕ80,, Е, = О, Ез = соѕ8 0, + ѕіп 90, 
0, =rdd, 0, =dz by page 96, Exercise 4. 


by page 90, line 2 and a suitable 
permutation. 


Section VI.2 


Technique Exercise 


Page 255, Exercise 1. 
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Solution 


1. 


Е, [к] = (К.-к) Wi2(E2) = 0 
| Rsiny 
r(R + r cos o? 


Е, [ki] = (К.-К) w12 (E1) - 


Section VI.3 


No further exercises are recommended. 


Section VI.4 


Technique Exercise 


Page 269, Exercise 2. 


Other Recommended Exercises 


Page 269, Exercise 4. This generalizes Theorem VI.4.3. 


Page 270, Exercise 7 (second part). This generalizes Lemma VI.4.5. 
Page 270, Exercise 10. This also generalizes Lemma VI.4.5. 


Solutions 
2(a). || F(a’) =[«'| for all curves a in M 

e|F,v| =[у| for all vectors v tangent to M. 
2(b. [кюу] =] 


= L(F(a)) =f? F =F? la'l = цо). 


F preserves the lengths of all sub-curves of a 


d d 
{180071 = felol foral c, d 
>| F(a’)| =[| о]. 
If F: М —ЭМ is a local isometry and p, q € M then 


р(р, ч) > ю(Ё(р), Е(9)). 
Proof: p(p, q) 


g.l.b. (L(a): о is a curve segment from p to q in M} 


g.l.b. (L(F(a)): o is a curve segment from p to q in M} 

> g.l.b. (L(f): B is a curve segment from F(p) to F(q) in М} 
because while every F(a) is a curve segment from F(p) to F(q) in M, there 
may be curve segments 8 from F(p) to F(q) in M which are not of the form 
F(a). 
Е = (A(u, у))? =G 
Е = (A(u, v))?-0=0 
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10(а). They are mapped to (some of) the parameter curves of x. 


Tx of _ of _ 
10(b). xy-xy = E; Xu*Xy 7 Gu Xu(f, g))- Gu xu(f, g)) 


= C E(tg. 


10(c). Multiply all the right-hand sides by A? , where А is a function of u, v. 


Section VI.5 


Technique Exercise 


Page 276, Exercise 6. (Ignore the comment in brackets.) Assume the helicoid has 
b=1. 


Solution 


6. Parametrize H by 
x(u, v) = (ucosv, usinv, v) 
and C by 
y(s, 9) = (sinh! s, (1 + s? y cos#, (1 + 52 )* sin 9). 
On Н, K(x(u, v)) = -(1 + u? )2= -1 on and only on the axis u = 0; 
on C, К(у(ѕ,9)) =-(1 + s? y? =-1 on and only on the minimal circle s = 0. 


The ruling v = уо on H is a unit-speed curve œ with Gaussian curvature at 
a(u) given by K(a(u))=- (1*u?)?. Put F(a) = y(s(u), 9 (u)). Then 
K(F(a(u)) =- (1*u?y? = s(u) = + u and so |F(a)'| 217 9'(u) = 0 = 9(u) 
is constant > F(a) is a meridan of C. 


Section VI.6 


Technique Exercises 


Pages 279-280, Exercises 1(b), l(c), 3,4. 


Solutions 

lb) 0,=(l+u2jrdu 6,-udv 
62 = dv/(1 + и?) 
К = 1/(1 + u?)? 

Uc). E, =х(1 ta! Е, = xy/u 
0; = (1 t a? idu 0, = udv 
w2 7 dv/(1 + а2 2 К = 0 


3. Е, = ху Е, = (xy-cos#x,,)/sin 3 
0, = du + соѕд dv 6, = sin дау 
6212 = -Üu du 
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4(a).  S(v)7 оз (У)Е, + «53 (У)Е; 


f = a 
E" S(xu) = w13 (xu) So + әз (xu) = 


VE JG 


GU T S68) = Физ) FE + toas) 0. 
W13 (Xy) En W13 (xy) = 0 C13 --® du 
W23 (xy) = 0 23 (ху) = KG W23 = Te dv 


4(b). Use the Codazzi equation 


IE, dudv 
-n(Q/E E, dudv 
W12 ^ W23 = WEN quay =- JE 


1 
Hence f, = id + t ) Ey = HE,, by Exercise V.4.9. 


Using dw23 = W21 ^ W13 we find similarly that ny = HG,. 


Section VI.8 

Technique Exercises 

Pages 302-3, Exercises 5, 10. 
Other Recommended Exercises 


Page 302, Exercises 7, 8. These relate Euclidean isometries of a surface to group 
theory. 


Solutions 
5(a). (рі, P2» P1P2) = CP р» - P1P2)- 
5(b) М, as the image of F, must be oriented by - U. 


10. K is maximal at (+ о, 0, 0) and minimal at (0,0, + c). The Euclidean 
symmetries are the eight orthogonal transformations 


+1 0 0 
0 +1 0 
0 0 *1 


7(a). Closure and the inclusion of inverses and the identity are trivial to prove. 
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7(b). If F : M—9N is a Euclidean isometry then 
GF! СЕ 
is an isomorphism of S(M) onto S(N). 


8. By Exercise 7(b) we may assume X has centre the origin. Let F = TC. 
F(Z)-Z£Z-9rF(0)-0 
eT-I 


Е=С. 
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DIFFERENTIAL GEOMETRY 


Calculus on Euclidean Space 
Frame Fields 

Euclidean Geometry 
Calculus on a Surface 

Shape Operators 


Geometry of Surfaces in E? 
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